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                      Vector Fields and Differential Forms on ℝ𝑛 
 
If 𝑝 ∈ ℝ𝑛, then the set of all pairs (𝑝, 𝑣), 𝑣 ∈ ℝ𝑛, is denoted ℝ𝑝

𝑛, and called 

the tangent space of ℝ𝒏 at 𝒑. 
 
 
 
 
 
 
 
 
 
 
 

Ex.  The tangent plane to (2, 5) ∈ ℝ2 is the set of all points ((2, 5), 𝑣),               

      𝑣 ∈ ℝ2. Notice every tangent plane to the 𝑥𝑦 plane at any point looks like 

      ℝ2. To distinguish the ℝ2 that is tangent to (2, 5) from the ℝ2 that is 

       tangent to (−1, −3) we define one by ℝ(2,5)
2  and the other by ℝ(−1,−3)

2 . 

 
 
Def.  A vector field on ℝ𝑛 is a function, 𝐹, such that 𝐹(𝑝) ∈ ℝ𝑝

𝑛, for each    

        𝑝 ∈ ℝ𝑛.  
  
 

So if we let (𝑒1)𝑝, (𝑒2)𝑝, … , (𝑒𝑛)𝑝 be the usual basis for ℝ𝑛 (i.e. we let 

          𝑒𝑖 = (0, 0,… , 1, 0, … , 0), with 1 in the 𝑖𝑡ℎ  place), then we can write any 

            vector field 𝐹 as: 
 

𝐹(𝑝) = 𝐹1(𝑝)(𝑒1)𝑝 +⋯+ 𝐹𝑛(𝑝)(𝑒𝑛)𝑝 
 

 where 𝐹𝑖: ℝ
𝑛 → ℝ. So the 𝐹𝑖s are the components of the vector field. The 

            vector field is continuous, differentiable, etc if the 𝐹𝑖s are. 

 

 

𝑝 

ℝ𝑝
𝑛 

𝑣 
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Given any two vector fields 𝐹, 𝐺 and 𝑓: ℝ𝑛 → ℝ, we define: 
 

                               (𝐹 + 𝐺)(𝑝) = 𝐹(𝑝) + 𝐺(𝑝) 

                                 (𝐹 ⋅ 𝐺)(𝑝) = 𝐹(𝑝) ⋅ 𝐺(𝑝) 

                                     (𝑓𝐹)(𝑝) = (𝑓(𝑝))(𝐹(𝑝)).   

 

We define the divergence of 𝑭 by: 

𝑑𝑖𝑣(𝐹) =∑
𝜕𝐹𝑖
𝜕𝑥𝑖

𝑛

𝑖=1

 

or we can write ∇ ⋅ 𝐹, where: 

∇= (
∂

∂𝑥1
,
∂

∂𝑥2
, … ,

∂

∂𝑥𝑛
).  

 

 

 

If 𝑛 = 3 we define ∇ ×  𝐹 = 𝒄𝒖𝒓𝒍(𝑭) as: 
 

∇ ×  𝐹 = ||

𝑖 𝑗 𝑘
∂

∂𝑥

∂

∂𝑦

∂

∂𝑧
𝐹1 𝐹2 𝐹3

|| 

 
 

At each point 𝑝 ∈ ℝ3,  ∇ ×  𝐹 is a vector in ℝ𝑝
3 . 
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Suppose 𝜔(𝑝) ∈ Ω𝑘(ℝ𝑝
𝑛). Then, if 𝜑1(𝑝),… , 𝜑𝑛(𝑝) is the dual basis to 

(𝑒1)𝑝, … , (𝑒𝑛)𝑝 (where (𝑒1)𝑝, … , (𝑒𝑛)𝑝 is a basis for ℝ𝑝
𝑛), i.e. 

 

(𝜑𝑖(𝑝))(𝑒𝑗)𝑝 = 𝛿𝑖𝑗 . 

 

 

Then we can write: 

 

𝜔(𝑝) = ∑ 𝜔𝑖1 , … ,𝑖𝑘 (𝑝)

𝑖1<𝑖2<⋯<𝑖𝑘

[𝜑𝑖1(𝑝) ∧ …∧ 𝜑𝑖𝑘(𝑝)]. 

 

𝜔(𝑝) is called a 𝒌-form or differential form on ℝ𝑛.  

 

Thus a 𝑘-form, 𝜔(𝑝), is an alternating 𝑘-tensor on ℝ𝑝
𝑛. So 

                  𝜔(𝑝): ℝ𝑝
𝑛 × …× ℝ𝑝

𝑛 → ℝ is 𝑘-linear. 

 

A function, 𝑓: ℝ𝑛 → ℝ, is considered a zero form. 

 

 

Recall that if 𝑓:ℝ𝑛 → ℝ, 𝑓 differentiable, then 𝐷𝑓(𝑝):ℝ𝑛 → ℝ, where 
𝐷𝑓(𝑝) is a linear transformation and thus, 𝐷𝑓(𝑝) ∈ Ω1(ℝ𝑛). We define a      

𝟏-form 𝒅𝒇 by:              𝑑𝑓(𝑝)(𝑣𝑝) = 𝐷𝑓(𝑝)(𝑣). 

 
Let 𝜋𝑖: ℝ

𝑛 → ℝ by 𝜋𝑖(𝑥1, … , 𝑥𝑛) = 𝑥𝑖. Then we have: 

𝑑𝑥𝑖(𝑝)(𝑣𝑝) = 𝑑𝜋𝑖(𝑝)(𝑣𝑝) = 𝐷𝜋𝑖(𝑝)(𝑣) = 𝑣𝑖 

 
since the matrix representation of 𝐷𝜋𝑖  is a 1 in the 𝑖𝑡ℎ  place and zeroes 
everywhere else. That means: 

𝑑𝜋𝑖(𝑝)(𝑒𝑗)𝑝 = 𝛿𝑖𝑗 . 
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Thus 𝑑𝑥1(𝑝),… , 𝑑𝑥𝑛(𝑝) is the dual basis for (𝑒1)𝑝, … , (𝑒𝑛)𝑝.  Hence 

                                                  

                                                  𝑑𝑥𝑖(𝑝)(𝑒𝑗)𝑝 = 𝛿𝑖𝑗. 

 
 
So we can write a 𝑘-form on ℝ𝑛 as: 

𝜔 = ∑ 𝜔𝑖1 , … ,𝑖𝑘  𝑑𝑥𝑖1
𝑖1<⋯<𝑖𝑘

∧ …∧ 𝑑𝑥𝑖𝑘 . 

 
 

Ex.  Suppose 𝜔 = 𝑥𝑑𝑥 + 𝑦2𝑧𝑑𝑦 − 𝑥𝑧𝑑𝑧.  Find (𝜔(𝑝))(𝑣⃗)𝑝 where        

       𝑝 = (1,−1, 2) and 𝑣⃗𝑝 = < 2, 3, 1 >𝑝.  

 
 

Since 𝜔 is a 1-form on ℝ3, 𝜔(𝑝): ℝ𝑝
3 → ℝ is a linear transformation. 

 

                                 𝜔 = 𝑥𝑑𝑥 + 𝑦2𝑧𝑑𝑦 − 𝑥𝑧𝑑𝑧 

𝜔(𝑝) = (1)𝑑𝑥 + (−1)2(2)𝑑𝑦 − (1)(2)𝑑𝑧  

                                     = 𝑑𝑥 + 2𝑑𝑦 − 2𝑑𝑧 

 

       𝑣⃗𝑝 = < 2, 3, 1 > = 2(𝑒1)𝑝 + 3(𝑒2)𝑝 + (𝑒3)𝑝 . 

     

        So we have: 
 

(𝜔(𝑝))(𝑣⃗)𝑝 = (𝑑𝑥 + 2𝑑𝑦 − 2𝑑𝑧)(2𝑒1 + 3𝑒2 + 𝑒3) 
 

= 𝑑𝑥(2𝑒1 + 3𝑒2 + 𝑒3) + 2𝑑𝑦(2𝑒1 + 3𝑒2 + 𝑒3) − 2𝑑𝑧(2𝑒1 + 3𝑒2 + 𝑒3)  

 

 Since 𝑑𝑥𝑖(𝑒𝑗) = 𝛿𝑖𝑗  we get: 

 

                            (𝜔(𝑝))(𝑣⃗)𝑝 = 2 + 2(3) − 2(1) = 6. 
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We know that if 𝜔 is a 𝑘-form and 𝜂 is an 𝑙-form, then 
 

𝜔 ∧ 𝜂 = (−1)𝑘𝑙𝜂 ∧ 𝜔.  
 

 
If 𝜔 is a 𝑘-form in ℝ3, what can we say about 𝜔 ∧ 𝜔? 
 
 

If 𝜔 is a zero-form (i.e. just a real valued function 𝑓: ℝ3 → ℝ), then 
                                            𝜔 ∧ 𝜔 = 𝑓2(𝑥).  

 

 

If 𝜔 is a 1-form:      𝜔 = 𝐹1(𝑥, 𝑦, 𝑧, )𝑑𝑥 + 𝐹2(𝑥, 𝑦, 𝑧)𝑑𝑦 + 𝐹3(𝑥, 𝑦, 𝑧)𝑑𝑧, 

then                          𝜔 ∧ 𝜔 = (−1)(1)(1)𝜔 ∧ 𝜔 = −𝜔 ∧ 𝜔.  

 

But that implies 𝜔 ∧ 𝜔 = 0 (you can get the same result if you expand 𝜔 ∧ 𝜔).  
 
 
If 𝜔 is a 2-form (or a 3-form), then 𝜔 ∧ 𝜔 = 0.  Why? 
 
 
 
 
 

If we move to ℝ4, then we can find a 𝑘-form, 𝑘 ≠ 0, where 𝜔 ∧ 𝜔 ≠ 0. 
 
 
Ex.      If  𝜔 = 𝑑𝑥1 ∧ 𝑑𝑥2 + 𝑑𝑥3 ∧ 𝑑𝑥4 
 

𝜔 ∧ 𝜔 = (𝑑𝑥1 ∧ 𝑑𝑥2 + 𝑑𝑥3 ∧ 𝑑𝑥4) ∧ (𝑑𝑥1 ∧ 𝑑𝑥2 + 𝑑𝑥3 ∧ 𝑑𝑥4) 
 

     = 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 + 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 ∧ 𝑑𝑥4 
+𝑑𝑥3 ∧ 𝑑𝑥4 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 + 𝑑𝑥3 ∧ 𝑑𝑥4 ∧ 𝑑𝑥3 ∧ 𝑑𝑥4 

 
                      = 2𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 ∧ 𝑑𝑥4. 
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Theorem: If 𝑓:ℝ𝑛 → ℝ is differentiable, then 

𝑑𝑓 =
𝜕𝑓

𝜕𝑥1
𝑑𝑥1 +⋯+

𝜕𝑓

𝜕𝑥𝑛
𝑑𝑥𝑛 

 
Proof: 

          𝑑𝑓(𝑝)(𝑣𝑝) = 𝐷𝑓(𝑝)(𝑣) = (
𝜕𝑓

𝜕𝑥1
(𝑝) …

𝜕𝑓

𝜕𝑥𝑛
(𝑝)) (

𝑣1
⋮
𝑣𝑛
) 

 

                                =∑ (
𝜕𝑓

𝜕𝑥𝑖
(𝑝))

𝑛

𝑖=1
𝑣𝑖 =∑ (

𝜕𝑓

𝜕𝑥𝑖
(𝑝))

𝑛

𝑖=1
𝑑𝑥𝑖(𝑝)(𝑣𝑝) 

So  

                           𝑑𝑓 =
𝜕𝑓

𝜕𝑥1
𝑑𝑥1 +⋯+

𝜕𝑓

𝜕𝑥𝑛
𝑑𝑥𝑛. 

 
 
Suppose 𝑓:ℝ𝑛 → ℝ𝑚 is differentiable, then 𝐷𝑓(𝑝): ℝ𝑛 → ℝ𝑚 is a linear 
transformation. We can use this to define a linear transformation               

𝑓∗: ℝ𝑝
𝑛 → ℝ𝑓(𝑝)

𝑚 , defined by: 

 

𝒇∗(𝒗𝒑) = (𝑫𝒇(𝒑)(𝒗))𝒇(𝒑). 

 

Earlier we saw that if 𝑔: 𝑉 → 𝑊 is a linear transformation we could define 

another linear transformation, 𝑔∗: 𝒯𝑘(𝑊) → 𝒯𝑘(𝑉) by: 
 
 

𝑔∗𝑇(𝑣1, … , 𝑣𝑘) = 𝑇(𝑔(𝑣1), … , 𝑔(𝑣𝑘)) 
 

 where 𝑇 ∈ 𝒯𝑘(𝑊) and 𝑣1, . . , 𝑣𝑘 ∈ 𝑉.  
 
 

Similarly, we can define 𝑓∗: Ω𝑘(ℝ𝑓(𝑝)
𝑚 ) → Ω𝑘(ℝ𝑝

𝑛) by: 

 

𝒇∗𝝎(𝒑)(𝒗𝟏, … , 𝒗𝒌) = 𝝎(𝒇(𝒑))(𝒇∗(𝒗𝟏), … , 𝒇∗(𝒗𝒌)). 
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Theorem: If 𝑓:ℝ𝑛 → ℝ𝑚 is differentiable, then  

 

1) 𝑓∗(𝑑𝑥𝑖) = ∑
𝜕𝑓𝑖

𝜕𝑥𝑗

𝑛
𝑗=1 𝑑𝑥𝑗 

2) 𝑓∗(𝜔1 +𝜔2) = 𝑓
∗(𝜔1) + 𝑓

∗(𝜔2) 

3) 𝑓∗(𝑔𝜔) = (𝑔 ∘ 𝑓)(𝑓∗𝜔),   where 𝑔:ℝ𝑛 → ℝ. 

4) 𝑓∗(𝜔 ∧ 𝜂) = 𝑓∗(𝜔) ∧ 𝑓∗(𝜂) 

5) If ℎ: ℝ𝑚 → ℝ𝑝, then (ℎ ∘ 𝑓)∗𝜔 = (𝑓∗ ∘ ℎ∗)𝜔 

 
Proof of 1: 

𝑓∗(𝑑𝑥𝑖)(𝑝)(𝑣𝑝) = 𝑑𝑥𝑖(𝑓(𝑝)) (𝑓∗(𝑣𝑝)) 

 
Now, 

            𝑓∗(𝑣𝑝) = (𝐷𝑓(𝑝)(𝑣))𝑓(𝑝) 

 
 

𝑓∗(𝑣𝑝) =

(

  
 

𝜕𝑓1
𝜕𝑥1

⋯
𝜕𝑓1
𝜕𝑥𝑛

⋮ ⋮
𝜕𝑓𝑛
𝜕𝑥1

⋯
𝜕𝑓𝑛
𝜕𝑥𝑛)

  
 
(

𝑣1
⋮
𝑣𝑛
) = (∑

𝜕𝑓1
𝜕𝑥𝑗
 𝑣𝑗

𝑛

𝑗=1

, … ,∑
𝜕𝑓𝑛
𝜕𝑥𝑗

 𝑣𝑗

𝑛

𝑗=1

) 
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𝑓∗(𝑑𝑥𝑖)(𝑝)(𝑣𝑝) = 𝑑𝑥𝑖(𝑓(𝑝)) (∑
𝜕𝑓1
𝜕𝑥𝑗
 𝑣𝑗

𝑛

𝑗=1

, … ,∑
𝜕𝑓𝑛
𝜕𝑥𝑗

 𝑣𝑗

𝑛

𝑗=1

) 

                   =∑
𝜕𝑓𝑖
𝜕𝑥𝑗
 𝑣𝑗

𝑛

𝑗=1

=∑
𝜕𝑓𝑖
𝜕𝑥𝑗

 𝑑𝑥𝑗(𝑝)(𝑣𝑝)

𝑛

𝑗=1

 

 

So: 

                            𝑓∗(𝑑𝑥𝑖) =∑
𝜕𝑓𝑖
𝜕𝑥𝑗

 𝑑𝑥𝑗

𝑛

𝑗=1

 . 

 

 

 

Ex.     Let 𝑓: ℝ3 → ℝ3 by 𝑓(𝑥, 𝑦, 𝑧) = (𝑥𝑦𝑧, 𝑦𝑧, 𝑦𝑧2). 
Let 𝜔 = (𝑠 + 𝑟𝑡)𝑑𝑟 ∧ 𝑑𝑡 be a 2-form on the second ℝ3;   (𝑟, 𝑠, 𝑡). 
Find 𝑓∗(𝜔). 
 

 

𝑓∗((𝑠 + 𝑟𝑡)𝑑𝑟 ∧ 𝑑𝑡) = ((𝑠 + 𝑟𝑡) ∘ 𝑓)𝑓∗(𝑑𝑟 ∧ 𝑑𝑡)               by #3 

 
       = (𝑦𝑧 + 𝑥𝑦2𝑧3)𝑓∗(𝑑𝑟 ∧ 𝑑𝑡) 

 

                                 = (𝑦𝑧 + 𝑥𝑦2𝑧3)(𝑓∗(𝑑𝑟) ∧ 𝑓∗(𝑑𝑡))      by #4 

 

= (𝑦𝑧 + 𝑥𝑦2𝑧3)[ (
𝜕𝑓1

𝜕𝑥
𝑑𝑥 +

𝜕𝑓1

𝜕𝑦
𝑑𝑦 +

𝜕𝑓1

𝜕𝑧
𝑑𝑧)                                            

                                                                 ∧ (
𝜕𝑓3

𝜕𝑥
𝑑𝑥 +

𝜕𝑓3

𝜕𝑦
𝑑𝑦 +

𝜕𝑓3

𝜕𝑧
𝑑𝑧)] 

 
 

= (𝑦𝑧 + 𝑥𝑦2𝑧3)[(𝑦𝑧 𝑑𝑥 + 𝑥𝑧 𝑑𝑦 + 𝑥𝑦 𝑑𝑧) ∧ (𝑧2𝑑𝑦 + 2𝑦𝑧 𝑑𝑧)] 
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= (𝑦𝑧 + 𝑥𝑦2𝑧3)[𝑦𝑧3𝑑𝑥 ∧ 𝑑𝑦 + 2𝑦2𝑧2𝑑𝑥 ∧ 𝑑𝑧 + 𝑥𝑧3𝑑𝑦 ∧ 𝑑𝑦

+ 2𝑥𝑦𝑧2𝑑𝑦 ∧ 𝑑𝑧 + 𝑥𝑦𝑧2𝑑𝑧 ∧ 𝑑𝑦 + 2𝑥𝑦2𝑧 𝑑𝑧 ∧ 𝑑𝑧] 

 

𝑑𝑦 ∧ 𝑑𝑦 = 𝑑𝑧 ∧ 𝑑𝑧 = 0 since 𝑑𝑦 ∧ 𝑑𝑦 = −𝑑𝑦 ∧ 𝑑𝑦, etc 

and 𝑑𝑧 ∧ 𝑑𝑦 = −𝑑𝑦 ∧ 𝑑𝑧 ; so we can write: 

 

= (𝑦𝑧 + 𝑥𝑦2𝑧3)(𝑦𝑧3𝑑𝑥 ∧ 𝑑𝑦 + 2𝑦2𝑧2𝑑𝑥 ∧ 𝑑𝑧 + (2𝑥𝑦𝑧2 − 𝑥𝑦𝑧2)𝑑𝑦 ∧ 𝑑𝑧) 

 

 

= (𝑦𝑧 + 𝑥𝑦2𝑧3)(𝑦𝑧2𝑑𝑥 ∧ 𝑑𝑦 + 2𝑦2𝑧2𝑑𝑥 ∧ 𝑑𝑧 + 𝑥𝑦𝑧2𝑑𝑦 ∧ 𝑑𝑧). 

 

 

Theorem: If 𝑓:ℝ𝑛 → ℝ𝑛 is differentiable, then 

𝑓∗(ℎ 𝑑𝑥1 ∧ …∧ 𝑑𝑥𝑛) = (ℎ ∘ 𝑓)(det 𝑓
′)𝑑𝑥1 ∧ …∧ 𝑑𝑥𝑛 . 

 

 

 

Let 𝜔 ∈ Ω𝑘(ℝ𝑝
𝑛), a 𝑘-form on ℝ𝑛.  

We define a map 𝑑:Ω𝑘(ℝ𝑝
𝑛) → Ω𝑘+1(ℝ𝑝

𝑛), called the differential  of 𝜔 by: 

 𝜔 = ∑ 𝜔𝑖1,…,𝑖𝑘𝑑𝑥𝑖1
𝑖1<⋯<𝑖𝑘

∧ …∧ 𝑑𝑥𝑖𝑘 

 

          𝑑𝜔 = ∑ (𝑑𝜔𝑖1,…,𝑖𝑘)

𝑖1<⋯<𝑖𝑘

∧ 𝑑𝑥𝑖 ∧ …∧ 𝑑𝑥𝑖𝑘  

 where 

𝑑𝜔𝑖1,…,𝑖𝑘 =∑
𝜕𝜔𝑖1,…,𝑖𝑘
𝜕𝑥𝑗

𝑛

𝑗=1

𝑑𝑥𝑗. 
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Theorem: 
 

1) 𝑑(𝜔 + 𝜂) = 𝑑𝜔 + 𝑑𝜂 

2) If 𝜔 is a 𝑘-form and 𝜂 is an 𝑙-form, then: 

𝑑(𝜔 ∧ 𝜂) = 𝑑𝜔 ∧ 𝜂 + (−1)𝑘𝜔 ∧ 𝑑𝜂 

3) 𝑑(𝑑𝜔) = 0 

4) If 𝜔 is a 𝑘-form on ℝ𝑚 and 𝑓: ℝ𝑛 → ℝ𝑚 is differentiable, then: 

 𝑓∗(𝑑𝜔) = 𝑑(𝑓∗𝜔). 

 

Proofs of 1-3: 

1) Let:                  𝜔 = ∑ 𝜔𝑖1,…,𝑖𝑘𝑑𝑥𝑖11≤𝑖1<⋯<𝑖𝑘≤𝑛
∧ …∧ 𝑑𝑥𝑖𝑘  

 

                         𝜂 = ∑ 𝜂𝑖1,…,𝑖𝑘𝑑𝑥𝑖1
1≤𝑖1<⋯<𝑖𝑘≤𝑛

∧ …∧ 𝑑𝑥𝑖𝑘  

                  Note: some coefficients may be 0 

  

Then: 

𝑑(𝜔 + 𝜂) = 𝑑 ( ∑ (𝜔𝑖1,…,𝑖𝑘 + 𝜂𝑖1,…,𝑖𝑘) 𝑑𝑥𝑖1
1≤𝑖1<⋯<𝑖𝑘≤𝑛

∧ …∧ 𝑑𝑥𝑖𝑘) 

 

             = ∑ 𝑑(𝜔𝑖1,…,𝑖𝑘 + 𝜂𝑖1,…,𝑖𝑘) ∧ 𝑑𝑥𝑖1
1≤𝑖1<⋯<𝑖𝑘≤𝑛

∧ …∧ 𝑑𝑥𝑖𝑘  

 

             = ∑ [𝑑(𝜔𝑖1,…,𝑖𝑘) + 𝑑(𝜂𝑖1,…,𝑖𝑘)] ∧ 𝑑𝑥𝑖1
1≤𝑖1<⋯<𝑖𝑘≤𝑛

∧ …∧ 𝑑𝑥𝑖𝑘 

 

              

                                     = 𝑑𝜔 + 𝑑𝜂 . 
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2) By number 1, it’s enough to show 2 is true for: 

                   𝜔 = 𝑔𝑑𝑥𝑖1 ∧ …∧ 𝑑𝑥𝑖𝑘 and  𝜂 = ℎ𝑑𝑥𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑙. 
 

𝑑(𝜔 ∧ 𝜂) = 𝑑(𝑔ℎ 𝑑𝑥𝑖1 ∧ …∧ 𝑑𝑥𝑖𝑘 ∧ 𝑑𝑥𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑙). 
 

 Notice that: 

𝑑(𝑔ℎ) = ∑
𝜕(𝑔ℎ)

𝜕𝑥𝛼
𝑑𝑥𝛼 =

𝑛

𝛼=1

∑(𝑔
𝜕ℎ

𝜕𝑥𝛼
+ ℎ

𝜕𝑔

𝜕𝑥𝛼
)𝑑𝑥𝛼

𝑛

𝛼=1

. 

 
 

 

𝑑(𝜔 ∧ 𝜂)                                                                                                                                     

       = ∑ (𝑔
𝜕ℎ

𝜕𝑥𝛼
+ ℎ

𝜕𝑔

𝜕𝑥𝛼
) 𝑑𝑥𝛼

𝑛
𝛼=1 ∧ 𝑑𝑥𝑖1 ∧ …∧ 𝑑𝑥𝑖𝑘 ∧ 𝑑𝑥𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑙 

     = ∑
𝜕ℎ

𝜕𝑥𝛼
(𝑔𝑑𝑥𝛼 ∧ 𝑑𝑥𝑖1 ∧ …∧ 𝑑𝑥𝑖𝑘 ∧ 𝑑𝑥𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑙)

𝑛

𝛼=1

+∑
𝜕𝑔

𝜕𝑥𝛼
(𝑑𝑥𝛼 ∧ 𝑑𝑥𝑖1 ∧ …∧ 𝑑𝑥𝑖𝑘 ∧ ℎ𝑑𝑥𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑙)

𝑛

𝛼=1

 . 

 

 

The second term is just 𝑑𝜔 ∧ 𝜂. But in the first term, notice: 
 

∑
𝜕ℎ

𝜕𝑥𝛼

𝑛

𝛼=1

𝑔𝑑𝑥𝛼 ∧ 𝑑𝑥𝑖1 ∧ …∧ 𝑑𝑥𝑖𝑘 ∧ 𝑑𝑥𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑙  

= (−1)𝑘∑𝑔𝑑𝑥𝑖1 ∧ …∧ 𝑑𝑥𝑖𝑘 ∧ (
𝜕ℎ

𝜕𝑥𝛼
)𝑑𝑥𝛼 ∧ 𝑑𝑥𝑗1 ∧ …∧ 𝑑𝑥𝑗𝑙

𝑛

𝛼=1

 

 

               = (−1)𝑘𝜔 ∧ 𝑑𝜂. 

 
 

So 𝑑(𝜔 ∧ 𝜂) = 𝑑𝜔 ∧ 𝜂 + (−1)𝑘𝜔 ∧ 𝑑𝜂. 
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3) The fact that 𝑑(𝑑𝜔) = 0 follows from:  
𝜕2𝑓

𝜕𝑥𝑖𝜕𝑥𝑗
=

𝜕2𝑓

𝜕𝑥𝑗𝜕𝑥𝑖
 .                        

Let’s show 𝑑(𝑑𝜔) = 0 for 𝜔 = 𝑓𝑑𝑥𝑖1 ∧ …∧ 𝑑𝑥𝑖𝑘. 
 

                    𝑑𝜔 = ∑
𝜕𝑓

𝜕𝑥𝛼

𝑛

𝛼=1

𝑑𝑥𝛼 ∧ 𝑑𝑥𝑖1 ∧ …∧ 𝑑𝑥𝑖𝑘 

 
 

𝑑(𝑑𝜔) = ∑∑
𝜕2𝑓

𝜕𝑥𝛼𝜕𝑥𝛽

𝑛

𝛼=1

𝑑𝑥𝛽 ∧ 𝑑𝑥𝛼 ∧ 𝑑𝑥𝑖1 ∧ …∧ 𝑑𝑥𝑖𝑘

𝑛

𝛽=1

 

 
𝜕2𝑓

𝜕𝑥𝛼𝜕𝑥𝛽
 and 

𝜕2𝑓

𝜕𝑥𝛽𝜕𝑥𝛼
 appear in pairs and 𝑑𝑥𝛽 ∧ 𝑑𝑥𝛼 = −𝑑𝑥𝛼 ∧ 𝑑𝑥𝛽.  

 
 

                             So 𝑑(𝑑𝜔) = 0. 
 
 
 
Ex.  Let 𝜔 = 𝑥𝑦𝑧𝑑𝑥 + 𝑦2𝑧𝑑𝑧 be a 1-form on ℝ3. Find 𝑑𝜔. 
 
             𝑑𝜔 = 𝑑(𝑥𝑦𝑧𝑑𝑥 + 𝑦2𝑧𝑑𝑧) = 𝑑(𝑥𝑦𝑧𝑑𝑥) + 𝑑(𝑦2𝑧𝑑𝑧) 
 

                     = 𝑑(𝑥𝑦𝑧) ∧ 𝑑𝑥 + 𝑑(𝑦2𝑧) ∧ 𝑑𝑧 
 

= (
𝜕(𝑥𝑦𝑧)

𝜕𝑥
𝑑𝑥 +

𝜕(𝑥𝑦𝑧)

𝜕𝑦
𝑑𝑦 +

𝜕(𝑥𝑦𝑧)

𝜕𝑧
𝑑𝑧) ∧ 𝑑𝑥  

+(
𝜕(𝑦2𝑧)

𝜕𝑥
𝑑𝑥 +

𝜕(𝑦2𝑧)

𝜕𝑦
𝑑𝑦 +

𝜕(𝑦2𝑧)

𝜕𝑧
𝑑𝑧) ∧ 𝑑𝑧  

 

 

            = (𝑦𝑧𝑑𝑥 + 𝑥𝑧𝑑𝑦 + 𝑥𝑦𝑑𝑧) ∧ 𝑑𝑥 + (2𝑦𝑧𝑑𝑦 + 𝑦2𝑑𝑧) ∧ 𝑑𝑧 
 

= 𝑦𝑧𝑑𝑥 ∧ 𝑑𝑥 + 𝑥𝑧𝑑𝑦 ∧ 𝑑𝑥 + 𝑥𝑦𝑑𝑧 ∧ 𝑑𝑥 + 2𝑦𝑧𝑑𝑦 ∧ 𝑑𝑧 + 𝑦2𝑑𝑧 ∧ 𝑑𝑧 

 

                    = −𝑥𝑧𝑑𝑥 ∧ 𝑑𝑦 − 𝑥𝑦𝑑𝑥 ∧ 𝑑𝑧 + 2𝑦𝑧𝑑𝑦 ∧ 𝑑𝑧.  
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Ex.  Let 𝜔 = 𝑧𝑒𝑥𝑑𝑥 ∧ 𝑑𝑦 + 𝑥𝑦2𝑑𝑥 ∧ 𝑑𝑧 be a 2-form on ℝ3. Find 𝑑𝜔. 

 
 

                      𝑑𝜔 = 𝑑(𝑧𝑒𝑥) ∧ 𝑑𝑥 ∧ 𝑑𝑦 + 𝑑(𝑥𝑦2) ∧ 𝑑𝑥 ∧ 𝑑𝑧 
 
 

= 𝑒𝑥𝑑𝑧 ∧ 𝑑𝑥 ∧ 𝑑𝑦 + 2𝑥𝑦 𝑑𝑦 ∧ 𝑑𝑥 ∧ 𝑑𝑧 
 

 

= 𝑒𝑥𝑑𝑥 ∧ 𝑑𝑦 ∧ 𝑑𝑧 − 2𝑥𝑦 𝑑𝑥 ∧ 𝑑𝑦 ∧ 𝑑𝑧 
 

 

                              = (𝑒𝑥 − 2𝑥𝑦)𝑑𝑥 ∧ 𝑑𝑦 ∧ 𝑑𝑧. 


