Calculations with the Metric Tensor

Now let’s apply these tensor concepts to the metric tensor for a surface in R3.
Recall that if a surface, S, in R3 s parameterized by:

d:UCR2>SCR?
®(u,v) = (x(u,v), y(w,v), z(w, v))

then, the first fundamental form, or metric tensor, is given by:

= (g2 gu2)

where Ji1 = E))u E))u
J12 = 921 = q_)>u fliv
922 = Oy - Py,

At each point, p €S, g € Tz(TpS).

Thus if given Wy, W, € T,S, then:

gWy,w,) = (a1 a12) (911 912) (azl)

921 Y22/ \Qy
where:

W1 = a11CD + alzq)
Wy = a21CD + azzq)



Ex. Let S be the surface parameterized by @:R%2 > S € R3 and

D(u,v) = (u, v, u? + v?).

a) Find the metric tensor, g, at (u, v) = (1, 2).

b) If Wy, = 2®,(1,2) —3®,(1,2) and W, = -, (1,2) + 2d,(1,2)
then find g( @ (1,2), ©,(1,2)), gy, w,).

c) We know that D®(1,2): T(1,2)R?* = T(1,2,5)S is a linear transformation.
if U € T¥(T(1,2,5)S), then
(p®(1,2)) U € T*(T1,»R?).

Find (DES(L 2)) g(By, By ) where By, = (=3,2), %, = (1,—1)
and 131,132 ET(]_,Z)RZ.

d(w,v) = (u,v,u? + v?)

T(l'z)RZ%
D (1,2): T 2 R? - T(1.25)

7 2,5)

(1,2) /

S|

v




a) ®(u,v) = (u,v,u? + v?)

@,(1,2) = (1,0,2)
, ®,(1,2) = (0,1,4)

g11=$u-6u=5
J12 = 921 = Oy - P, =8
g2z = &y - &, =17

Sog = ({53 187) is the metric tensor at (u, v) = (1, 2).

b) E))u = (1,0), ED),, = (0, 1) since 511 and ED),, are the basis vectors for
T(1,2’5)S, SO:

@3y =a 0 )

8 17/\1
=(1 O)(187)=8.

Wl = (27_3); V_V)Z = (_11 2)

gy =2 -G 2)G

-2 -3) (;é) = —56.



) DB(1,2) = (E)’u(l, 2) B,(1, 2))
v =(=3,2); v,=(1-1).

(08(1,2)) 91.5,) = g(DF, 25, DB(1,2)7;)

(06(1, 2)) (=3,2) = (5u(1, 2) B,(1, 2)) (-3,2)

= 3P, +2®, = (-3,2)

(05’(1, 2)) (1,-1) = (6’u(1, 2) @,(1, 2)) (1,-1)

Notice that:

So we can write:

(0B(12)) (-3 2) = ((1> (1)> ()= (?)

2 4

But in the basis @, (1,2) = (1,0,2) and ®,(1,2) = (0, 1,4):

(=3,2,2) = =30, + 20, .
Thus,

(0®(1,2)) g(31,7,) = 9((-3,2), (1,-1))

=3 2)(2 187)(—11)
=(-3 2(2)=-9



We had a theorem that said if V4, ..., U, is a basis for V and ¢, ..., @, is a dual
basis for V™, i.e. goi(vj) = Sij, then we can write any m tensor as a linear
combination of ¢; & ...Q ¢; where 1 < iy,...,i, <n.

So how do we write the metric tensor as a linear combination of
2-tensors of the form ¢;®@¢; where {¢1, ¢} is the dual basis for (TpS)*?

In this case, V' = T,S and the basis vectors for V' are 5u and 5)1,. The dual basis
for 1 and @, have the properties that:

‘Pl(a))u) =1 QDZ(E))u) =0
<p1(5v) =0 (,02(61;) = 1.

Note: ¢, is generally written as du and ¢, is generally written as dv (i.e. ¢
and -, are differential forms).

So we would like to be able to write:

g =M (@18¢1) + 1,(01Q¢;) + A3(0,®¢1) + 14 (@,®p).

What are A1, 4,, A3, and 4,7

If 131 = ala))u + bla))v and 1})2 = aza))u + bza))v, then:

9((ar, b), (a2, 7)) = (@ bl)(g 187)(22)

= 5a1a2 + 8a1b2 + 8a2b1 + 17b1b2



Now let’s expand the RHS of the tensor equation:

(A1 (@1Q¢1) + 1,(01Q@,) + 13(9, Q1)
+ /14(<P2®<P2))((a1» b1), (ay, bz))

= hio1(ay, by (az, by) + A1 (ay, by)e,(az, by)
+ A39,(aq, by)pi(az, by) + A49,(aq, by)e,(as, by)

= M (a1)(az) + 2;2(ay)(by) + A3(az)(by) + A4(az)(by).

Thus since

g((al,bl), (az,bz)) = 5a,a, + 8a,b, + 8a,b; + 17b,b,
We have:
M=5 14,=81;=8, 1, =17 and
g = 5901891 + 89109, + 8¢,Q¢; + 17¢,Q¢;
or

g = 5du®du + 8du®dv + 8dvQ®du + 17dvQdv.



