The Cross Product of Vectors in R3

The cross product is only defined for vectors in R3 and unlike the dot product, the
answer is a vector in R3.

Def. |f£ =< a,,ap,as >, E =< bl’ bz,b3 >, then:

K X E =< a2b3 - a3b2,a3b1 - a1b3,a1b2 - a2b1 >

= (a2b3-—-a3b2)?+-(a3b1-—-albg)f4—(albz-—-azbl)E.

Recall:
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det(c d)'_|c J = ad — bc
a a; Adas
s T P
¢ ¢ Cs 2 3 1 C3 1 €2
1 -2 3
1 0 2 0 2 1
Ex. 2 1 0=1|2 1|_(_2)|0 1|+3|o 2
0O 2 1

=1(1-0)+2(2—-0)+3(4—0)

=1+4+12=17.



We can rewrite A X B as:

(azbs — azb,)t + (azby — a;1b3)j + (a1b, — a2b1)r<

_ a, dasj. a, Aasgp. a, az|-
= |p, b3|l_|b1 b3|]+ b, b2|k
U A A
AXB=|a; a, az|
by b, b;

Ex. fA=<21-2>, B=<-3,2,1> findA4 x B.
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AXB=12 1 =2
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=1(1—(—4) —J(2 - 6) + k(4 — (-3))

=51+47+ 7k
Ex. ShowAd X A =0
T ]k
/T x [T_ ] _?|a2 a3| __\|a1 a3| A|Cl1 a2|
|41 A2 431 T Ya, aj a, as a; a,
a, a; as

= (0)7 — (0)] + (0)k = 0.



The most important property of A X Bisthe following:

Theorem:ff X Eislto[fand E

Let’s show/f X E 1l to /T:

_
N

IO A B
(A X B) A - a’l a2 a3 < al, az, a3 >
by by bs

.2 a3z .41 az =14 a4
_(l bZ b3|_]|b1 b3|+k|b1 b2|) <a1,a2,a3>

(apbz — azby)a; — (a;bs — azhy)a, + (ayb, — azby)as

a,bsa, — asb,a, + azbya, — a;bza, + a;b,a; — a,b;a;

= 0.

So if we think of vectors 4 and B with the same initial point, then

A X Bis perpendicular to the plane containing A and B. The directionof A X B
is given by the right hand rule: if your fingers in your right hand curl from A to

X
B,
then your thumb points in the direction of A X B.
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Theorem: If 8 is the angle between Aand B (sothat 0 < 8 < m), then
A x B| =|A] |B|sine.

Proof:

—_

/T X B=< a2b3 - a3b2,a3b1 - a1b3,a1b2 - a2b1 >

o2
|A x B|" = (azb3 — azb,)* + (azhy — a1b3)? + (a1b; — a,b;)?

- a%b% - 2a2a3b2b3 + a%b% + a%blz - 2a1a3b1b3
+a?b? + a?b3 — 2a,a,b, b, + a5b?

= (a? + a5 + a3)(b? + b3 + b%) — (a by + ayb, + azb3)?

-2, =,2 - 2
= |4['|B|" - (4-B)

= 4'1B|" - (4] |B| cos 0)°
= 4'|B|" - |4]" |B|” cos? 6

4 x B|" =|4]|B]"(1 - cos?0) = |4] |B| (sin? 8)

A x B| =|A] |B|sine.
Corollary: Two non-zero vectors are parallel < ff X E = 6

Proof: /T,E parallel & 6 = 0or0 = 1 (i.e. sin 8 = 0).



Notice: Area of parallelogram = |1¢T|(|§|Sln9) = |/T X El

— — — — e sy

B / h = |B|sin6

So the length of A X Bis equal to the area of the parallelogram created by the
vectors A and B.

Ex. Find a vector perpendicular to the plane that passes through the points:

Q@3,2,1), R(2,4,2), S(1,0,3).

0S=<-2,-2,2>=-21—2]+2k

OR=<-1,21>=—-14+2/+k
_—_ T g
QR X Q5=]-1 2
—2 =2

k

1

2

=15 o= ol Sl
= 60— (=2 — (=2))] + (2 + 4)k.

0S X OR = 61 + 6k.
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Ex. Find the area of the triangle with vertices: Q(3,2,1), R(2,4,2), S(1,0,3).

|0S x QR| = area of parallelogram= 2 times area of the triangle QRS

R

0S x OR = 61+ 6k (From
previous example)

[0S x QR| =V (6)% + (0)2 + (6)% = V36 + 36 = V72 = 6v2

Area of the triangle = % 6v2 = 3vV2.
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Theorem: A, B, D vectors, c is scalar

N

1.AXxB=-BxA

N

.(cff)x §=c(/f><§)=/f><cB
3.Ax (B+D)=AXx B+A X D

4, (A+B) x D=AXxD+B x D

.A-(BxD)=(AxB)D

Ul

RN

.Ax (BxD)=(A-D)B-(A - B)D.

(@)

Proof of #5: Scalar Triple Product

/T:< ai,ap,as >,§=< bl’bZ'bB >,5=< dl,dz,dg >

—_

I L]k
A '(B X D)=<a1,a2,a3 >*\by b, by
di dp ds

_ . b2 b3 N b1 b3 N b1 b2 —‘>

= < al,az,ag > (d2 d3 l— dl d3 J dl dz k

=< al, az,ag >< b2d3 - d2b3, _b1d3 + d1b3, bldz - dlbz >
== a1b2d3 - a1d2b3 - a2b1d3 + a2d1b3 + a3b1d2 - a3d1b2
= dy(azbz — azb,) — d;y(a;b; — azby) + ds(aib; — azbq)

= (A x B)-D.



Planes in R3

A line is determined by a point and a direction vector. A plane in R3 is determined
by a point, Py, and a normal (L) vector, 7, to the plane. For any point, P(x,y, z),
in the plane the vector P_OI_5 is in the plane and perpendicular to the normal
vector, 7.

P x, ’Z & DD f—) .
( yf") 1Py P n Vector equation of a plane:

To get a scalar version, let:

—_

n=<ab,c> P=<xy2>, 130 =< X, Vo, Zo >

ﬁ-(ﬁ—ﬁo)=<a,b,c>-<x—x0, Y=Y Z—2y>=0

a(x —x0) +b(y —yo) +c(z—2) =0

or

ax +by+cz+d=0

This is the equation of a plane through (x,, ¥y, Zo) with normal vector < a, b, ¢ >.



Note: if we know 3 points in a plane we can find 2 vectors in the plane and cross
them to find a normal vector.

Ex. Find an equation of a plane through the point (1, —1, 2) with a normal vector
<3,1,—-4>.

Equation of plane:

3x—-1D)+1(y+1)—4(z—-2)=0
3x—3+y+1—-4z+8=0

3x+y—4z=—6.

Ex. Find the equation of the plane that passes through:

z 0(2,1,1), R(0,4,1), S(=2,1,4).

3x +2y +4z=12 |
OR =< -2,3,0>

S|

Q—R X @ is normal to the plane

I
*
. I . o " N
Ci% e < - + OR S optmmstes® QS =< —4,0,3>
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_: X containing QR, 0S.
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=90+ 6] + 12k.
Using (2,1,1)andn = 91 + 6] + 12k:
9(x—-2)+6(y—1)+12(z—1)=0
9x — 18+ 6y —6+12z2—12=10
Ix+6y+12z—-36=0

Or 3x + 2y +4z =12

Note: 2 planes in R3 are parallel if their normal vectors are parallel.

Ex. Find the formula for the distance, D, from a point, P(x,y;1,Z,) to the plane
ax +by+cz+d=0. p

Let Q(xg, Yo, Zo) be any point in
the plane and let QP be the

vector from Q to P. —
QP SP

QP =<x1 — X0, Y1 = Y0, Z1 — Zp >
n =< a, b, c > =normal vector to plane.
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D = absolute value of the scalar projection of @ onto 7, the normal vector
to the plane.

n-QP

n|

D = |c0mpﬁ@| = |

_ la(xy — x0) + b(y1, — ¥o) + c(z1 — 2p)|
Va? + b? + ¢?

_laxy + by, + cz; — (axg + byy + czp)|
Va? + b? + ¢?

Since (xg, Yo, Zg) is in the plane, it satisfies the equation:
ax+by+cz+d=0,s0

D lax; + by; + cz, + d|
va? + b? + ¢?

Ex. Find the distance of the point P(1, —2, 3) to the plane given by:
3x—y+2z—6=0.

(1,-2,3) = (x1,¥1,71)

P
n=<3-1,2>=<a,b,c> d=—6.

_13(1)-1(-2)+2(3)-6| _ 5] 5
T 3442 Votiia Vi’




Ex. Find the distance of the point P(—2,2, —1) to the plane given by:
2x+4y—z=17.

P = (_21 21_1) — (X1, ylle)
n=<24-1>=<ab,c> d=-7.

_ 2=2)+4@)-1(-D-7| _ |-2] _ 2

D J224(@)2+(-1)Z  VaA+ie+1 V21’
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