Cylindrical and Spherical Coordinates

In 2 dimensions we have polar coordinates: t y- axis
¥ = 8
X =1rcosb ;
y =rsinf 0<6<2rm y
r2 = x2 4 yz
tan @ = % o » x-axis
X 0=10

Cylindrical coordinates are just polar coordinates adding a z coordinate.

x=rcosf  r?=x?+y?

. ]
y =rsinf tan0=% |
zZ=1z

Ex. If (4,%, 3) = (7‘, 0, Z) are cylindrical coordinates, find the rectangular
coordinates of the same point.

4=r, §=a 3 =

T
X =rcoséf =4cosg=

4
y=rsinf =4sin%=4(§) =2

Rectangular coordinates: (x,y,z) = (2\/§, 2,3).


https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=2ahUKEwiypOG_wuTgAhXukOAKHTt1BMkQjRx6BAgBEAU&url=https://www.intmath.com/plane-analytic-geometry/7-polar-coordinates.php&psig=AOvVaw3vGsNC-D4mI6wTcC-CyzaI&ust=1551652517647294

Ex. Find the cylindrical coordinates (7, 8, z) if the rectangular coordinates are

(x,y,2z) = (2,2,5).

tan¢9=X=3=1 = 0 =
X 2

N

)

(2,2) isin the first quadrant so 6 =
r=422+22=+8=22

cylindrical coordinates: (r,60,2z) = (2\/7,%, 5).

NI 4>|‘;’|‘

Cylindrical coordinates are useful when you have symmetry about an axis.

Ex. In cylindrical coordinates © = 3 is cylinder of radius 3, about the z axis.

Ex. z2=x*+ y2 is a cone, and in cylindrical coordinates it’s
writtenas z2 = r? = z = r (r can be + or —).

Spherical coordinates, P(p, 6, ¢), are useful when working with__ regions bounded
by spheres or cones. z

- . P(p,6,¢)
p = |OP|
p=0
0<¢p=<nm
0< 60<2m

In spherical coordinates the equation of a sphereis p = k:

6 = c is the equation of a vertical half plane.

¢ = c is the equation of a half cone about the positive z axis if 0 < ¢ < %

T
and the negative z axis if Py <c<T.

¢ = gis the xy plane.



Relationship between rectangular and spherical coordinates:

P(x,y,z) = P(p,0,¢)

Z

;=cos¢> = Z=pcCcoso
%zsingb = 7r=psing
X =1rcosf = psingcosb
y=rsinf = psin¢sinf
Z=pCcos@

p? =x%+y?+z?

Ex. Convert the point (p, 8, ¢) = (3,%, g) in spherical coordinates to

rectangular coordinates, (x, y, Z).

s

s
p_3'9_2»¢_g

x = psing cosb
y =psingsinf
Z=pcoso




Ex. Convert the point (x,y,z) = (1, V3, 2\/§) in rectangular
coordinates to a point in spherical coordinates, (p, 8, ¢).

p=qx2+y?+z2=V1+3+12=16=4

z=pcosd = 23 =4cos¢ :?zcosq’) = q,’)=%
x =psingcosf = 1=4(sin%)cost9
:/~1=4(1)c059 S>=cosf 20=1C,
2 2 3
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(1,/3) is in the first quadrant, so 8 = gnot?
mw T
s, (p.0,9) = (45 %),

Ex. Convert the point (x,y,z) = (—l £ , —V/3) in rectangular

coordinates to a point in spherical coordlnates, (p, 0, gb)

2

o= FTTE = j(_;)i(“;) (B =

z=pcos¢ = —3 =2cos¢ =>—§=cosq,’) = d):s?n
X =psingcosf = —%=2(sin5§)c050

1 1 2T 4T
> —-=c0sO0 > —=-=cosh >0 =—,—
2 2 3’3

41T

1 3 21
(— > 7) is in the second quadrant, so 8 = ~ not—.
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So, (p,9¢)—( 5 %)



