Limits & Continuity

In 1 variable, lim f(x) = L meant as x approaches a from either direction, f(x)
xX—a

approaches L. Notice, we don’t care what the value of f(a) is, or even if it’s
defined at x = a. We only care that as x approaches "a" from the left and right,
f (x) approaches L.
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We have a similar meaning for: : l)lrr(l b)f(x, y) = L. As (x,y) approaches (a, b)
x,y)-(a,

along any path, f(x,y) approaches L. In 2 dimensions there are many more ways
on which (x, y) can approach (a, b).




Again, we don’t care what the value of f(x, y) is at (a, b), or even if it's defined
there, only that as you approach (a, b) along any path in the domain, f(x, y)
approaches L.

For 1 variable, to have a limit we need: lim f(x) = lim f(x); only 2 directions.
x—=a xX-a~

If lim f(x) # lim f(x), then the limit doesn’t exist.
x—at x-a~
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e Jim f(x) # lim f(x)
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For f(x,y), the limit along all paths must exist and be the same number.
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Ex. Show lim

oW ) ¥ry? doesn’t exist.

Notice as (x,y) = (0,0), that f(x,y) = %.

First, let’s approach (0,0) along the x-axis; i.e. along y = 0.

flx,0) ==

2_2
i 1 forallx # 0.

Soas (x,0) — (0,0), f(x,y)— 1.

Now approach (0,0) along the y-axis; i.e. along x = 0.

02—y?2
02+y2

f(0,y) = = —1forally # 0.

Soas (0,y) = (0,0), f(x,y) » —1.

So f(x,y) approaches different values along 2 different paths, hence it doesn’t
have a limit.



A limit can also fail to exist because the function approaches +oo.

Ex. lim In(x?+y?)=-w

(x,y)—(0,0)
: 2+y?+1

Ex. lim % = 400

(x,¥)—(0,0) x°+Yy
If you don’t h li f()Okt'tl"

ou don’t have im X,y) = —or—;tryjust plugging in:
y (x.y)—(a,b) y 0o Y] plugging

x%4+y?%-1

Ex. Evaluate lim
(x,y)_)(l,—Z) xy

lim x2+y?-1  124(-2%)-1 _ 1+4-1 4 2
(xy)-(1,-2) Xy 1(-2) -2 -2 '
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Ex. Does lim exist?

(x,¥)—(0,0) x*+y*

Noticeif x = 0:  f(0,y) = 0+0y4 =0 - 0as (0,y) - (0,0)
y=0: f(x,0)= x‘:-o =0 - 0as (x,0) - (0,0).

What about approaching (0,0) by a non-vertical or horizontal line:
for example; y =mx; m # 0?

x2(m?x%) _ x*(m?) _ m?
x4+mixt  x4(1+m?*)  1+4m

flx,mx) =

= # 0, when m # 0.

m2
1+m*

s0: flx,mx) - as (x,mx) — (0,0); so the limit does not exist.
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Ex. Showthat lim 4x yz
(x,y)—(0,0) x*+y

doesn't exist.

2(0)?
Along x =0: f(0,y) = oi:yf =0s0f(0,y) = 0.
2
Along y =0: f(x,0) = ig::_;g =0so f(x,0) - 0.
2x*(mx) _  2mx3 2mx3

Alon = mx: X, mx) = = =
gy f e, mex) x*+(mx)?  x*+m?x?  x2(x2+m?)

2mx
= - 0.

x24+4m?2

2x%(x%) _ 2x*
x4+(x2)2  2x4

= 1.

Along ¥ = x%: f(x,x?) =

so f(x,x%) = 1as (x,x2) = (0,0), thus the limit does not exist.

Note: You can NEVER prove that ( l)ll’r(l b)f(x, y) = L by showing that the limit
X,y )—(a,

is the same along any finite number of paths. You can only show that the limit
doesn’t exist by by testing a finite number of paths and showing that the limit is
different along 2 of them.



0 : -
Just because you have f(x,y) = 5 doesn’t mean there is no limit.

2 2
Ex. lim —= lim o) 1
(xy)—-(0,0)  x? (xy)—-(0,0)  x?

, : sin(x2+y?)
Ex. Use polar coordinates to evaluate  lim —
(x,¥)~(0,0) x°+y

: sin(x?+y?) . sin(r?) _ _
( l)ln%o 0 Tyz = 11m+ 2 ; Now using L’hopital’s rule we get
x,y)—(0, r—0
. (cosr?®)2r
= lim —— = 1.
r-ot 2r
Continuity

In 1 variable, f(x) is continuous at x = a means:

lim £ (x) = f(a).

We have a similar definition for 2 variables:

Def. f(x,y) is continuous at (a, b) if:

lim f(x,y) = f(a,b).

(x.y)—(ab)

We say f is continuous on D if f is continuous at every point (a, b) in D.



f (x,y) can fail to be continuous at (a, b) if:

1. f(x,y) hasno limit at (a, b), for example:
a. f(x,y) = g at (0,0) there’s no limit
b. f(x,y)=1 x>0

=—1 x<0
half planes

2. f(x,y) has a limit but the function’s value is not equal to it there
f,y)=x*+y%> x#0, y+0
=3 x=0, y=0.

It’s easy to show the following limit statements are true:

lim x=a lim y=0»> lim c¢=c.
(x,y)—(a,b) (x,y)—~(a,b) (x,y)—~(a,b)

The limit laws for 1 variable also hold for 2 variables (or n variables).

Proposition: If lim f(x,y) =L;,and lim g(x,y) =L, then

(x,J’)—>(a,b) (X.y)—>(a,b)
Lo im (Feentgtoy) =L tL
2 (x,yl)lir(la,b)(f(x’ (g (x, }I)) =L,L,
3. fey) _ Ly L, %0

(x,y)=(a,b) gxy) Ly



The squeeze theorem also holds:

Theorem: If lim x,y)=L= lim X,
(x.y)ﬁ(a,b)f( Y) (x,y)ﬁ(a,b)g( Y)

and f(x,y) < h(x,y) < g(x,y) then,

lim h(x,y)=0L.
(x,y)~(a,b) (xy)
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Ex. Use polar coordinates to find lim Zy >
(x,y)—(0,0) x<+y

) xy? ) r cos 8)(r? sin? 6 _ _
lim Zy > = lim ( )(2 ) = lim r(cos 8)(sin? ).
(x,y)—(0,0) x“+y r-0t r r—-0*

Since—1 < cosf <1land —1 <0 <sin’9 < 1:

—r < r(cosB)(sin? ) <.

Now since lim (—r) = lim (r) = 0, by the squeeze theorem:
r—0t r—-0*

lim r(cos 8)(sin §) = 0.
r—0%t
xy?

Andthus lim — =0
(x,y)—(0,0) x°+y




By limit laws all polynomials in two variables have limits everywhere
(e.g. f(x,y) = 3x3 — 2x%y + 6xy3 — 2x + y — 3) and are continuous.

Likewise, any rational function is continuous in its domain:

2x2%+3xy—4
g(x' y) - x2+y2
: x%y? :
Ex. Whereis f (x,y) = iyt continuous?

f(x,v) has a domain of R? — (0,0), so it’s continuous there because it’s a
rational function.

xzyz
Ex. Whereis f(x,y) = (x,y) # (0,0)

x*+y4

=0 (x,y) = (0,0)

continuous?

25,2

R? — (0,0) because we found  lim doesn’t exist.

(x,y)—(0,0) x*+y*



. 4x2y?
Ex. Whereis f(x,y) = " (x,y) # (0,0)
=2 (x,y) = (0,0) continuous?

Is lim x,y) =27?
(x.y)—>(0.0)f( Y)

Alongx =0, f(0,y)=0so0,f(0,y) = 0as(0,y) = (0,0), sothe

limit can’t be 2.

So f(x,y) is continuous for R? — (0,0).

Notice that:

_ 4x2y? ~ 4r*cos?0sin?8 P

im ——— = lim 5 = lim 4r“ cos“ @ sin“ 6.
(x,y)=(0,0) x* +y r—0*t T r—-0+

Since 0 < cos?8 <1 and 0 < sin? 6 < 1, we have:
0 < 4r? cos? Bsin? 0 < 4r2.

Since lim (0) = lim (4r2) = 0, by the squeeze theorem we have:
r—-0%t r—0*
lim 472 cos? 0 sin® 8 = 0.

r-o0t

S lim x,y) = 0.
© ey Bo gy B Y)

Thus if £(0,0) = 0 then this function would have been continuous
on all of R?.
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     lim  ( x , y ) → ( 1 , − 2 ) ⁡      x 2 +   y 2 − 1  x y


     lim  ( x , y ) → ( 1 , − 2 ) ⁡      x 2 +   y 2 − 1  x y =    1 2 + (   − 2 2 ) − 1  1 ( − 2 ) =   1 + 4 − 1  − 2 =  4  − 2 = − 2


     lim  ( x , y ) → ( 0 , 0 ) ⁡      x 2   y 2    x 4 +   y 4


  x = 0 :           f  ( 0 , y ) =  0  0 +   y 4 = 0 → 0


  ( 0 , y ) → ( 0 , 0 )


  y = 0 :           f  ( x , 0 ) =  0    x 4 + 0 = 0 → 0


  ( x , 0 ) → ( 0 , 0 )


  ( 0 , 0 )


  y = m x ;     m ≠ 0
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  m ≠ 0


  f  ( x , m x ) →     m 2  1 +   m 4


  ( x ,   m x ) → ( 0 , 0 )


     lim  ( x , y ) → ( 0 , 0 ) ⁡      2 x 2 y    x 4 +   y 2


  x = 0 :           f  ( 0 , y ) =   2    ( 0 ) 2 y   0 4 +   y 2 = 0


  f ( 0 , y ) → 0


  y = 0 :           f  ( x , 0 ) =   2 (   x 2 ) 0    x 4 +  0 2 = 0


  f ( x , 0 ) → 0 .


  y = m x :     f  ( x , m x ) =   2   x 2  ( m x )    x 4 +    ( m x ) 2 =   2 m   x 3    x 4 +   m 2   x 2 =   2 m   x 3    x 2  (   x 2 +   m 2 )


                                                                                                  =   2 m x    x 2 +   m 2 → 0


  y =   x 2 :         f  ( x ,   x 2 ) =   2   x 2  (   x 2 )    x 4 +    (   x 2 ) 2 =   2   x 4  2   x 4 = 1


  f  ( x ,   x 2 ) → 1


   ( x ,   x 2 ) → ( 0 , 0 )


     lim  ( x , y ) → ( a , b ) ⁡  f  ( x , y ) = L
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     lim  ( x , y ) → ( 0 , 0 ) ⁡      x 2   y 2 +   x 2    x 2 =    lim  ( x , y ) → ( 0 , 0 ) ⁡      x 2 (   y 2 + 1 )    x 2 = 1


     lim  ( x , y ) → ( 0 , 0 ) ⁡     sin ⁡  (   x 2 +   y 2 )    x 2 +   y 2


     lim  ( x , y ) → ( 0 , 0 ) ⁡     sin ⁡  (   x 2 +   y 2 )    x 2 +   y 2 =    lim  r →  0 + ⁡     sin ⁡  (   r 2 )    r 2


  =    lim  r →  0 + ⁡      ( cos ⁡    r 2 ) 2 r  2 r = 1


  f ( x )


  x = a


     lim  x → a ⁡  f ( x ) = f  ( a ) .
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  𝒇


  𝑫


  f


  ( a , b )


  D


  f ( x , y )


  ( a , b )


  z


  f  ( x , y )


   ( a , b )


  f  ( x , y ) =  1  x y


  ( 0 , 0 )


  f  ( x , y ) = 1               x > 0


  = − 1           x ≤ 0


  f  ( x , y )


  f  ( x , y ) =   x 2 +   y 2               x ≠ 0 ,         y ≠ 0


  = 3                                       x = 0 ,         y = 0


     lim  ( x , y ) → ( a , b ) ⁡  x = a                              lim  ( x , y ) → ( a , b ) ⁡  y = b                            lim  ( x , y ) → ( a , b ) ⁡  c = c .
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     lim  ( x , y ) → ( a , b ) ⁡  f ( x , y ) =   L 1


     lim  ( x , y ) → ( a , b ) ⁡  g ( x , y ) =   L 2


   lim   ( x , y ) →  ( a , b )  ( f  ( x , y ) ± g  ( x , y ) ) =   L 1 ±   L 2


   lim   ( x , y ) →  ( a , b )  ( f  ( x , y ) ) ( g  ( x , y ) ) =   L 1   L 2


   lim   ( x , y ) →  ( a , b )   f  ( x , y )  g ( x , y ) =     L 1    L 2  


    L 2 ≠ 0


   lim   ( x , y ) →  ( a , b ) f  ( x , y ) = L =  lim   ( x , y ) →  ( a , b ) g ( x , y )


  f  ( x , y ) ≤ h  ( x , y ) ≤ g ( x , y )


   lim   ( x , y ) →  ( a , b ) h  ( x , y ) = L


     lim  ( x , y ) → ( 0 , 0 ) ⁡    x   y 2    x 2 +   y 2  


     lim  ( x , y ) → ( 0 , 0 ) ⁡    x   y 2    x 2 +   y 2 =    lim  r →  0 + ⁡    ( r  cos ⁡  𝜃 ) (   r 2    sin 2 ⁡  𝜃 )    r 2 =


     lim  r →  0 + ⁡  r (  cos ⁡  𝜃 ) (    sin 2 ⁡  𝜃 )


  − 1 ≤ c o s 𝜃 ≤ 1


  − 1 ≤ 0 ≤    sin 2 ⁡  𝜃 ≤ 1


  − r ≤ r (  cos ⁡  𝜃 ) (    sin 2 ⁡  𝜃 ) ≤ r


     lim  r →  0 + ⁡   ( − r ) =    lim  r →  0 + ⁡   ( r ) = 0


     lim  r →  0 + ⁡  r (  cos ⁡  𝜃 ) (    sin 2 ⁡  𝜃 ) = 0 .


     lim  ( x , y ) → ( 0 , 0 ) ⁡    x   y 2    x 2 +   y 2   = 0 .


  f  ( x , y ) = 3   x 3 − 2   x 2 y + 6 x   y 3 − 2 x + y − 3


  g  ( x , y ) =   2   x 2 + 3 x y − 4    x 2 +   y 2 .


  f  ( x , y ) =     x 2   y 2    x 4 +   y 4


  f  ( x , y )
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  f  ( x , y ) =     x 2   y 2    x 4 +   y 4               ( x , y ) ≠ ( 0 , 0 )


  = 0                                ( x , y ) = ( 0 , 0 )    


             


   ℝ 2 − ( 0 , 0 )


   lim   ( x , y ) →  ( 0 , 0 )     x 2   y 2    x 4 +   y 4  


  f  ( x , y ) =     4 x 2   y 2    x 2 +   y 2               ( x , y ) ≠ ( 0 , 0 )


    = 2                                  ( x , y ) = ( 0 , 0 )    


   lim   ( x , y ) →  ( 0 , 0 ) f  ( x , y ) = 2


  x = 0 ,           f  ( 0 , y ) = 0


  f  ( 0 , y ) → 0


   ( 0 , y ) → ( 0 , 0 )


  f  ( x , y )


   ℝ 2 − ( 0 , 0 )


   lim   ( x , y ) →  ( 0 , 0 )     4 x 2   y 2    x 2 +   y 2 =  lim  r →  0 +     4 r 4    cos 2 ⁡  𝜃    sin 2 ⁡  𝜃    r 2 =  lim  r →  0 + 4   r 2    cos 2 ⁡  𝜃    sin 2 ⁡  𝜃 .


  0 ≤    cos 2 ⁡  𝜃 ≤ 1


  0 ≤    sin 2 ⁡  𝜃 ≤ 1


  0 ≤ 4   r 2    cos 2 ⁡  𝜃    sin 2 ⁡  𝜃 ≤ 4   r 2


     lim  r →  0 + ⁡   ( 0 ) =    lim  r →  0 + ⁡   ( 4   r 2 ) = 0


   lim  r →  0 + 4   r 2    cos 2 ⁡  𝜃    sin 2 ⁡  𝜃 = 0 .


     lim  ( x , y ) → ( 0 , 0 ) ⁡  f ( x , y ) = 0


  f  ( 0 , 0 ) = 0


   ℝ 2

