The Chain Rule

The Chain Rule:

L _ dy _ dy du
In 1 variable if y = f(u),u = g(x), then ot
Ex. y=ul% wu=sinx(ie. y = (sinx)!?) then

Z_i’ = 10u?(cos x) = 10(sin x)° cos x.

10 .

Ex. z=1u'"; u(x,y) =sinxy then z = sin!® xy.

0 . 9
£ = (10(sm xy)) (cosxy)y

g—; = 10(sin xy)? (cos xy)x.

For functions of more than 1 variable, the chain rule can take several forms
depending on the situation.

Casel: z=f(x,y); x=x(t); y=y(t)

dz _ df dx+6f dy 0z dx+az dy
dt dx dt 0dy dt o0x dt 0Jy dt
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Ex. Lletz =x*+y* andx = sint, y = cost. Findd—iat t = %.

dz 0z dx 0z dy
dt  9x dt 9y dt

9z _ 4,3 92 _ 4,3 9x _ @ _
P 4x°, 3y 4y°, = cost, ol sint.
d .

d—i = 4x3(cost) + 4y3(—sint) (*)

= 4sin3t (cost) — 4 cos3 t (sint).
T
Att = p we get:

dz

— 45in3 7~ T _ 3™\ (sin &
— = 4 sin 6(cos 6) 4 (cos 6)(sm 6)
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Note: When we got to (*), we could have said when t = %,

. 1 3
X = Sln% =2 and y = COS% = g and then plugged in
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dz
However, if we had been asked to find I at any point t

we would have needed to substitute x = sint, y = cost
into (*).



Ex. Let z = xy? — 3x3y;

0z 0z dx d 1
L= Yi—9x%y, @=2xy—3x3, — = £ d—jt/=m.
dz
= (y? — 9x2y)et + (2xy — 3x3)(t_|_1
= ((In(1 +1))? —=9e?* In(1 + t))et + (2e* In(1 + ¢t) — (Se3t))t+—1 :
Att = 0:
= ((n(1))? = 9(n (1)))1 + 2(n (1) - 3) =
= -3,

x =e';

dz__ az dx
dt ax dt dy

dz dy

dt

“ y=In(t+1). Find = att =0,

Case2: z= f(x,y)andx = g(s,t), y = h(s,t).
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first form of the chain rule:
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Ex. Letz =In(1 + ye*), x=s%, y==t>s. Flnd—and a_i
0z _ oz ox | 0z 0y
ds dx ds Oy s
az . o o ., W _ 4
(Hyex (ye"))(?»s ) +< - (ex)) (t%)
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Tree Diagram for Chain Rule:
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Chain Rule (general version): Suppose z is a differentiable function of n
variables x4, x5, ..., x,, and each Xjisa differentiable function of m

variables t4, ..., t,;,, then z is a differentiable function of t4, ..., t,,,
and:
0z 0z O0x 0z O0x 0z O0x .
= - et — 1 =1,

Ex. Write out the Chain Rule whenn =4 andm = 3
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Ex. Ifu =x?y3 +yz%; x =r2st, y=te "

ou ou
— and — whenr =0, s=2, t = 1.
ds ot

, Z = Scosr, then find

ou _ Ju 0x a_ua_y ou 0z

E "~ 9x Os dy 0s E E
We can solve this 2 ways:

1. Find 6_1: interms of r,s,and t and then pluginr =0, s=2, t = 1.

2. Notethatwhenr =0, s=2,t=1;then x =0, y=1,andz = 2 and

. . . du
plug in those values in the expression of s

Solution #1:
u u u
— =2xy3, —=3x*v*"+27*, —=2yz
0x dy 0z
2
— =72t — =0, — = COST
ds ! ds 0
Ju

aS — (ny3)(r2t) + (3X2y2 + ZZ)(O) + (ZyZ) coOST

= (2(r?st)(te )3 (r?t) + 2(te ") (scosr)cosr
= 2r*st®e 3" + 2ste~"(cos?r).

Now pluginr =0, s=2,t=1



Solution #2:

u u u

Py 2xy>, 3y 3x°y* + z°, p 2yz
dx dy 0z

—_— 2 —_— —_—

s ret, 3s 0, s COST
Jdu

55 = (2xy3)(r2t) + (3x%y? + 2z2)(0) + (2yz) cosr
= (2xy3®)(r?t) + (2yz) cosr

Nowpluginr =0, s=2,t=1,x=0, y=1,andz = 2.

ou

£=0+4=4.

ou ou 0x a_ua_y ou 0z

at  ox ot ' dy at | oz ot

We already calculated:

o _ 53 9% _g20, 2 U _

ax—ny, ay—3xy + z°, aZ—ZyZ
Now we need:

ox o oy  _r 0z

ok S ac € at_o'

P xy3)(r?s) + Bx%y? + z%)(e™) + (2y2)(0).

Nowpluginr =0, s=2,t=1,x=0, y=1, andz = 2 (2" method):

2= (0)(0) + B(0)(I) +2%)(e™) = 4.



Ex. g = f(x;)’); x =5s%— tz, y = t? — Sz, and f is differentiable, show
that g satisfies:
dg

t—+ E = 0.
X = s — t?
y = t% — 52

0g _ 99 0x | 9g 0y _ dg
65_6xas+ayas_ (2)+ (ZS)

99 _0g 0x L 09 0y _ g
at  ox at 9y ot  ox (Zt)+ (Zt)

Thus we have:

o~
Il

s Zts — 2ts — ay

s29 — _94599 29 4 21522

Now plug into the original equation:

09 09 _ 5, 09
tas+sat—2tsa — 2ts =2 +( —2ts +2t

= 0.



