The Change of Variables Theorem

In one variable calculus, we sometimes need to change the variable to
compute an integral.

By letting x = g(u) and dx = g'(u) du we can change:

xX=b u=d
| rwax=[ o) g w du

u=c

where a = g(c) and b = g(d).

Ex. Evaluate f01\/1 —x2dx

Let: x = sinu
dx = cosu du
x=0=sinu >u
>u

x=1=sinu

u=7 u=3 1 1
=f coszudu=f (—+—c052u>du
u=0 u=o0 ‘2 2
L3
= utssinzl = (C40)-0+0) ="
=Zu+sin uo—(Z+ )—( + )_Z'




If we have ffR f(x,y)dA, how do we change variables in the integral when
x =g, v)andy = h(u,v)?

Def. (Jacobian Determinant): Let T: D* € R? — R? be a continuously
differentiable mapping where T'(u, v) = (g(u, v), h(u, 17)) That is,
x = g(u,v),y = h(u,v). The Jacobian Determinant of T, is written
and defined by the following:

ox 0x
oxy) _ |ou v
o (u,v) dy 0y|’

ou OJOv

Ex. Let T be the change of coordinates given by x = r cos 8 and

y=rsinf (i.e.T(r,0) = (rcos@,rsinf)). Calculate Zg’g.
X =1rcosf y =rsinf
ox ox .
5, = cost 55 — —Tsind
W _ s Iy _
5, = siné 5 — 1 C0os0
d(xy) _ |cosf —rsinf
a(r,0) sinf rcosé@
d(xy)

2 .2
=7 T sin =T.
2(r-6) cos“ 0 +rs 6



In one variable calculus, when we changed variables by letting x = g(u) we
got:

f ) dx = j “Fe) ') du

xX=a u=c

So g'(u) was the “correction” factor we needed in the integral after substituting
X = g(u) into the integral (we also needed to adjust the endpoints of
integrationby a = g(c) and b = g(d)).

For a double integral, when we substitute x = g(u, v) and y = h(u, v) the
“adjustment factor” in the integral is:

d(x,y)
d(u,v)

So the absolute value of the Jacobian determinant plays the role of g'(u) for a
double integral (this is also true for triple integrals).

If we substitute x = g(u, v),y = h(u, v) in a double integral, the change of
variable formula is:

,y)

du dv.
a(u,v)

] | rexyyaa - ] Flguv), ) |3

As with a one variable integral, we will also have to adjust the endpoints of
integration to reflect the new variables. In this case, if

T(u,v) = (g(u, v), h(u, v)), then S is the set where T(S) = R



Ex. Let P be the parallelogram bounded by y = 2x,y = 2x — 2,y = X, and

y = x + 1. Evaluate ffp (x? — y? )dx dy by making the change of
variables: x=u—7v, y =2u—v.

The transformation T (u, v) = (u — v, 2u — v) maps the rectangle, P*,

bounded by v = 0,v = —2,u = 0,u = 1 into the parallelogram P.
(3.4)
y=x+1_
(0,0) (1,0 | YT
w2~/
. . ‘ P _~(22)
1 p y=2x / e
) A_y mn
(0,-2) (1,=2) 0
(0,0)
We can see this by asking what set in the uv plane gets mapped to each of
the sides of P.
y = 2Xx: 2u—v =2(u—7v) >v=0
y=2x—2: 2u—-v=2u—-v)—2 =v=-2
y = X: 2U—v=u—"v > U=

y=x+1. 2u—-v=wWm—-v)+1 su=1

L |eCey)
Now find Y1k

ox ox
xX=u—-v —= 1 ; > = -1
y=2u—v Z—Z =2 ; Z—i = -1

a(x,y) |d (1 —1)
= |det = 1.

o(u,v) 2 -1



So now we can write:

Hxz—yzdxdy=ﬂ(u—v)2—(2u—v)2 du dv

P
v=0 u=1 =0 u=1
N . 2ufv
= J f (—3u“ + 2uv)du dv = f —u° + > dv
v=—2 u=0 v=-2 u=0
v=0 vz v=0
= j (—1+v) dv=—v+7
v=-2 v=-2

=0—-(Q2+2)=—4.

Ex. Suppose we want to find the area of the unit disk, D = x? + yz < 1, using
a double integral.

Let’s change to polar coordinates. Thatis T(r,8) = (r cos 8,1 sin 8)).
So x=rcosf, y=rsinf.

A(D) — _ 0(x,)

(D)= || dxdy = 30 g drd6f
5 [0,1]x[0,27] (r,0)

from an earlier example we found |3g£| = 1", so we have:

2t 1 2T

2
1 "1
=jjrdrd9=j§r2|$ d9=j§d9=n.
0 0 0 0



Why does this change of variable formula work?
Suppose we have T: D* = D by T (u,v) = (g(u, v), h(u, v))
In other words, we are changing variables by letting

x=g(u,v)andy = h(u,v).

(u, v + Av) (u + Au, v + Av) Q
D*
L; D
(u,v) (u + Au, v)
where:

M = (g(u, v), h(u, v))

N = (g(u + Au,v), h(u + Au, v))

P = (g(u + Au,v + Av),h(u + Au, v + Av))
Q = (9(w,v + Av), h(u,v + Av))

A(D) = ”MN X MQ” (D is approximately a parallelogram)

_ gutAuv)—gwv)

h(u+Au,v)—h(u,v)

h,(u,v) = ™

MN = [g(u + Au,v) — g(u, V)T + [h(u + A, v) — h(w, v)]}
~ [gu(u, v)Au]T + [hy, (u, v)Au]f

X o Y o
= (Auw)T + o (Auw)j




Similarly:

MQ ~ = (av)T + % (Av)]
1 Ji k
0x dy
MN x MQ ~ |5-(dw) —=(Au) 0
ox dy
a_(A ) E(AU) 0

dx 0dy

= (o g_; (Au)(Av)k

ov ov

A(D) ~ |MN x MQ| ~ |%| (Aw)(Av)

Soas Au,Av — 0:

dA = |%| du dv

In particular, when changing to polar coordinates:

j flx,y) dxdy=ﬂf(rcost9,rsin9)rdrd9
D D

i.e. dA=dxdy=rdrdf.



Ex. Evaluate ff (x +¥) dx dy where D is the region in the first quadrant
lying between x? + y? = 1 and x% + y? = 4.

When integrating over a region in the plane that is a disk, an annulus, or a
portion of a disk or annulus, changing to polar coordinates is often useful.

X =rcosf
y =rsinf _ _x2+y?=4
o(xy)

=r
a(r,0)

D
x2Hy?=1
1 2

NS

6= r=2
ﬂ(x+y)dxdy= j j (rcos@ +rsin@)rdrdf
0=0 r=1

D

_n -
0=5 2 0=

NS

r3 r3 T
(r?cosf +r?sinf)dr do = f (?COSQ + ?sin 9)

6=0 r=1

[l
L—

0=0 r

NE

0=

j(8 9+8'9) (1 0+1'0)d9
9 [3cos 3 Sin 7 COS 7 Sin ]
=0

do



T
2 T

6
7 _ 7 2
§(cost9 +sinf) df = §(sm9 — cos 0)

0

-

14

=2(@-0-0-1)==

3

Ex. Evaluate ffD sin (x2 + y?) dx dy where D is the region bounded
byx?+y?2=4andx?+y%2 =9, whenx < 0andy < 0.

L
N

)
@

Changing to polar coordinates we get:

I(xy)

=r = r sin =r
X cosf, 'y sin 0, 30r0)
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ﬂsm(x +y2)dx dy = sz

Let u=r2; whenr = 2, u = 4.

r=3

f (sin (r®))r dr d8

du = 2rdr; whenr =3, u=09.

ldu = rdr.
2

[ [T (sin (r2)r dr d6 = fe =7 [0 (sin (w)) du df

_3m =
= 99__ 2 — lcosu| dé

=TT 2 u=
= 9‘9—”2 —= (cos9 — cos4)do

1 9=37n
= —=(c0s9 — cos4)0

2 O=m

= %(cos4 — c0s9).
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Ex. Show that:

(0.0]
j e dx = No
—0o0
(0/e]
Let: = j e=* dx
—00

Then:

(0 0] [0 0] coO ©O

12=<fe"x2dx><fe"y2 dy>= J f(e"xz-e"yz) dx dy

— j je—(x2+y2) dx dy

Now change to polar coordinates:
x2+yt=r
dx dy =rdr do

2

a— 00

6=2m r=co
= j j (e"”z)r dr df = lim f (e"’”z)r dr do
6=0 7r=0

r=0
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a—oo

Sol? =1 = =7 (since > 0)

(0.0)

j e dx = NR

— 00

Change of variables for triple integrals

Let T: W € R3 — R3 be continuously differentiable defined by:

T(u,v,w) = (g (u,v,w), h(u,v,w), k(u, v, W))

ie. x=gw,v,w), y=h(uv,w), z=k(uwvw)

Then the Jacobian determinant of T is:

= lim ﬂ(—e_“2 + 1) = TI.

d(x,y,z) |0y dy Ody

d(w,v,w) |ou av ow|

12



Change of variables formula for triple integrals:

g f(x,y,z)dxdy dz

ffff(x(uv w), y(u, v,w), z(u, v,w)) ‘

a(x Y.z

13

‘dudvdw

Where W™ is the region in uvw space corresponding to W in xyz space

Cylindrical coordinates:

ox
X =1rcosf; — = cosf
or
_ . oy .
y =7rsinf = = sinf
0z
7 =27 — =
or 0
cos 6
|6(x,y,2) — |sing
aro)| Slg

ox ]
—_— _’r'

50 sin6
ay

— = rcosf
00

0z

i 0
—rsingd O
rcosd 0=

0 1

Change of variables formula — cylindrical coordinates:

Jox
5_0
ay
62_0
0z
Z =1
0z

jvﬂf(x,y,z) dxdydzzl}ﬂf(rcos@,rsin@,z)rdrdg dz.
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2 =1, and

Find the volume of the solid that lies within the cylinder, x2 + y

the sphere, x2 + y2 + z% = 4.

I 2+y2=1
Jp\

Ex.

R
~— |

z=\J4-x2—y2
jﬂdxdydzﬂ j dz]dydx
x2+y2<1 Jz=—/4— xz—y

Changing to cylindrical coordinates:

o el z=arZ z=4-r2
6=2m
= j f j rdzdrd@—f f zr drd6
6=0 =0 ,__[1-,2 r=0 z=—4-12
=21 r=1 0=2m
1 2 3 r=1
= J j 2r(4 —r*)2 dr do = f —§(4 —r?)2| do
6=0 r=0 6=0 =0
0=2m /.2 0=2m (.2
—3Jo=o (32 - 4-2) dg = —- 0=0 (32 — 8) do

—%(33—8)9|2n =§(8— 3V3)2m = 2 (8 — 3v3).
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Spherical coordinates

Recall that any pointin R3 can be thought of as residing on some sphere with

center (0,0,0). Z] P(p,6,¢)
4 p’ ’

P(p,0,¢) = (x,y,2)

p=|0P|; p=0

x = psin¢ (cos )

y = psin ¢ (sin )

Z=pcoso

where 0 < ¢p <mand 0 < 0 < 2m.

Now let’s calculate the Jacobian for changing from Cartesian coordinates to
spherical coordinates:

O0x . Ox . . Ox
rrie (sin¢) (cos 0) 9= P (sin¢) (sin ) rrie p (cos @) (cosO)

d . . d : 0 ;
% = (sin ¢) (sin B) % = p (sin¢) (cos 8) ﬁ = p (cos ¢p)(sinB)

0z 0z 0z .
%—coscp 5—0 ﬁ——p(smqb)

(sing) (cos8) —p(sing) (sinf) p (cos)(cosh)
(sing) (sinf@) p(sing) (cosf) p (cos)(sinBH)
cos ¢ 0 —p (sin ¢)

0(x,y,2) _
a(p,0,¢)

= (sin ¢) (cos 8) (—p? sin? ¢ cosH)
+ p (sin ¢) (sin 8) (—p sin® ¢ sin & — p cos? ¢ sin )
+ p(cos ¢)(cos 8)(—p (sin ¢) (cos 6) (cos ¢))
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= —p?sin3 ¢ (cos? 0) + p (sin ¢) (sin 8)(—p sin )
— p?(cos? ¢)(sin ¢)(cos? 9)

= —p?sin® ¢ (cos? §) — p? (sin @) (sin? B) — p? (cos? ¢) (sin ¢) cos? 6
= —p?(sin ¢p)(cos? ) [sin? ¢ + cos? ¢p] — p?(sin ¢)(sin? )
= —p?(sin ¢)[cos? O + sin? 8] = —p?(sin P).

= p*(sin ¢)

| 0(x,y.7)
o(r.0,¢)

Change of variable formula for spherical coordinates:

j-w[ f(x,y,z) dx dy dz

= ﬂ f(psing (cos8),psin¢ (sinh),p cos p) p?sing dp dd d¢
W



17

3
2 2 2\2
Ex. Evaluate fffw e(X*+¥*+2%)? Y \sing spherical coordinates, where

a) Wistheset{(x,y,z) E R3| x2+y2+2z2<1, z>0}
b) W is the solid bounded by x? + y? + z% = 4, x* + y* + z? =1,
and z = 0, wherez = 0.

a) x> +y% 4+ z% <1, z = 0in R3 in spherical coordinates is the set:

s
0<ps<1, 0<0s<2m, 0<¢ps<3

¢=r/2 =21 p=1

'!/'lg S quO 010 plo e(pZ)E(pZ) Sin¢ dp do d¢

¢=m/2 g=2 p=1

_ J j J(ep3)(p2)sinqb dp d6 d¢
$=0 6=0 p=0

¢=n/2 9=2m " p=1 $=n/2 g=2m 1
= f j §epgsinqb do d¢ = j .f §(e—1)sinqb d6 d¢

$=0 6=0 p=0 ¢=0 6=0

b=z - b=z

[
= j g(e—l)(sinqﬁ)e‘ d¢ = j ?(e—l)sinqbdgb
6=0
$=0 $=0

=2 (e = 1)(—cos ¢)|::Z/2 =Z(-1(0-(-D)=Z(e-1).
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b) W, the solid bounded by x% + y2 + z% = 4, x? + y? + z% =1,
and z = 0, wherez = 0.

IAIA
I8 N

IA A
IA
DN N
a

1
0
0

IA
> S

$=% g p=2

-Ufe(x +y +22)2 dV—qJO 9.[ 1 (eP*)(p?) sin ¢ dp d de

=2
¢=%9=2n 1 g ¢_%
<§ep3 sind)) do d¢ = j f —(e —e)sing do d¢
$=0 6=0 $=0 0=
p=1
T 0=2n T
1 - 2 ’
4
=§(38 —e) (sing) 6 do =?(€8—e) sin¢g d¢
$=0 $=0
6=0
=3
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dxdydz
Ex. Set up the integral fffW (x2+y2y+zz)2

W is the set of points in the first octant (x > 0,y > 0,z > 0)
that are bounded by x? + y? + z> = 1l and x% + y2 + z? = 9.

dV in spherical coordinates if

In spherical coordinates, the set of points in R3 that are bounded
by x? + y2 +2z%2 =1andx? + y2 + 22 =9 are represented by:
1<p<3 0<Z¢p<m 00 <2m

In spherical coordinates, the set of points in R3 that are in the first
octant are represented by:

0<p, 0<¢<£ 0<9<§

Thus the set W is the set where:
1<p<3, 0<¢<§,0<9<§.



In spherical coordinates:
p? =x%*+y%+2z% and
dV = dxdydz = p?sin¢ dp d6 d¢

So we have:

dxdydz _ (¢=3 9=§ P=3,1~ 25 o
Wb (x2+y2+22)° av = f¢=02 Jo=o p=1 (p4)(.0 )sing dp do d¢.
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