Closed and Exact Differential Forms
Def. A differential k-form w is called closed if dw = 0.
Ex. Let w = (x2 + y2)dx + 2xydy. Show that w is closed.

dw = d[(x? + y?)dx + 2xydy]
= d[(x? + y?)dx] + d[2xydy]
=d(x?+y?)Adx +d(2xy) Ady

0 0
= (5 @2 +yP)dx + 3 (2 + y2)dy) A dx

d 9
+(§ (2xy)dx + 3y (2xy)dy) A dy
= (2xdx + 2ydy) Ndx + (Qydx + 2xdy) A dy
= 2ydy ANdx + 2ydx ANdy = 0.

Ex. Show that any 2 form on R? is closed.

Any 2 form on R?, w, can be writtenas w = f(x,y)dx A dy.

dw = d(f(x,y)dx A dy)
=df Adx Ady

_Of of

=(5; dx +—aydy) ANdx Ady

_of of _
——axdx/\dx/\dy+aydy/\dx/\dy— 0.

Ex. Show that w = dx; A dx; is closed as a 2 form on R".
dw = d(dx; Adxj) = d(dx;) Adx; + (=1)1dx; Ad(dx;) = 0.

By induction one can show that @ = dx;, Adx;, A ...Adx;, is closed on
R™,



Def. A differential k-form w is called exact if w = dn for some
(k — 1)-form 1.

Ex. Show that w = (x? + y2)dx + 2xydy is exact on R?.

So we have to show we can find a real valued function f on R? such that

df = w = (x? + y?)dx + 2xydy.
However, we know that:

d d
df =£dx+£dy.

So we have to find a function f such that:
df = Z—idx + g—f]dy = (x + y?)dx + 2xydy .

Thus we need to have:

of _ 2 2
g}c—x +y
5=2xy.

We solve these 2 equations as was done in second year calculus.

x3
fOoy) = [ +y2)dx =—+xy* + g).
Now differentiate this equation with respect to y.

of ,
3 = 2xy + g (y).

0
But we also know that é = 2XxY, so

2xy + g'(y) = 2xy.
Thus g'(y) = 0and g(y) = c.

3
Thusif f(x,y) = x? + xy% + ¢, thendf = w = (x2 + y?)dx + 2xydy.



Notice that if w is exact (i.e. @ = dn), then it must be closed since:
dw =d(dn) =0

So exact = closed. However, if w is closed does that imply it’s exact? This is
actually a very deep question. The answer depends on the set that w is defined
on.

-y
dx
x2+y? + x?

R? — (0,0). Show w is closed.

Ex. Suppose w = iyz dy, is a 1-form defined on

dow = d (7255 dx )
=—d (xziy2 dx) +d (xziy2 dy)
= —d (2 )/\dx+d( )Ady

2 2\ _ 2 2\ _
=—[(x +%)y(2y) dy/\dx]+ (2 +y?) —x(2x) dx/\dy]

2
=(;—2)2dx/\dy+—dx/\dy—0

Is this w exact? That is, is there a smooth function (or Cl) such that

df = w?



Suppose there is a smooth function, f, on R? — (0,0) such that w = df

X

X +

x2+y2 x2+y2
g:R? - R?
(r,0) = (rcos@,rsin )

x(r,0) =rcos0
y(r,0) =rsinf

We can transform w = dy into polar coordinates by:

Now let’s calculate:

g*(ng;zdx-+ ; dy)

x%+y?
C Y (g 4 x (D4
T x24y2 g(ardr+69d9)+x2+y2 g(ardr+aed9)
=_rsine(cosedr—rsinede)+Tcozse(sin9dr+rcosed9)
r r

= db

So it looks like w = d@, but 8 is not continuous on R? — (0,0), as:

lim 6 =27 # 0
0-2m

Furthermore, if there was a smooth function, f, on R? — (0,0) such that
df = w, then:
df = do
d(f —6) =0 = f =6 + constant

Hence f can’t be continuous on R? — (0,0) because 8 isn’t. Thus, there is no

smooth (or C1) function, f, on R? — (0,0) with df = w. So w is closed but
not exact.

However, on some subsets of R", dw = 0 does imply w = dn, for any closed
k-form w.



Theorem (Poincare’s Lemma): If A € R" is an open convex region,
then every closed form on A is exact.

One way to prove this is to observe that if w = n —1 Wi dx; is a 1-form and
w=df =YL 16 dxl (and we assume f(0) = 0), then we have:

FGO) = j 2 fendt = F&) — £(0).

If u = tx, then by the chain rule:

'[ Zt 1 ( (tx)) (x;) dt
) le;(thx)) x; dt.

So in order to find f given w, we should look at:

lw(x) = fol z:;l(wi(tx)) x; dt.

For a k-form (instead of a 1-form) we get:

w = le< <ik a)ll, T dxl-l A LA dxl-k and

k

2 2]

i1 <<ip a=1

1
k- —
t Wi (tx)dt) X dxg A ANdx A Adxg,

where dx,  means omit dx;_.



Notice that I takes a k-form and gives us a k-1 form. It also has the property that
1(0) = 0. Through a very messy calculation one can show that:

w =I(dw) + d(Iw)

Thus, if dw = 0, since I(0) = 0 we have: w = d(Iw) and w is exact.

Let A © R"™ be an open set. Let Q% (A) be the vector space of k-forms on A. We
can create a sequence of linear maps between vector spaces by:

d d d d
Q°%(4) - Q1(4) - 0%(4) - ...- Q" (4).
If w € Q*(A), then w is closed if w is in the kernel of:
d: Q% (A) - Q1 (4)
and w is exact if it’s in the image of:

d: Q" 1(A) - Q% (4).

since d?(n) = 0 for any 7, the image of d: Q¥~1(4) — Q¥ (4) is contained in
the kernel of d: Q% (4) » Q**1(4).

We can create a group, called the k" de Rham cohomology group, HgR (A), by:
ker(d: Q%(4) —» Q**1(4))

Im(d: Qk-1(4) > Qk(4))

HgR(A) =

So an element of H%,(A) is a closed k-form on A. Two elements (a;, a; € H%.(A))
are considered the same (i.e. they are in the same equivalence class) if they differ by an
exact k-form:

a; =ay,+dn ; nak-1form

These groups are topological invariants. Thus, if A1 is homeomorphic to A,, then
their de Rham cohomology groups will be the same.



