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                                            The Chain Rule 
 
 

The Chain Rule: 

 In 1 variable if 𝑦 = 𝑓(𝑢), 𝑢 = 𝑔(𝑥), then 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
 
𝑑𝑢

𝑑𝑥
 . 

 
Ex.     𝑦 = 𝑢10;    𝑢 = sin 𝑥 (i.e.   𝑦 = (sin 𝑥)10)  then 
 

𝑑𝑦

𝑑𝑥
= 10𝑢9(cos 𝑥) = 10(sin 𝑥)9 cos 𝑥.  

 
 
Ex.     𝑧 = 𝑢10 ;   𝑢(𝑥, 𝑦) = sin 𝑥𝑦   then   𝑧 = sin10 𝑥𝑦.  
 

 
𝜕𝑧

𝜕𝑥
= (10(sin 𝑥𝑦))

9
(cos 𝑥𝑦)𝑦  

 
𝜕𝑧

𝜕𝑦
= 10(sin 𝑥𝑦)9 (cos 𝑥𝑦)𝑥.  

 
 
For functions of more than 1 variable, the chain rule can take several forms 
depending on the situation. 

 
 
Case 1:  𝑧 = 𝑓(𝑥, 𝑦) ;     𝑥 = 𝑥(𝑡) ;  𝑦 = 𝑦(𝑡) 
 
 

    
𝑑𝑧

𝑑𝑡
=  

𝜕𝑓

𝜕𝑥
 
𝑑𝑥

𝑑𝑡
+

𝜕𝑓

𝜕𝑦
 
𝑑𝑦

𝑑𝑡
=

𝜕𝑧

𝜕𝑥
 
𝑑𝑥

𝑑𝑡
+

𝜕𝑧

𝜕𝑦
 
𝑑𝑦

𝑑𝑡
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Ex.      Let 𝑧 = 𝑥4 + 𝑦4;   and 𝑥 = 𝑠𝑖𝑛𝑡,  𝑦 = 𝑐𝑜𝑠𝑡.  Find 
𝑑𝑧

𝑑𝑡
 at 𝑡 =

𝜋

6
 . 

 

               
𝑑𝑧

𝑑𝑡
=

𝜕𝑧

𝜕𝑥
 
𝑑𝑥

𝑑𝑡
+

𝜕𝑧

𝜕𝑦
 
𝑑𝑦

𝑑𝑡
 

 
𝜕𝑧

𝜕𝑥
= 4𝑥3,     

𝜕𝑧

𝜕𝑦
= 4𝑦3,    

𝑑𝑥

𝑑𝑡
= 𝑐𝑜𝑠𝑡,     

𝑑𝑦

𝑑𝑡
= −𝑠𝑖𝑛𝑡.   

 
𝑑𝑧

𝑑𝑡
= 4𝑥3(cos 𝑡) + 4𝑦3(− sin 𝑡)              (∗) 

     = 4 sin3 𝑡 (cos 𝑡) − 4 cos3 𝑡 (sin 𝑡) . 
 

At 𝑡 =
𝜋

6
 we get: 

 
𝑑𝑧

𝑑𝑡
|

𝑡=
𝜋

6

= 4 sin3 𝜋

6
(cos

𝜋

6
) − 4 (cos3 𝜋

6
)(sin

𝜋

6
)  

                                  = 4 (
1

2
)

3
(

√3

2
) − 4 (

√3

2
)

3

(
1

2
)  

 

        =
4√3

16
−

12√3

16
= −

8√3

16
= −

√3

2
  

 

Note:   When we got to (∗), we could have said when 𝑡 =
𝜋

6
 ,  

             𝑥 = sin
𝜋

6
=

1

2
 ,  and  𝑦 = cos

𝜋

6
=

√3

2
 and then plugged in 

  

            
𝑑𝑧

𝑑𝑡
= 4 (

1

2
)

3
(

√3

2
) − 4 (

√3

2
)

3

(
1

2
) 

 

                   =
4√3

16
−

12√3

16
= −

8√3

16
= −

√3

2
 . 

           However, if we had been asked to find 
𝑑𝑧

𝑑𝑡
 at any point 𝑡 

          we would have needed to substitute 𝑥 = 𝑠𝑖𝑛𝑡,  𝑦 = 𝑐𝑜𝑠𝑡 
           into (∗).                
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Ex. Let 𝑧 = 𝑥𝑦2 − 3𝑥3𝑦;     𝑥 = 𝑒𝑡;    𝑦 = ln(𝑡 + 1).  Find 
𝑑𝑧

𝑑𝑡
  at 𝑡 = 0. 

 
 

𝑑𝑧

𝑑𝑡
=

𝜕𝑧

𝜕𝑥
 
𝑑𝑥

𝑑𝑡
+

𝜕𝑧

𝜕𝑦
 
𝑑𝑦

𝑑𝑡
  

 

            
𝜕𝑧

𝜕𝑥
 = 𝑦2 − 9𝑥2𝑦,     

𝜕𝑧

𝜕𝑦
= 2𝑥𝑦 − 3𝑥3,      

𝑑𝑥

𝑑𝑡
= 𝑒𝑡 ,     

𝑑𝑦

𝑑𝑡
=

1

𝑡+1
 . 

 
 

            
𝑑𝑧

𝑑𝑡
 = (𝑦2 − 9𝑥2𝑦)𝑒𝑡 + (2𝑥𝑦 − 3𝑥3)(

1

𝑡+1
)     

 
 

= ((ln(1 + 𝑡))2 − 9𝑒2𝑡 ln(1 + 𝑡))𝑒𝑡 + (2𝑒𝑡 ln(1 + 𝑡) − (3𝑒3𝑡))
1

𝑡+1
  . 

 
At 𝑡 = 0: 

  = ((ln(1))2 − 9(ln (1)))1 + (2(ln (1)) − 3)
1

1
   

 

  = −3. 
 
 

 

 Case 2:   𝑧 = 𝑓(𝑥, 𝑦) and 𝑥 = 𝑔(𝑠, 𝑡) , 𝑦 = ℎ(𝑠, 𝑡). 
 

 To find 
𝜕𝑧

𝜕𝑠
 and 

𝜕𝑧

𝜕𝑡
, we hold one variable constant and apply the   

           first form of the chain rule: 

 
 

𝜕𝑧

𝜕𝑠
=

𝜕𝑧

𝜕𝑥
 
𝜕𝑥

𝜕𝑠
+

𝜕𝑧

𝜕𝑦
 
𝜕𝑦

𝜕𝑠
  

 
 

  
𝜕𝑧

𝜕𝑡
=

𝜕𝑧

𝜕𝑥
 
𝜕𝑥

𝜕𝑡
+

𝜕𝑧

𝜕𝑦
 
𝜕𝑦

𝜕𝑡
 .  
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Ex.  Let 𝑧 = ln(1 + 𝑦𝑒𝑥),    𝑥 = 𝑠3𝑡 ,   𝑦 = 𝑡3𝑠.  Find 
𝜕𝑧

𝜕𝑠
 and  

𝜕𝑧

𝜕𝑡
 .      

   
 

                                       
𝜕𝑧 

𝜕𝑠
=

𝜕𝑧

𝜕𝑥
 
𝜕𝑥

𝜕𝑠
+

𝜕𝑧

𝜕𝑦
 
𝜕𝑦

𝜕𝑠
  

                     

       
𝜕𝑧

𝜕𝑥
=

1

1+𝑦𝑒𝑥 (𝑦𝑒𝑥),     
𝜕𝑧

𝜕𝑦
=

1

1+𝑦𝑒𝑥 (𝑒𝑥),     
𝜕𝑥

𝜕𝑠
 = 3𝑠2𝑡,      

𝜕𝑦

𝜕𝑠
 = 𝑡3 . 

 

      
𝜕𝑧

𝜕𝑠
  = (

1

1+𝑦𝑒𝑥 (𝑦𝑒𝑥)) (3𝑠2𝑡) + (
1

1+𝑦𝑒𝑥 (𝑒𝑥)) (𝑡3)    

 

           = (
1

1+𝑡3𝑠𝑒(𝑠3𝑡)
(𝑡3𝑠)(𝑒𝑠3𝑡)(3𝑠2𝑡)) +

𝑒𝑠3𝑡

1+𝑡3𝑠𝑒(𝑠3𝑡)
(𝑡3)  

 

             = (
𝑒𝑠3𝑡(3𝑠3𝑡4+𝑡3)

1+𝑡3𝑠𝑒(𝑠3𝑡)
) . 

 
 
   

                                        
𝜕𝑧

𝜕𝑡
=

𝜕𝑧

𝜕𝑥
 
𝜕𝑥

𝜕𝑡
+

𝜕𝑧

𝜕𝑦
 
𝜕𝑦

𝜕𝑡
  

                 

           
𝜕𝑧

𝜕𝑥
=

1

1+𝑦𝑒𝑥 (𝑦𝑒𝑥),   
𝜕𝑧

𝜕𝑦
=

1

1+𝑦𝑒𝑥 (𝑒𝑥),     
𝜕𝑥

𝜕𝑡
  = 𝑠3,      

𝜕𝑦

𝜕𝑡
= 3𝑡2𝑠    

                       

           
𝜕𝑧

𝜕𝑡
  = (

1

1+𝑦𝑒𝑥 (𝑦𝑒𝑥)) (𝑠3) + (
1

1+𝑦𝑒𝑥 (𝑒𝑥)) (3𝑡2𝑠)  

                 = (
1

1+𝑡3𝑠𝑒(𝑠3𝑡)
(𝑡3𝑠)(𝑒𝑠3𝑡)(𝑠3)) +

𝑒𝑠3𝑡

1+𝑡3𝑠𝑒(𝑠3𝑡)
(3𝑡2𝑠)  

                                 

                  = (
𝑒𝑠3𝑡(𝑠4𝑡3+3𝑡2𝑠)

1+𝑡3𝑠𝑒(𝑠3𝑡)
) .  
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Tree Diagram for Chain Rule: 

𝑧 
𝜕𝑧

𝜕𝑥
                           

𝜕𝑧

𝜕𝑦
  

𝑥                        𝑦 
𝜕𝑥

𝜕𝑠
          

𝜕𝑥

𝜕𝑡
        

𝜕𝑦

𝜕𝑠
            

𝜕𝑦

𝜕𝑡
  

𝑠       𝑡                   𝑠      𝑡 
 
Chain Rule (general version):  Suppose 𝑧 is a differentiable function of 𝑛 
 variables 𝑥1, 𝑥2, … , 𝑥𝑛 and each 𝑥𝑗  is a differentiable function of 𝑚 

 variables 𝑡1, … , 𝑡𝑚, then 𝑧 is a differentiable function of 𝑡1, … , 𝑡𝑚  
 and: 

 

                
𝜕𝑧

𝜕𝑡𝑖
=

𝜕𝑧

𝜕𝑥1
 
𝜕𝑥1

𝜕𝑡𝑖
+

𝜕𝑧

𝜕𝑥2
 
𝜕𝑥2

𝜕𝑡𝑖
+ ⋯ +

𝜕𝑧

𝜕𝑥𝑛
 
𝜕𝑥𝑛

𝜕𝑡𝑖
 ;      𝑖 = 1, … , 𝑚. 

  
Ex. Write out the Chain Rule when 𝑛 = 4 and 𝑚 = 3 

 
𝑧 

 
 

     𝑥          𝑦         𝑠             𝑡 
  

𝑢  𝑣  𝑤     𝑢  𝑣  𝑤     𝑢  𝑣  𝑤    𝑢  𝑣  𝑤 
  
 

𝜕𝑧

𝜕𝑢
=

𝜕𝑧

𝜕𝑥
 
𝜕𝑥

𝜕𝑢
+

𝜕𝑧

𝜕𝑦
 
𝜕𝑦

𝜕𝑢
+

𝜕𝑧

𝜕𝑠
 

𝜕𝑠

𝜕𝑢
+

𝜕𝑧

𝜕𝑡
 

𝜕𝑡

𝜕𝑢
  

 
𝜕𝑧

𝜕𝑣
=

𝜕𝑧

𝜕𝑥
 
𝜕𝑥

𝜕𝑣
+

𝜕𝑧

𝜕𝑦
 
𝜕𝑦

𝜕𝑣
+

𝜕𝑧

𝜕𝑠
 

𝜕𝑠

𝜕𝑣
+

𝜕𝑧

𝜕𝑡
 

𝜕𝑡

𝜕𝑣
  

 

  
𝜕𝑧

𝜕𝑤
=

𝜕𝑧

𝜕𝑥
 

𝜕𝑥

𝜕𝑤
+

𝜕𝑧

𝜕𝑦
 

𝜕𝑦

𝜕𝑤
+

𝜕𝑧

𝜕𝑠
 

𝜕𝑠

𝜕𝑤
+

𝜕𝑧

𝜕𝑡
 

𝜕𝑡

𝜕𝑤
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Ex.  If 𝑢 = 𝑥2𝑦3 + 𝑦𝑧2 ;   𝑥 = 𝑟2𝑠𝑡 , 𝑦 = 𝑡𝑒−𝑟 , 𝑧 = 𝑠 cos 𝑟, then find  
 

𝜕𝑢

𝜕𝑠
   and  

𝜕𝑢

𝜕𝑡
  when 𝑟 = 0, 𝑠 = 2, 𝑡 = 1.  

 
 

𝜕𝑢

𝜕𝑠
=

𝜕𝑢

𝜕𝑥
 
𝜕𝑥

𝜕𝑠
+

𝜕𝑢

𝜕𝑦
 
𝜕𝑦

𝜕𝑠
+

𝜕𝑢

𝜕𝑧
 
𝜕𝑧

𝜕𝑠
  

 
We can solve this 2 ways: 

1.   Find 
𝜕𝑢

𝜕𝑠
 in terms of 𝑟, 𝑠, and 𝑡 and then plug in 𝑟 = 0, 𝑠 = 2, 𝑡 = 1. 

2.   Note that when 𝑟 = 0, 𝑠 = 2 , 𝑡 = 1; then  𝑥 = 0, 𝑦 = 1, and 𝑧 = 2 and 

       plug in those values in the expression of 
𝜕𝑢

𝜕𝑠
 . 

 
 
 

Solution #1: 

 

      
𝜕𝑢

𝜕𝑥
 = 2𝑥𝑦3,      

𝜕𝑢

𝜕𝑦
= 3𝑥2𝑦2 + 𝑧2 ,       

𝜕𝑢

𝜕𝑧
= 2𝑦𝑧      

      
𝜕𝑥

𝜕𝑠
 = 𝑟2𝑡,          

𝜕𝑦

𝜕𝑠
 = 0,                           

𝜕𝑧

𝜕𝑠
 = cos 𝑟 

 
 

𝜕𝑢

𝜕𝑠
= (2𝑥𝑦3)(𝑟2𝑡) + (3𝑥2𝑦2 + 𝑧2)(0) + (2𝑦𝑧) cos 𝑟 

                       = (2(𝑟2𝑠𝑡)(𝑡𝑒−𝑟)3)(𝑟2𝑡) + 2(𝑡𝑒−𝑟)(𝑠𝑐𝑜𝑠𝑟)𝑐𝑜𝑠𝑟 
                       = 2𝑟4𝑠𝑡5𝑒−3𝑟 + 2𝑠𝑡𝑒−𝑟(cos2 𝑟). 
 
      Now plug in 𝑟 = 0, 𝑠 = 2 , 𝑡 = 1 
 

                     
𝜕𝑢

𝜕𝑠
 = 0 + 4 = 4. 
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Solution #2: 

             
𝜕𝑢

𝜕𝑥
 = 2𝑥𝑦3,      

𝜕𝑢

𝜕𝑦
= 3𝑥2𝑦2 + 𝑧2 ,       

𝜕𝑢

𝜕𝑧
= 2𝑦𝑧      

               
𝜕𝑥

𝜕𝑠
 = 𝑟2𝑡,          

𝜕𝑦

𝜕𝑠
 = 0,                           

𝜕𝑧

𝜕𝑠
 = cos 𝑟 

 
 

𝜕𝑢

𝜕𝑠
= (2𝑥𝑦3)(𝑟2𝑡) + (3𝑥2𝑦2 + 𝑧2)(0) + (2𝑦𝑧) cos 𝑟 

                       = (2𝑥𝑦3)(𝑟2𝑡) + (2𝑦𝑧) cos 𝑟 
 
        Now plug in 𝑟 = 0, 𝑠 = 2, 𝑡 = 1,  𝑥 = 0, 𝑦 = 1, and 𝑧 = 2.  
 

               
𝜕𝑢

𝜕𝑠
 = 0 + 4 = 4. 

 
 

                            
𝜕𝑢

𝜕𝑡
=

𝜕𝑢

𝜕𝑥
 
𝜕𝑥

𝜕𝑡
+

𝜕𝑢

𝜕𝑦
 
𝜕𝑦

𝜕𝑡
+

𝜕𝑢

𝜕𝑧
 
𝜕𝑧

𝜕𝑡
  

 
We already calculated: 

                      
𝜕𝑢

𝜕𝑥
  = 2𝑥𝑦3,       

𝜕𝑢

𝜕𝑦
= 3𝑥2𝑦2 + 𝑧2 ,       

𝜕𝑢

𝜕𝑧
= 2𝑦𝑧      

Now we need: 

                       
𝜕𝑥

𝜕𝑡
= 𝑟2𝑠,         

𝜕𝑦

𝜕𝑡
= 𝑒−𝑟 ,                  

𝜕𝑧

𝜕𝑡
= 0.     

 
              

𝜕𝑢

𝜕𝑡
= (2𝑥𝑦3)(𝑟2𝑠) + (3𝑥2𝑦2 + 𝑧2)(𝑒−𝑟) + (2𝑦𝑧)(0). 

 
Now plug in 𝑟 = 0, 𝑠 = 2, 𝑡 = 1,  𝑥 = 0, 𝑦 = 1,  and 𝑧 = 2  (2nd method): 

              

                
𝜕𝑢

𝜕𝑡
 = (0)(0) + (3(02)(12) + 22)(𝑒−0) = 4. 
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Ex.  𝑔 = 𝑓(𝑥, 𝑦), 𝑥 = 𝑠2 − 𝑡2, 𝑦 = 𝑡2 − 𝑠2, and 𝑓 is differentiable,  show 

that 𝑔 satisfies: 

𝑡
𝜕𝑔

𝜕𝑠
+ 𝑠

𝜕𝑔

𝜕𝑡
= 0.  

 
 

 𝑥 = 𝑠2 − 𝑡2 
  𝑦 = 𝑡2 − 𝑠2 

 
 

𝜕𝑔

𝜕𝑠
=

𝜕𝑔

𝜕𝑥
 
𝜕𝑥

𝜕𝑠
+

𝜕𝑔

𝜕𝑦
 
𝜕𝑦

𝜕𝑠
=

𝜕𝑔

𝜕𝑥
(2𝑠) +

𝜕𝑔

𝜕𝑦
(−2𝑠)  

 
 
 

𝜕𝑔

𝜕𝑡
=

𝜕𝑔

𝜕𝑥
 
𝜕𝑥

𝜕𝑡
+

𝜕𝑔

𝜕𝑦
 
𝜕𝑦

𝜕𝑡
=

𝜕𝑔

𝜕𝑥
(−2𝑡) +

𝜕𝑔

𝜕𝑦
(2𝑡)  

 
 

               Thus we have: 

𝑡
𝜕𝑔

𝜕𝑠
= 2𝑡𝑠

𝜕𝑔

𝜕𝑥
− 2𝑡𝑠

𝜕𝑔

𝜕𝑦
  

 

   𝑠
𝜕𝑔

𝜕𝑡
= −2𝑡𝑠

𝜕𝑔

𝜕𝑥
+ 2𝑡𝑠

𝜕𝑔

𝜕𝑦
  

 
               Now plug into the original equation: 

 

                 𝑡
𝜕𝑔

𝜕𝑠
+ 𝑠

𝜕𝑔

𝜕𝑡
= 2𝑡𝑠

𝜕𝑔

𝜕𝑥
− 2𝑡𝑠

𝜕𝑔

𝜕𝑦
+ ( −2𝑡𝑠

𝜕𝑔

𝜕𝑥
+ 2𝑡𝑠

𝜕𝑔

𝜕𝑦
)  

 

                                      = 0. 
 


