Curves is R? and R3

We are going to study functions where the domain is a subset of the real
numbers and the range is points in R3, i.e. a vectors. As we saw earlier these are
called vector valued functions. You’ve already seen this with parametric
equations.

Ex. x =cost Thisisreally7: R - R?, t - (cost,sint), so we
y =sint could think of this as a vector valued function in R?,
r(t) =< cost,sint >.

(cost, sint)

t

In R3 we will represent a vector valued function by:

7(t) =< (), g, h(t) > = f®)T + g(t)] + h(Dk.
Ex. Let7(t) = < t?, Vt2 —09, Int >, find the domain of 7.

The domain is all values t where 7(t) is defined:

The domain of t2 is all real numbers,

The domain of Vt?2 —9 is|t| = 3,
The domainofIntis t > 0.
So the domain of 7 is the intersection of these 3 sets, t = 3 (i.e. [3, ©)).
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Def. Ifr(t) =< f(t), g(t), h(t) >, then:
lim7 (t) =< limf (t), limg (t), limh(t) >
t—a t—a t—a t-a
(provided the limits of the components exist).

Def. 7(t) is continuous at t = a if }:im 7 (t) = r(a) (i.e. it’s continuous if all of
—a

the components are continuous.).

We can think of this vector valued function on a subset of R as a curve in R3
defined by:

r(t) =< f(), gt), h(t) >

x = f(t)
y=g()
z = h(t).

Ex. Describe the curve defined by: 7(t) =<3 —t, 2t + 1, —3t >.

x=3—-t The parametric form of a line through (3, 1, 0)
y=1+2t with direction vector < —1, 2, —3 >.



Ex. Sketch the curve givenby x = —cost, y = 3sint; 0<t < 2m.

2
Notice that  x2 + (%) = cos2t+sin’t = 1.

2
x? + (g) = 1is an ellipse with the y axis as the major axis.

The curve startsatt =0, x = —cos(0) =—1, vy =3sin(0) =0.
As t increases from 0, y = 3sint is initially positive.

So the curve starts at (—1,0) and then moves into the second quadrant.
Therefore, this curve moves clockwise around the ellipse from (—1,0).




Ex. Sketch the curve whose vector equation is:
r(t) =< 4sint,4cost,t >=4sinti+ 4costj + tk.

Notice:
x =4sint, y=4cost, z=1t and

x?+y?2 =16sin?t + 16 cos®t = 16.

So the curve lies on the cylinder of radius 4
whose axis is the z-axis.

Att = Owe'reat7(0) =< 4sin0,4 cos0,0 > =< 0,4,0 >.

This is a helix.

Which direction does the curve move as t increases?
As t increases, z = t increases, So the curve looks like:




Ex. Find a vector function for the line segment between P(—3,2,—1) and

Q(0,-2,3).

Recall: 7(t) = (1 —t)ry +tr;,0 <t <1, isalinesegment

between 7y, 77 .

r)=1-1t)<-3,2 -1>+t<0, -2, 3>
=<-3+4+3t, 2—-2t, —1+t>+<0, —2t, 3t>
r(t) =< =3 +3t, 2—4t, —1 + 4t >; 0<t<l1

The corresponding parametric equations are:

x=-3+3t
y=2— 4t 0<t<1
z = -1+ 4¢t.
dr _ N _ s T(AHR)=T(E) o
Def. — = (t) = }ll_r)r& o if the limit exists.

r(t+ h) —7(t)

7'(t) is called the tangent vector for 7(t), provided 7'(t) exists and 7'(t) = O (i.e.
the curve is “regular”).



Def. The tangent line to the curve, C, at point, P, is defined to be the line
through P parallel to the tangent vector 7'(t).

7' (t)
7' ()|

Def. The unit tangent vector is: T (t) =

Theorem: If7(¢) = < f(t),g(t), m(t) > = f(OT + g(t)] + m(t)k,
where f(t), g(t),and m(t) are differentiable, then:

() =< f'),9'®),m®)>=f(O)N+g @] +m' (k.

Proof:
N . 1r(t+h)—71(t)
() = Jim h
_ f@+h)—f@® . glt+h)—gl® . m(+h)—m(t)
=< lim ,lim ,lim >
h—-0 h h—0 h h—-0 h

=<f'(),g' (), m'(t) >.

Ex. Find the derivative of #(t) = < t3,Int, et > and the unit tangent vector at
t=1.

F(t) =< 3t2,%,—e‘t >

(1) =<3,1,—-e 1>

7'(1) _ <31-e 1> <31-e"1>

I7/(1)| ~ V3Z+1+e2  Vi0+e 2
3 1 —e~1
V10+e~2 "V10+e~2 'V10+e~2

T(1) =




Ex. Forthe curve7(t) =<t —2,t?> + 1 >, sketch the curve and the tangent
vectoratt = —1. T

x=t—2 =>x+2=t

y=t’+1=>y=(x+2)?+1

Att=-1; x=-1—-2=-3
y=(-1)*+1=2

r'(t) =< 1,2t >

r'(-1)=<1,-2>.




Ex. Find parametric equations for the tangent line to:

XxX=t>+t
y=t%>—t at (2,0,2).
z=t+1

(x,y,z) = (t>+¢t, t2—t, t+1)=(202)
Sot+1=2andt =1.
We need to find the tangent line to this curve at t = 1.
r(t) =<t?+t t>?—t t+1>
r't)=<2t+1, 2t—1, 1>.
At (2,0, 2) we have:
r'(l)=<3,1,1>.

So we have a point on the line, (2, 0, 2), and a direction vector,
v=7'(1)=<3,1,1>.

Equation of tangent line:

x =24+ 3t
y=t
z=2+4t.



Ex. Suppose a particle following the path ¢(t) =< 4 cos(mt), sin(mt), t? >
flies off along the tangent line at t, = 1. Compute the position at t; = 3.

At t, = 1 the position of the particle is
¢(1) =< 4cosm, sinm, 1% >=< —4,0,1 >.

The tangent vector at t, = 1 is given by:
¢'(t) =< —4mssin(mt) , mcos (mt), 2t >
c'(1) =< 0,-m, 2>.

Thus the vector equation of the tangent lineatt = 1 is:
[(s) =¢(1) +s(¢'(1) =< 4,01 > +s < 0,—7, 2 >.
=< —4, —sm, 2s+1 >.

Notice thatatt = 1, s = 0. Thus to find the position of the particle att = 3 we
need to substitute s = 2 into the equation of the tangent line.

Position of particleatt = 3, i.e., when s = 2:

[(2) =< —4,-2m, 5 >.



Theorem: If u(t), v(t) different vector functions, ¢ a constant, and
f(t) is a differentiable real valued function, then:

L (@0 + 50) =2+ =7 + 7 (1)
2. L (ci(®) = ¢ 2t = ci'()
3. S (FOUD) = f'©OUE) + FOT ()
4. % (@@ -v@) =u'(®) - v() +ut) - v'(t)
5. %(ﬁ(t) Xv(t)) =u'(t) x v(t) +u(t) x v'(t)
> (ﬁ(f(t))) = £/ @ (f©D) chain rule.
Proof of #4:

u(t) =< 1), L), f3(t) >;  v(t) =< g,1(t), g2(t), g3(t) >
u(t) - v(t) = 1) g:1(®) + () g2(t) + f3(H) g3 (t)
= (@) - 5(0) = AE®G1E) + F1(D)g1 (&) + f2(D)g2 () +

f28)g'2(t) + f3(£)g3(t) + f3(t)g'3(t)

=u'(t) - v(t) +ut) - v'(t).
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