Functions on R"

The Topology of R"

R™ = {(x1, X9, ..., xp)| x; ER, i =1, ...,n}.

R™ is a vector space with standard basis {eq, €5, ..., €, } where:

e; = (1,0,0, ... ,0)
e, = (0,1,0, ... ,0)

e, = (0,0,0, ... ,1).

We define a norm on R™ by:

x| = Jxlz +xi 4+ x2; x= (X, X 0, Xn).

We can then define a distance on R" by:

dix,y) =Ix—y| = \/(x1 —y1)2+ (X2 —y2)% + -+ (x — yn)?

where X = (X1,X2, .., Xn), V= (V1,V2, ve» Vn)-

Def. Let {p;} be a sequence in R™. We say {p;} convergesto p € R" if for all
€ > 0 there existsa N € Z™ (ie, the positive integers) such that if j > N then

|p—p]| <E.

Def. Let {p;} be a sequence in R™. We say {p;} is a Cauchy sequence if for all
€ > 0 there existsa N € Z% such thatif j, k = N then |pj — pk| <eE€.

R™ is complete (i.e. every Cauchy sequence converges) with respect to this
distance function. In addition, R" is a Banach space (i.e. a complete, normed,
vector space).



Proposition: Given X,y € R", then:

i) lx + y| < |x| + |y| (triangle inequality)
i) |x-yl < x| |yl (Cauchy-Schwarz inequality).

Def. A linear transformation, T: R™ — R™, is a function such that for all
u, v € R"and ¢ € R:
a. T(u+v)=Tw)+Tw)
b. T(cu) = cT(u).

A linear transformation T: R™ — R™ can be represented with respect to the
usual basis in R™ and R™ by anm X n matrix

ay1 Qg2 A1n

az1 Ay azn
T = .

Am1 Am2 ° Amn

where T(e;) = Z;’;l ajej , ¢ =(0,0,..,1,0,0,...,0) and the 1 is in the
jt" place.

The coefficients of T'(e;) appear in the i*" column of the matrix.

aj1 Q12 . Qqn /0\ Ay
Az1 Qzz ... Qzn : azi
am1 '] '] amn (.) ami



Ex. Let T:R? - R* and S: R* = R3 be linear transformations. Suppose:

T(1,0) =(0,2,3,1) 5(1,0,0,0) =(1,2,3)

T0,1) =(2,-1,-1,2) 5(0,1,0,0) = (—1,3,1)
5(0,0,1,0) = (2,3,1)
5(0,0,0,1) = (0,1, 2).

Find a matrix representation of S and T with respect to the standard basis, then
find a matrix representation of S o T: R? — R3.

g_i 1 -1 2 0
T=\2 _;| S=<2 331).
S 3 1 1 2

The matrix representation of the composition, S o T, is gotten by matrix

=116 0]
-1 7 8

multiplication.
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Prop. Let T: R™ — R™ be a linear transformation. Then there exists a

number, M, such that: [T (h)| < M|h| forall h € R™.

a1 v Qin
Proof: Let h = (hq, hy, ..., hy) and T = then,
am1 Amn
di; Q12 0 Qi hq
ol =| T )|
Am1 Am2 *° Amn hn
a;-h
= aZ:. h where a; = (a1, Aj2, -, Ain)
an, - h

=J(a, 12+ (az W2+ -+ (@, - h)?

< \/(|a1||h|)2 + (Jay||h])? + -+ (Ja,,||h])? Cauchy-Schwarz Inequality

= (VIesP + [az 2+~ + anl?)IAl.
Thus:

T < (VIar2 + lazl? + -+ [aml?) hl.

So take M=\/Ia1|2+|a2|2+---+|am|2.



Def. A subset U S R" is open if given any point X € U, x is an interior point of
U. That s, there existsa & > 0 such that if

dix,y) =|x—y| = \/(xl —y1)%2 4+ (e —y2)% + -+ (x, —y)% <6,
theny € U.

Ex. H = {(xq, ..., x)| X, > 0} is an open setin R™. Given any point,
(X1, ..., Xn) € H, the setof y € R™ where:

X
V0 =2+ 4 (o — yn)? <7n=5

is contained in H.

Def. A subset V € R" is closed if its complement in R", i.e. R* — V,
is open .



Def. Let E € R™. {G_} is an open cover of E if each G, is an open set and
Uy G, 2 E.
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Open Cover of E

Def. A set K is compact if every open cover has a finite subcover.

'I
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Open Cover of K Finite Subcover of K

Theorem (Heine-Borel): If K € R™, K is compact if, and only if, K is
closed and bounded.



Ex. [0, 3] is compact.
[0,1] x [0, 1] x [0, 1] is compact.

(0, 3] is not compact (not closed).

Functions on R"

Let f: A € R"™ = R™. Then we can write:

f(x11x2: -")xn) = (fl(xlerJ "'an)!fz (xl:xZJ '"rxn)' ""fm(xlixZJ ""xn))
where f;:A € R" - R.

Def. Let f:R™ - R™and x,a € R™,p € R™. Wesay lim f(x) = p if for
x—a

alle > 0, thereexistsa & > 0 suchthatif 0 < |[x — a| < §, then
If(x) —pl<e.

Notice, if x = (X1, ..., Xp),a = (A4, ...,ay), and p = (P1, -0, Pm),
then the 0 and € statements become:

0< \/(xl —a1)?+ -+ (x, —a,)? <6 impliesthat

\/(fl(x) - pl)z + et (fm(x) - pm)z <E€.



The following propositions will be useful later:

Prop: Let f: R™ = R™, then lim f(x) = 0 (i.e. the zero-vector in R™) if, and
xX—-a
only if, lim|f (x)| = 0.
xX—a

Proof: Assume lim f(x) = 0.

xX—a
We must show that for all € > 0, there exists a & > 0 such that if
0 <|x—al <48, then ||f(x)| — O| <e.

Notice:  ||f(x)| — 0| = |f(x) — 0.
But since lim f(x) = 0, we know given any € > 0, there exists a
xX—a

6" > 0 suchthatif 0 < |x — a| < &, then |f(x) —6| <e€.
Choose & = &' then 0 < |x — a| < & implies

1l = 0| = |f(x) =0 <e.
= lim|f (x)| = 0.

Now assume lim|f (x)| = 0.
xX—a
We must show given any € > 0 there existsa & > 0 such that if
0 <|x—al| <§,then |f(x) —6| < €.
But since lim|f (x)| = 0, we know given € > 0 there existsa §' > 0 such that if
xX—a

0<|x—al <§’,then ||f(x)| —0| < E€.

Choose & = &' thenif 0 < |x — a| < 6, then
fG) = 0] = [IfF ()] - 0| <e.
= lim f(x) =0.
x—=a



Prop: Let f: R™ - R™, a,x € R", then lim|f(x)| = 0 if,
xX—a
and only if, lim|f;(x)| = O fori = 1, ...,m, and
xX—a

flx) = (fr(x), f2(2), ., fn (X))

Proof: HW Problem: For one direction of this proof it is useful to know:

x| = a2 +x2 + -+ x2 < Jx2+Jx2 4+ y/x2
= 1| + |oxz| + -+ |xql.

We can see this by squaring both sides of the inequality:
X{+ x5+ xS g ]P e 1x )7+ X 20x] ).

Def. f is continuous at X = (X, X3, ..., X,) € A ifforall € > 0 there exists a
d > 0,suchthatifd(x,y) < &, y € A, then d(f(x),f(y)) <e.

That s, if JG = y)2 4 (o — Y2 < 6

then (£, = A0+ + () = fu )’ <.

Def. f is continuous on A € R" if f is continuous at every point X € A.

Theorem: f: A € R™ — R™ is continuous if, and only if, each f; is continuous.

Proof: HW Problem.
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Theorem: Let f, g: U € R™ = R™ be continuous at a € U, then
f+g,1fl,and f - g are continuous ata € U.

Proof of f + g is continuous at a € U.

We must show for all € > 0 there exists an & > 0 such that if

|x — a| < §, then |(f(x) + g(x)) — (f(a) + g(a))| <e.

Since f is continuous at a € U, we know there exists a §; > 0 such that if

| — al < 8y, then |f(x) — f(a)| <.

Since g is continuous at a € U, we know there exists a §, > 0 such that if

Ix = al < 8, then |9 (x) — g(a@)| < 3.

Let & = min(51, 52):

If |x — al < &, then |f(x) — f(a)] <=

2
and |g(x) — g(a)| <3
Thus,

|(F () + 9(x) = (f(@) + g(@)| = [(f () = f(@) + (g(x) — g(@))|
<|f(x) = fla)| +|g(x) — g(a)]

<‘t+i=e
2 2

and f + g is continuousat a € U.

Theorem: If f: A = R™ is continuous, A € R™, and A is compact, then
f(A) € R™ is compact.



