Vector Fields and Differential Forms on R"

If p € R, then the set of all pairs (p, v), v € R", is denoted R7, and called
the tangent space of R" at p.

Ex. The tangent planeto (2,5) € R? is the set of all points ((2, 5), v),
v € R?. Notice every tangent plane to the xy plane at any point looks like
R2. To distinguish the R? that is tangent to (2, 5) from the R? that is
tangent to (—1, —3) we define one by R%z,S) and the other by ]R%_l’_3).

Def. A vector field on R" is a function, F, such that F(p) € R7, for each
p € R".

So if we let (e1)y, (e2)p, ..., (n) be the usual basis for R™ (i.e. we let
e; =(0,0,...,1,0,...,0), with 1in the i*"* place), then we can write any
vector field F as:

F(p) = Fi(p)(e1)p + -+ E,(p)(en)y

where F;: R™ — R. So the F;s are the components of the vector field. The
vector field is continuous, differentiable, etc if the F;s are.



Given any two vector fields F, G and f: R™ = R, we define:

(F+G)()=F(@)+G(p)
(F-G)(p) =F(@) G)
(FR)®) = (f®)(F®)).

We define the divergence of F by:

n
0F;

dlU(F) = a—xl
i=1

or we can write V - F, where:
Jd 0 d
V= (—,—, —)
dx, 0x, 0xy,

Ifn = 3 wedefineV X F = curl(F) as:

i j k
VxF—a 9.9
~lox a9y oz

F, F, F

At each point p € R3, V X F is avectorin ]Rg.



Suppose w(p) € OF (Rg). Then, if @1 (p), ..., @, (p) is the dual basis to

(e1)ps -» (en)y (where (e1)y, ..., (en)y is a basis for RY), i.e.

(9:()(e;),, = 6y
Then we can write:

0@ = D ey @ [0, A A 01, D]

l1<l2<<lk
w(p) is called a k-form or differential form on R".

Thus a k-form, a)(p), is an alternating k-tensor on ]Rg. So
w(P): R} X ... X RY = Ris k-linear.

A function, f: R™ — IR, is considered a zero form.

Recall that if f: R™ — R, f differentiable, then Df (p): R™ — R, where
Df (p) is a linear transformation and thus, Df (p) € Q(R™). We define a

1-form df by: df (p)(v,) = Df (p)().

Let 7;: R™ - R by ;(x4, ..., X;,) = X;. Then we have:
dx;(p)(vp) = dm;(p)(vp) = Dm;(P) (W) = v;

since the matrix representation of D7t; is a 1 in the it" place and zeroes
everywhere else. That means:

dni(p)(ej)p = 611 .



Thus dx1(p), ..., dx, (p) is the dual basis for (€1), ..., (en)p. Hence

dx;(p) (ej)p = 0yj.

So we can write a k-form on R™ as:

w = z (l)il, T dxil JARAN dxl-k.

Ex. Suppose w = xdx + y?zdy — xzdz. Find (a)(p))(ﬁ)p where
p=(1,-1,2)and ¥, =<2,3,1>,

Since w is a 1-form on R3, w(p): ]R;’, — R is a linear transformation.
w = xdx + y?zdy — xzdz
w(p) = (Ddx + (=1)*(2)dy — (1)(2)dz
=dx + 2dy — 2dz
'Bp =< 2, 3, 1>= 2(81)p + 3(62)p + (63)p .

So we have:
(a)(p))(ﬁ)p = (dx + 2dy — 2dz)(2e; + 3e, + e3)

= dx(2e; + 3e, + e3) + 2dy(2e, + 3e, + e3) — 2dz(2e; + 3e, + e3)
Since dxl- (e]) = 611 we get:

(w(®@)@®), =2+2(3) —2(1) =6.



We know that if w is a k-form and 7 is an [-form, then

wAn = (-1Dkn A w.
If w is a k-form in R3, what can we say about @ A @?

If w is a zero-form (i.e. just a real valued function f: R3 - R), then
wAw = f?(x).

If wisalform: w = F;(x,v,z)dx + F,(x,y,z)dy + F5(x,y,2)dz,
then wAw=DYDyArw=—-wAw.

But that implies w A w = 0 (you can get the same result if you expand w A w).

If w is a 2-form (or a 3-form), then w A w = 0. Why?

If we move to ]R4, then we can find a k-form, k # 0, where w A w # 0.

Ex. If w=dx; ANdx,+dx3ANdx,

wAw=(dx; ANdx, +dx; Ndx,) A (dxy ANdxy, + dxs Adx,)

=dx; Ndxy Adxy ANdx, +dxy ANdxy; Adxs Adxy
+dx3 N dx4_ N dx1 N de + dX3 N dX4 N dX3 N dX4

= del N dxz N dx3 N dx4.



Theorem: If f: R™ — R is differentiable, then

_of of
df = a—xldxl + ---+den

Proof:

_ _(of of "

Y@) =@ = (320 ) <v>
n 0 n 9

— 21‘:1 (a—i (P)> v = 21‘:1 (6_9]; (p)) dx;(p)(vy)

So
0
df = a—fldxjL + +6—9;dx"

Suppose f:R™ — R™ is differentiable, then Df (p): R™ —» R™ is a linear
transformation. We can use this to define a linear transformation
fiiRG - Rﬁp), defined by:

f.(vp) = (DF @YD), .

Earlier we saw that if g: V' — W is a linear transformation we could define
another linear transformation, g*: TX(W) — T%(V) by:

g Ty, .., v) = T(Q(Uﬂ; ---:g(vk))
where T € T¥(W) and vy,.., v, EV.

Similarly, we can define f*: QR(R]’ZEP)) - QR(R;‘) by:

f*w(p)(v1; '"!vk) = w(f(p))(f*(vl)r "'lf*(vk))-



Theorem: If f: R™ — R™ is differentiable, then

* 0 i
1) f*(dx) = Tt 51t

2) fr(w1 + wz) = f*(wy) + f*(wy)
3) f*(gw) = (g ° f)(f*w), where g:R™ > R,

4) f*(wAn) =f(w)Af ()

5) If h: R™ - RP, then (h o f)*w = (f* o h)w

Proof of 1:

Fdx)®) () = dx(F@) (f.(vy))
Now,
f(vp) = (D @),y
oh O
om0 | M\ (Mo > O
f(vp)—K_n % (Vn>_<;7f j ;E J>

dx4 0x,



= Xj = Xj
- 0f, - f,
= D5 U™ D, O
J = J
j=1 j=1

So:

Ex. Let f:R3 > R3 by f(x,v,2) = (xyz, yz,yz?).
Let w = (s + rt)dr A dt be a 2-form on the second R3; (7, s,t).

Find £* ().
f*((s+rt)dr/\dt) = ((s+rt)of)f*(dr/\dt) by #3
= (yz + xy2z3)f*(dr A dt)
= (yz + xy?23)(f*(dr) Af*(dt)) by#4
= (yz + xy?z3)[ ( Ldx +—= oh dy + o4 dz)

(afsd + 9f3 dy 4 s afs d )]

= (yz + xy?z3)[(yzdx + xz dy + xy dz) A (z?dy + 2yz dz)]



= (yz + xy?z3)[yz3dx Ady + 2y?z%dx Adz + xz3dy A dy
+ 2xyz?dy Adz + xyz?dz Ady + 2xy?z dz A dz]

dyANdy =dzANdz = 0sincedy ANdy = —dy A dy, etc
anddz A dy = —dy A dz ; so we can write:

= (yz + xy?z®)(yz3dx Ady + 2y?z3dx Adz + (2xyz? — xyz?)dy A dz)
= (yz + xy?z3)(yz?dx Ady + 2y?z%dx Adz + xyz?dy A dz).

Theorem: If f: R™ — R™ is differentiable, then
f*(hdx; A...ANdxy) = (ho f)(detf)dx; A...Adx,, .

Let w € O (]Rg), a k-form on R™.
We define a map d: Qk(Rg) - Qk"’l(]R’z}), called the differential of w by:

w = z wil’___,ikdxil N A dxik

i <<ig

dw = z (dwi, i) Adx; A Adxg,
i< <i
where
n
0wy, ik
dwil,...,i = —dx]

k 0x;
j=1
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Theorem:
1) d(w +1n) =dw +dn

2) If w is a k-form and 1 is an [-form, then:
dlwAn) =dwAn+ (=D w Adn
3) d(dw) =0

4) If w is a k-form on R™ and f: R™ — R™ is differentiable, then:

frldw) = d(f*w).

Proofs of 1-3:

1) Let: w = lei1<"'<lksn wil)"-ﬁikdxil /\ ann /\ dxik

n = E nil,___,ikdxl-l VAR dxl-k
1<iy <-+<igsn

Note: some coefficients may be 0

Then:

dlw+n)=d z (i, i + NMiyiy) Ao, A o Adx,

1<iy<-<igsn

= Z d(a)il'___'ik + ni1,---,ik) AN dxil NN dxl-k

15i;<<igsn

z [d(wil,___,ik) + d(nil,...,ik)] AN dxl-l N A dxl-k

15i;<<igsn

=dw +dn.
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2) By number 1, it’s enough to show 2 is true for:
w = gdx; N..ANdx; and n = hdx; A..Adxj,

d(w Amn) =d(gh dxi, A .. Adxy, Adxj A A dx]-l).

Notice that:

n n
B d(gh) B dh dg
d(gh) = aZl e = Z (g ot haxa) dx,.

a=1

d(w A1)
=) -1 (g— + h )dxa A dxll A A dxlk A dle A A dx]l

n
dh
= ox. (gdxa Adxi N Ndxy Adxj AL A dle)
a=1

n
z a_g dx, Adx;, A..Adx; Ahdx; A..Adx;,).
a:

The second term is just dw A 7). But in the first term, notice:

M:

—gdxa ANdxp N Adxy Adxg AL A dxg,

a:
n

oh
= (~DF ) gdxi, A Aty A GG g Adg, A A dx;

a=1

= (—D*w A dn.

sod(wAn) =dwAn+ (—1)*w Adn.
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9%f  0*f
axiaxj - axjaxi |
Let's show d(dw) = 0 forw = fdx;, A ..Adx;,.

3) The fact that d(dw) = 0 follows from:

S

af
dw = dea N dxil N... N\ dxl-k

=

a=

n n

a2 f

d(dw) = z z T, 4 N e A A
p=1a=1

0%f 0%f
0xq0xp an 0xp0xq

appear in pairs and dxg A dx, = —dxg A dxg.

Sod(dw) = 0.

Ex. Let w = xyzdx + y%zdz be a 1-form on R3. Find dw.
dw = d(xyzdx + y?zdz) = d(xyzdx) + d(y?zdz)
= d(xyz) Adx + d(y?z) Adz
_ (0(xyz) d(xyz) d(xyz)
= (22 ax + Tdy + dz) A dx

9(y?z) 9(y?z) 9(yz)
+( = dx + 3y dy + > dz)/\dz

= (yzdx + xzdy + xydz) A dx + (2yzdy + y*dz) A dz
y y Xy yzay +y

= yzdx Adx + xzdy Adx + xydz Adx + 2yzdy Adz + y*dz Adz

= —xzdx Ndy — xydx ANdz + 2yzdy N dz.



Ex. Let w = ze¥*dx A dy + xy?dx A dz be a 2-form on R3. Find dw.

dw = dze*) Adx Ady + d(xy?) Adx Adz
=e*dzAdx Ndy + 2xydy Ndx Adz
=e*dxNdyNdz—2xydx Ndy Adz

= (e* — 2xy)dx Ady A dz.

13



