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           Closed and Exact Differential Forms-HW Problems 

 

1. Let 𝐹 be a vector field on ℝ3.  Thus 

 𝐹(𝑥, 𝑦, 𝑧) = (𝐹1(𝑥, 𝑦, 𝑧), 𝐹2(𝑥, 𝑦, 𝑧), 𝐹3(𝑥, 𝑦, 𝑧)).  Define the 

following differential forms based on 𝐹: 

𝜔1(𝐹) = 𝐹1𝑑𝑥 + 𝐹2𝑑𝑦 + 𝐹3𝑑𝑧  and  

𝜔2(𝐹) = 𝐹1𝑑𝑦 ∧ 𝑑𝑧 + 𝐹2𝑑𝑧 ∧ 𝑑𝑥 + 𝐹3𝑑𝑥 ∧ 𝑑𝑦.  

a. Suppose that 𝐹 = 𝑔𝑟𝑎𝑑(𝑓).  Show that 𝜔1(𝑔𝑟𝑎𝑑𝑓) = 𝑑𝑓. 

b. Show for any smooth vector field 𝐹, 𝑑(𝜔1(𝐹)) = 𝜔2(𝑐𝑢𝑟𝑙(𝐹)). 

c. Show for any smooth vector field 𝐹,  

𝑑(𝜔2(𝐹)) = 𝐷𝑖𝑣(𝐹)𝑑𝑥 ∧ 𝑑𝑦 ∧ 𝑑𝑧. 

d. Use the earlier parts to show that 𝑐𝑢𝑟𝑙(𝑔𝑟𝑎𝑑(𝑓)) = 0  

and 𝑑𝑖𝑣(𝑐𝑢𝑟𝑙(𝐹)) = 0. 

e. If 𝐹 is a smooth vector field on a convex set A in ℝ3and 

𝑐𝑢𝑟𝑙(𝐹) = 0, show that 𝐹 = 𝑔𝑟𝑎𝑑(𝑓) for some smooth 

function on A.  Similarly, show if 𝑑𝑖𝑣(𝐹) = 0, then  

𝐹 = 𝑐𝑢𝑟𝑙(𝐺) for some smooth vector field 𝐺. 

 

2.  Let 𝜔 and 𝜂 be k and l forms on ℝ𝑛. 

a. Show if 𝜔 and 𝜂 are closed then so is 𝜔 ∧ 𝜂. 

b. Show if 𝜔 and 𝜂 are exact then so is 𝜔 ∧ 𝜂. 

 

3. Prove that any 𝑛 + 1 form on ℝ𝑛 is 0. 
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4. Let 𝜔 = (1 + 𝑦𝑒𝑥𝑦)𝑑𝑥 + (2𝑦 + 𝑥𝑒𝑥𝑦)𝑑𝑦 be a 1-form on ℝ2.    

a. Show 𝑑𝜔 = 0. 

b. Find all functions 𝑓(𝑥, 𝑦) such that 𝜔 = 𝑑𝑓.  Notice that 

𝑓(𝑥, 𝑦) is a solution to the differential equation: 

        (1 + 𝑦𝑒𝑥𝑦) + (2𝑦 + 𝑥𝑒𝑥𝑦) (
𝑑𝑦

𝑑𝑥
) = 0.  

 


