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                                                   Triple Integrals 

 
We know how to integrate 𝑦 = 𝑓(𝑥) over an interval and 𝑧 = 𝑓(𝑥, 𝑦) over a 

region in the plane.  Now we want to discuss integrating 𝑤 = 𝑓(𝑥, 𝑦, 𝑧) over a 

rectangular solid box. 
 

𝐵 = {(𝑥, 𝑦, 𝑧)| 𝑎 ≤ 𝑥 ≤ 𝑏, 𝑐 ≤ 𝑦 ≤ 𝑑, 𝑟 ≤ 𝑧 ≤ 𝑠} 
 
For 𝑤 = 𝑓(𝑥, 𝑦, 𝑧) we can draw the region we’re integrating over, but not the 

graph of 𝑤 = 𝑓(𝑥, 𝑦, 𝑧)  (we would need a 4 dimensional graph). 
 
 
 
 

We divide 𝐵 into 
rectangular solids 

 
 
  
 
 
And create a Riemann sum: 

 

∑ 𝑓( 𝑥𝑖
∗, 𝑦𝑗

∗, 𝑧𝑘
∗)∆𝑉𝑖𝑗𝑘;     ∆𝑉𝑖𝑗𝑘 = ∆𝑥𝑖  ∆𝑦𝑗  ∆𝑧𝑘 

 

∭ 𝑓(𝑥, 𝑦, 𝑧)

𝐵

 𝑑𝑉 = lim
𝑙,𝑚,𝑛→∞

∑ ∑ ∑ 𝑓(𝑥𝑖 , 𝑦𝑗 , 𝑧𝑘)

𝑛

𝑖=1

𝑚

𝑗=1

𝑙

𝑘=1

∆𝑉𝑖𝑗𝑘  . 

 
 

Note:     ∭ 1
𝐵

 𝑑𝑉 =Volume of the box B. 

 

Δ𝑥𝑖 

Δ𝑦𝑗  

Δ𝑧𝑘  

 

 

 

https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=2ahUKEwic9dOq0fjgAhVlUt8KHd0SDOcQjRx6BAgBEAU&url=http://www.vias.org/calculus/12_multiple_integrals_06_02.html&psig=AOvVaw3RluZLUejI4biWmL3w0afz&ust=1552343701090495
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Fubini’s Theorem 
 

If 𝑓 is a continuous function on 𝐵 = [𝑎, 𝑏]  ×  [𝑐, 𝑑]  ×  [𝑟, 𝑠], then: 
 

∭ 𝑓(𝑥, 𝑦, 𝑧)

𝐵

 𝑑𝑉 = ∫ [∫ [∫ 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑥
𝑥=𝑏

𝑥=𝑎

] 𝑑𝑦
𝑦=𝑑

𝑦=𝑐

] 𝑑𝑧
𝑧=𝑠

𝑧=𝑟

. 

 
 

Ex. Evaluate ∭ 𝑥𝑦2𝑒𝑧
𝐵

 𝑑𝑉 where 𝐵 is: 
 

𝐵 = {(𝑥, 𝑦, 𝑧)| 0 ≤ 𝑥 ≤ 2, 0 ≤ 𝑦 ≤ 3, 0 ≤ 𝑧 ≤ ln 2}. 
 
 

   ∭ 𝑥𝑦2𝑒𝑧

𝐵

 𝑑𝑉 = ∫ ∫ ∫ 𝑥𝑦2𝑒𝑧 𝑑𝑥 𝑑𝑦 𝑑𝑧
𝑥=2

𝑥=0

𝑦=3

𝑦=0

𝑧=ln 2

𝑧=0

 

 

                                 = ∫ ∫
𝑥2

2
𝑦2𝑒𝑧|

𝑥=0

𝑥=2𝑦=3

𝑦=0

𝑧=ln 2

𝑧=0

𝑑𝑦 𝑑𝑧 

 

                                 = ∫ ∫ 2𝑦2𝑒𝑧
𝑦=3

𝑦=0

𝑧=ln 2

𝑧=0

 𝑑𝑦 𝑑𝑧 = ∫
2𝑦3

3
𝑒𝑧|

𝑦=0

𝑦=3𝑧=ln 2

𝑧=0

𝑑𝑧 

 

                                  = ∫ 18𝑒𝑧 𝑑𝑧
𝑧=ln 2

𝑧=0

= 18𝑒𝑧|𝑧=0
z=ln 2 = 36 − 18 = 18. 

 

We can calculate this integral in any order of 𝑥, 𝑦, and 𝑧.  For example: 

 

∭ 𝑥𝑦2𝑒𝑧
𝐵

 𝑑𝑉 = ∫ ∫ ∫ 𝑥𝑦2𝑒𝑧 𝑑𝑧 𝑑𝑦 𝑑𝑥
𝑧=𝑙𝑛2

𝑧=0

𝑦=3

𝑦=0

𝑥=2

𝑥=0
  

 

                                 = ∫ ∫ 𝑥𝑦2𝑒𝑧|𝑧=0
𝑧=𝑙𝑛2𝑦=3

𝑦=0

𝑥=2

𝑥=0
𝑑𝑦 𝑑𝑥   
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                              = ∫ ∫ 𝑥𝑦2(𝑒𝑙𝑛2 − 𝑒0)
𝑦=3

𝑦=0

𝑥=2

𝑥=0
 𝑑𝑦 𝑑𝑥 

 

                              = ∫ ∫ 𝑥𝑦2(2 − 1)
𝑦=3

𝑦=0

𝑥=2

𝑥=0
 𝑑𝑦 𝑑𝑥   

 

                              = ∫ ∫ 𝑥𝑦2𝑦=3

𝑦=0

𝑥=2

𝑥=0
𝑑𝑦 𝑑𝑥   

 

                              = ∫
𝑥𝑦3

3
|

𝑦=0

𝑦=3
𝑥=2

𝑥=0
𝑑𝑥   

 

                              = ∫ 9𝑥𝑑𝑥 =
𝑥=2

𝑥=0

9𝑥2

2
|

𝑥=0

𝑥=2

= 18. 

 
 

Ex.  Evaluate ∭ 𝑒(𝑥+𝑦+𝑧)
𝐵

 𝑑𝑉 where 𝐵 is: 
 

𝐵 = {(𝑥, 𝑦, 𝑧)| 0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑦 ≤ 1, 0 ≤ 𝑧 ≤ 2}. 
 
 

∭ 𝑒(𝑥+𝑦+𝑧)
𝐵

 𝑑𝑉 = ∫ ∫ ∫ 𝑒(𝑥+𝑦+𝑧) 𝑑𝑥 𝑑𝑦 𝑑𝑧
𝑥=1

𝑥=0

𝑦=1

𝑦=0

𝑧=2

𝑧=0
    

 

                               = ∫ ∫ 𝑒(𝑥+𝑦+𝑧)|
𝑥=0

𝑥=1𝑦=1

𝑦=0

𝑧=2

𝑧=0
𝑑𝑦 𝑑𝑧  

 

                              = ∫ ∫ [𝑒(1+𝑦+𝑧) − 𝑒(𝑦+𝑧)𝑦=1

𝑦=0

𝑧=2

𝑧=0
]𝑑𝑦 𝑑𝑧    

 

                              = ∫ [𝑒(1+𝑦+𝑧) − 𝑒(𝑦+𝑧)]|
𝑦=0

𝑦=1𝑧=2

𝑧=0
𝑑𝑥    

 

                              = ∫ [(𝑒(2+𝑧) − 𝑒(1+𝑧)) − (𝑒(1+𝑧) − 𝑒𝑧)]𝑑𝑧
𝑧=2

𝑧=0
  

 

                              = ∫ (𝑒(2+𝑧) − 2𝑒(1+𝑧) + 𝑒𝑧)𝑑𝑧
𝑧=2

𝑧=0
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                                = (𝑒(2+𝑧) − 2𝑒(1+𝑧) + 𝑒𝑧)|
𝑧=0

𝑧=2
  

 

                                    = (𝑒4 − 2𝑒3 + 𝑒2) − (𝑒2 − 2𝑒 + 1)  

 

                                = 𝑒4 − 2𝑒3 + 2𝑒 − 1. 
 
 
Now we consider regions in ℝ3 other than rectangular solids. Recall when we went 

from integrating over rectangles, 𝑅, in ℝ2 to regions, 𝐷, bounded by curves: 

 

∬ 𝑓(𝑥, 𝑦) 𝑑𝐴
𝑅

= ∫ ∫ 𝑓(𝑥, 𝑦) 𝑑𝑦 𝑑𝑥
𝑥=𝑏

𝑥=𝑎

𝑦=𝑑

𝑦=𝑐
  

 

                     →     ∬ 𝑓(𝑥, 𝑦) 𝑑𝐴
𝐷

= ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑦 𝑑𝑥.
𝑦=𝑔2(𝑥)

𝑦=𝑔1(𝑥)

𝑥=𝑏

𝑥=𝑎
 

 

 
Type 1: Solid 𝐸 lies between 2 graphs of functions, 𝑢1(𝑥, 𝑦) and 𝑢2(𝑥, 𝑦). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

∭ 𝑓(𝑥, 𝑦, 𝑧)𝑑𝑉 =

𝐸

∬ ∫ 𝑓(𝑥, 𝑦, 𝑧)

𝑧=𝑢2(𝑥,𝑦)

𝑧=𝑢1(𝑥,𝑦)𝐷

𝑑𝑧 𝑑𝐴 

 
where:   𝐸 = {(𝑥, 𝑦, 𝑧)| (𝑥, 𝑦) ∈ 𝐷 , 𝑢1(𝑥, 𝑦) ≤ 𝑧 ≤ 𝑢2(𝑥, 𝑦)}. 

𝑧 = 𝑢2(𝑥, 𝑦) 

𝑧 = 𝑢1(𝑥, 𝑦) 

𝐷 = Projection of 𝐸  
         into 𝑥𝑦-plane 

𝐸 

𝑥 

𝑧 
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 Now, if 𝐷 is bounded by 𝑦 = 𝑔1(𝑥) and 𝑦 = 𝑔2(𝑥),  
 
 
 
 
 
 
 
 
      then: 

∭ 𝑓(𝑥, 𝑦, 𝑧)𝑑𝑉 =
𝐸 ∫ ∫ ∫ 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑧 𝑑𝑦 𝑑𝑥

𝑧=𝑢2(𝑥,𝑦)

𝑧=𝑢1(𝑥,𝑦)

𝑦=𝑔2(𝑥)

𝑦=𝑔1(𝑥)

𝑥=𝑏

𝑥=𝑎
.   

 

 
 

If 𝐷 is bounded by 𝑥 = ℎ1(𝑦) and 𝑥 = ℎ2(𝑦), 
 
 
 
 
 
 
 
 
 
 
 
      
 
  then: 

∭ 𝑓(𝑥, 𝑦, 𝑧)𝑑𝑉 =

𝐸

∫ ∫ ∫ 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑧 𝑑𝑥 𝑑𝑦.
𝑧=𝑢2(𝑥,𝑦)

𝑧=𝑢1(𝑥,𝑦)

𝑥=ℎ2(𝑦)

𝑥=ℎ1(𝑦)

𝑦=𝑑

𝑦=𝑐

 

 

𝑦 = 𝑔2(𝑥) 

𝑦 = 𝑔1(𝑥) 

𝑎 𝑏 

𝐷 

𝑥 = ℎ1(𝑦) 𝑥 = ℎ2(𝑦) 

𝑐 

𝑑 

𝐷 
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Ex.  Evaluate ∭ 𝑦 𝑑𝑉
𝐸

 where 𝐸 is the solid tetrahedron bounded by the 4  

       planes: 
 

                      𝑥 = 0  , 𝑦 = 0  , 𝑧 = 0  , 𝑥 + 𝑦 + 𝑧 = 1. 
 
 
 

 Draw two pictures: 
1. 𝐸 

2. The projection 𝐷 into the 𝑥𝑦 plane 

 

𝑥 + 𝑦 + 𝑧 = 1 intersects the 𝑥𝑦 plane when 𝑧 = 0, so 𝑥 + 𝑦 = 1. Thus, it 

intersects the 𝑧 axis when 𝑥 = 𝑦 = 0 ⇒ 𝑧 = 1  

 

   

 

 

 

 

 

 

 𝐸 = {(𝑥, 𝑦, 𝑧)|0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑦 ≤ 1 − 𝑥, 0 ≤ 𝑧 ≤ 1 − 𝑥 − 𝑦} 

 𝐷 = {(𝑥, 𝑦)| 0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑦 ≤ 1 − 𝑥}. 

 

 

 

 
 
 

(0,0,1) 

(0,1,0) 

(1,0,0) 

(1,0) 

(0,1) 

𝑦 = 1 − 𝑥 

𝐷 

https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&ved=2ahUKEwjN67mr5fjgAhVvmuAKHdbHAIEQjRx6BAgBEAU&url=http://aludecor.info/xyz-axis-explained.html&psig=AOvVaw0pTnkmD0uYh293T9N_uWBF&ust=1552348954443516
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∭ 𝑦 𝑑𝑉

𝐸

= ∫ ∫ ∫ 𝑦  𝑑𝑧 𝑑𝑦 𝑑𝑥
𝑧=1−𝑥−𝑦

𝑧=0

𝑦=−𝑥+1

𝑦=0

𝑥=1

𝑥=0

 

                = ∫ ∫ 𝑦𝑧|𝑧=0
𝑧=1−𝑥−𝑦𝑦=−𝑥+1

𝑦=0

𝑥=1

𝑥=0
 𝑑𝑦 𝑑𝑥 

 

               = ∫ ∫ 𝑦
𝑦=−𝑥+1

𝑦=0
(1 − 𝑥 − 𝑦)

𝑥=1

𝑥=0
 𝑑𝑦 𝑑𝑥 

 

               = ∫ ∫ (𝑦 − 𝑥𝑦 − 𝑦2)
𝑦=−𝑥+1

𝑦=0

𝑥=1

𝑥=0
 𝑑𝑦 𝑑𝑥 

 

               = ∫ (
𝑦2

2
−

𝑥𝑦2

2
−

𝑦3

3
)|

𝑦=0

𝑦=−𝑥+1

𝑑𝑥
𝑥=1

𝑥=0
 

 
 

= ∫ [
(−𝑥 + 1)2

2

𝑥=1

𝑥=0

−
𝑥(−𝑥 + 1)2

2
−

1

3
(−𝑥 + 1)3] 𝑑𝑥 

 
 

                = [−
(−𝑥 + 1)3

6
+

1

12
(−𝑥 + 1)4]|

0

1

−
1

2
∫ (𝑥3 − 2𝑥2 + 𝑥)

𝑥=1

𝑥=0

 𝑑𝑥 

 
 

               = 0 + 0 − [−
13

6
+

1

12
(1)4] −

1

2
[

𝑥4

4
−

2

3
𝑥3 +

𝑥2

2
]|

0

1

  

 
 

                = − [−
1

6
+

1

12
] −

1

2
(

1

4
−

2

3
+

1

2
) = − [−

1

12
] −

1

2
(

3

4
−

2

3
)  

 
 

                =
1

12
−

1

2
(

9

12
−

8

12
) =

1

12
−

1

24
=

1

24
  . 
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Ex.   Set up (but do not evaluate) the triple integral that represents the 

        volume of the sphere 𝑥2 + 𝑦2 + 𝑧2 = 1. 
 
 
 
 
 
 
 
 
 
 
          

               𝑉 = ∬ ∫ 𝑑𝑧𝑑𝐴
𝑧=√1−𝑥2−𝑦2

𝑧=−√1−𝑥2−𝑦2𝐷
 

 
 
 
 
 
 
 
 
 
 
 
 

                   𝑉 = ∫ ∫ ∫   𝑑𝑧 𝑑𝑦 𝑑𝑥
𝑧=√1−𝑥2−𝑦2

𝑧=−√1−𝑥2−𝑦2

𝑦=√1−𝑥2

𝑦=−√1−𝑥2

𝑥=1
𝑥=−1

. 

 
 
 
 

𝑧 = √1 − 𝑥2 − 𝑦2 

𝑧 = −√1 − 𝑥2 − 𝑦2 

𝑦 = √1 − 𝑥2 

𝑦 = −√1 − 𝑥2 

𝐷 

𝑥 

𝑧 

𝑥 

𝑦 
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Type 2: A solid region of the form 
 

𝐸 = {(𝑥, 𝑦, 𝑧)| (𝑦, 𝑧) ∈ 𝐷, 𝑢1(𝑦, 𝑧) ≤ 𝑥 ≤ 𝑢2(𝑦, 𝑧)} 
                                                                                𝐷 = projection of 𝐸 on to the              
                                                                                           𝑦𝑧 plane: 
 
                                                                            
                                                                         
                                                                          

                                                                 ∭ 𝑓(𝑥, 𝑦, 𝑧)𝑑𝑉 =
𝐸

         

                                                                      ∬ ∫ 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑥 𝑑𝐴
𝑥=𝑢2(𝑦,𝑧)

𝑥=𝑢1(𝑦,𝑧)𝐷
     

                                                                                           
 
 
Type 3: Solid region of the form 

𝐸 = {(𝑥, 𝑦, 𝑧)| (𝑥, 𝑧) ∈ 𝐷, 𝑢1(𝑥, 𝑧) ≤ 𝑦 ≤ 𝑢2(𝑥, 𝑧)} 
 
 

                                               𝐷 = Projection of 𝐸 on to the 𝑥𝑧 plane: 
 
 
 
 
 
 
 
 
 
                                                     

                                ∭ 𝑓(𝑥, 𝑦, 𝑧)𝑑𝑉 =
𝐸 ∬ ∫ 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑦 𝑑𝐴

𝑦=𝑢2(𝑥,𝑧)

𝑦=𝑢1(𝑥,𝑧)𝐷
.     

    
 

𝑥 = 𝑢2(𝑦, 𝑧) 𝑥 = 𝑢1(𝑦, 𝑧) 

𝐸 

𝐷 

𝑥 

𝑦 

𝑧 

𝑦 = 𝑢2(𝑥, 𝑧) 

𝑦 = 𝑢1(𝑥, 𝑧) 

𝐸 
𝐷 

𝑦 

𝑥 

𝑧 
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Ex.  Find the limits of integration for ∭ 𝑦 𝑑𝑉
𝐸

 where 𝐸 is the solid tetrahedron  

       bounded by the planes:   𝑥 = 0,    𝑦 = 0 , 𝑧 = 0 ,   𝑥 + 𝑦 + 𝑧 = 1  by  
      treating it as a type 2 then a type 3 solid. 
 
 Type 2: Project 𝐸 on to the 𝑦𝑧 plane. 
 
                                                             
 
 
 
 
 
 
 
 

∭ 𝑦 𝑑𝑉 =

𝐸

∫ ∫ ∫ 𝑦 𝑑𝑥 𝑑𝑧 𝑑𝑦
𝑥=1−𝑦−𝑧

𝑥=0

𝑧=1−𝑦

𝑧=0

𝑦=1

𝑦=0

. 

 
 
 Type 3: Project 𝐸 onto the 𝑥𝑧 plane. 
 
 
 
 
 
 
 
 

∭ 𝑦 𝑑𝑉 =

𝐸

∫ ∫ ∫ 𝑦 𝑑𝑦 𝑑𝑧 𝑑𝑥
𝑦=1−𝑥−𝑧

𝑦=0

𝑧=1−𝑥

𝑧=0

𝑥=1

𝑥=0

 

𝑧 

𝑦 

𝑧 = 1 − 𝑦 

𝐷 

𝐸 

𝐷 

𝑧 = 1 − 𝑥 

𝑥 

𝑧 

𝐷 

https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&ved=2ahUKEwjN67mr5fjgAhVvmuAKHdbHAIEQjRx6BAgBEAU&url=http://aludecor.info/xyz-axis-explained.html&psig=AOvVaw0pTnkmD0uYh293T9N_uWBF&ust=1552348954443516
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Ex.   Let 𝑊 be the region bounded by the planes: 𝑥 = 0, 𝑦 = 0, and  𝑧 = 2,  
       and the surface 𝑧 = 𝑥2 + 𝑦2 and lying in the first quadrant, i.e. 𝑥 ≥ 0,   
       𝑦 ≥ 0.  Compute: 

∭ 𝑦 𝑑𝑉

𝑊

. 

 
 

  
Start by sketching the solid, 𝑊. 𝑊 is the region “inside” the bowl 

 bounded on top by 𝑧 = 2, below by 𝑧 = 𝑥2 + 𝑦2, and on the sides 

by 𝑥 = 0 (the 𝑦𝑧 plane) and 𝑦 = 0 (the 𝑥𝑧 plane). 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑊 

𝐷 

𝑧 = 𝑥2 + 𝑦2 

𝑥 

𝑦 

𝑧 
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 The projection of this solid into the 𝑥𝑦 plane is the region in the first  

            quadrant where: 𝑥2 + 𝑦2 ≤ 2. 

For this region, the “top” curve is 𝑦 = √2 − 𝑥2 and the “bottom” curve is  

          𝑦 = 0. 
 
 
 
 
 
 
 
 
 
 
 
 
 

∭ 𝑦 𝑑𝑉

𝑊

= ∭ 𝑦 𝑑𝑧 𝑑𝑦 𝑑𝑥

𝑊

= ∬ ∫ 𝑦 𝑑𝑧 𝑑𝑦 𝑑𝑥

𝑧=2

𝑧=𝑥2+𝑦2𝐷

 

 

                                = ∫ ∫ ∫ 𝑦 𝑑𝑧 𝑑𝑦 𝑑𝑥

𝑧=2

𝑧=𝑥2+𝑦2

𝑦=√2−𝑥2

𝑦=0

𝑥=√2

𝑥=0

 

             ∭ 𝑦 𝑑𝑧 𝑑𝑦 𝑑𝑥

𝑊

= ∫ ∫ 𝑦𝑧

𝑦=√2−𝑥2

𝑦=0

|

𝑧=𝑥2+𝑦2

𝑧=2
𝑥=√2

𝑥=0

𝑑𝑦 𝑑𝑥 

 

                              = ∫ ∫ (2𝑦 − 𝑥2𝑦 − 𝑦3) 𝑑𝑦 𝑑𝑥

𝑦=√2−𝑥2

𝑦=0

𝑥=√2

𝑥=0

 

 

𝑦 = √2 − 𝑥2 

𝐷 
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                                     = ∫ 𝑦2 −
𝑥2𝑦2

2
−

𝑦4

4
|

𝑦=0

𝑦=√2−𝑥2

𝑑𝑥

𝑥=√2

𝑥=0

 

 

                                     = ∫ (2 − 𝑥2)

𝑥=√2

𝑥=0

−
𝑥2

2
(2 − 𝑥2) −

(2 − 𝑥2)2

4
 𝑑𝑥 

 

                                      = ∫ (2 − 𝑥2)[1 −
𝑥2

2
−

1

4
(2 − 𝑥2)]

𝑥=√2

𝑥=0

 𝑑𝑥 

 

                                      =
1

4
∫ 4 − 4𝑥2 + 𝑥4

𝑥=√2

𝑥=0

 𝑑𝑥 

 

                                      =
1

4
(4𝑥 −

4

3
𝑥3 +

1

5
𝑥5|

𝑥=0

𝑥=√2
=

8√2

15
 . 

 
 

  
Here’s a second way to do this problem: 

 Again, start by sketching the solid, 𝑊. However, this time we solve 

            𝑧 = 𝑥2 + 𝑦2 for 𝑥 ( or 𝑦). Since 𝑥 ≥ 0 ;  𝑥 = √𝑧 − 𝑦2. 
 

So 𝑊 is bounded by 𝑥 = √𝑧 − 𝑦2 on “top” and 𝑥 = 0 on “bottom”. To 

get the projection into the 𝑦𝑧 plane, let 𝑥 = 0 in 𝑥 = √𝑧 − 𝑦2 (i.e.     

𝑧 = 𝑦2 or 𝑦 = √𝑧). 
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∭ 𝑦 𝑑𝑥 𝑑𝑦 𝑑𝑧

𝑊

= ∬ ∫ 𝑦 𝑑𝑥 𝑑𝑦 𝑑𝑧

𝑥=(𝑧−𝑦2)
1
2

𝑥=0𝐷

 

 

  = ∫ ∫ ∫ 𝑦 𝑑𝑥 𝑑𝑦 𝑑𝑧

𝑥=(𝑧−𝑦2)
1
2

𝑥=0

𝑦=√𝑧

𝑦=0

𝑧=2

𝑧=0

  

 

= ∫ ∫ 𝑥𝑦|
𝑥=0

𝑥=(𝑧−𝑦2)
1
2

𝑦=√𝑧

𝑦=0

𝑧=2

𝑧=0

𝑑𝑦 𝑑𝑧 

𝑧 

𝑦 

𝑦 = √𝑧 
𝐷 
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   = ∫ ∫ 𝑦(𝑧 − 𝑦2)
1
2

𝑦=√𝑧

𝑦=0

𝑧=2

𝑧=0

𝑑𝑦 𝑑𝑧 = ∫ −
1

3
(𝑧 − 𝑦2)

3
2|

𝑦=0

𝑦=√𝑧
𝑧=2

𝑧=0

 𝑑𝑧 

 

     =
1

3
∫ 𝑧

3
2

𝑧=2

𝑧=0

  𝑑𝑧 

 

      = (
1

3
) (

2

5
) 𝑧

5

2|
𝑧=0

𝑧=2

=
2

15
(2)

5

2  

 

       =
8√2

15
 .  

 

 
Ex.  Find the volume of the solid bounded by the surface 𝑧 = 𝑥2 + 𝑦2 and the  

       planes: 𝑧 = 2, 𝑦 = 0, 𝑥 =
1

2
 , and 𝑦 = 𝑥. 

 
Start by drawing the solid, 𝑊. The “top” surface is 𝑧 = 2 and the “bottom” surface 

is 𝑧 = 𝑥2 + 𝑦2. 𝑊 is also cut by the planes 𝑦 = 0, 𝑥 =
1

2
 , and 𝑦 = 𝑥. 

 
 
 
 
 
 
 
 
 
 

 

𝑧 = 𝑥2 + 𝑦2 

𝑧 = 2 
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𝑉 = ∭  𝑑𝑉

𝑊

= ∬ ∫ 𝑑𝑧 𝑑𝑦 𝑑𝑥

𝑧=2

𝑧=𝑥2+𝑦2𝐷

 

 

The projection of 𝐷 into the 𝑥𝑦 plane is bounded by 𝑦 = 0, 𝑥 =
1

2
 , and 𝑦 = 𝑥. 

 
 
 
 
 
 
 
 
 

𝑉 = ∫ ∫ ∫ 𝑑𝑧 𝑑𝑦 𝑑𝑥

𝑧=2

𝑧=𝑥2+𝑦2

𝑦=𝑥

𝑦=0

𝑥=1/2

𝑥=0

 

 

     = ∫ ∫ 𝑧

𝑦=𝑥

𝑦=0

|

𝑧=𝑥2+𝑦2

𝑧=2

𝑑𝑦 𝑑𝑥

𝑥=1/2

𝑥=0

  = ∫ ∫ (2 − 𝑥2 − 𝑦2 )𝑑𝑦 𝑑𝑥

𝑦=𝑥

𝑦=0

𝑥=1/2

𝑥=0

 

 

      = ∫ (2𝑦 − 𝑥2𝑦 −
𝑦3

3
)|

𝑦=0

𝑦=𝑥

𝑑𝑥

𝑥=1/2

𝑥=0

= ∫ (2𝑥 − 𝑥3 −
𝑥3

3
)

𝑥=1/2

𝑥=0

 𝑑𝑥 

 

       = ∫ (2𝑥 −
4𝑥3

3
)

𝑥=1/2

𝑥=0

 𝑑𝑥 = (𝑥2 −
𝑥4

3
)|

𝑥=0

𝑥=
1
2

=
11

48
 . 

 

𝑦 = 𝑥 
𝑥 =

1

2
 

𝐷 

0                                                   1/2 

1/4 

1/2 


