Triple Integrals

We know how to integrate Yy = f(x) over aninterval and z = f(x, y) over a

region in the plane. Now we want to discuss integrating w = f(x,y, zZ) over a
rectangular solid box.

B={(x,y,2)la<x<b, c<y<d r<z<s}

Forw = f(x,y, Z) we can draw the region we’re integrating over, but not the
graphof w = f(x,y,z) (we would need a 4 dimensional graph).

| 7z

Az, We divide B into

rectangular solids

| A%j

And create a Riemann sum:

Zf(x;ry;rzlt)AVijk; AVij = Ax; Ay; Az,

I m n
||| eevimy av = tim >N vz Vi
B

k=1 j=1i=1

Note: fffB 1 dV =Volume of the box B.
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Fubini’s Theorem

If £ is a continuous functionon B = [a, b] X [c,d] X [r,s], then:

ij(x,y,z) dv = fzzs Uyyzd szbf(x,y,z) dx] dy] dz.
4 z=r y=c lx=a

Ex. Evaluate fffB xy?e? dV where B is:

B={(xy,2)]0<x<2, 0<y<3 0<z<In2}

J =0 Jy=0 Jx=0
z=In2 (y=3,2 x=2
= j j 7}1262 dy dz
z=0 y=0 x=0
z=In2 ~y=3 z=In2 2y3 y=3
=j 2y%e? dy dz =f ——e? dz
z=0 y=0 z=0 3 y=0

z=In2
= f 18e? dz = 18e%|%Z"? = 36 — 18 = 18.
Z
We can calculate this integral in any order of x, y, and Z. For example:

_x=2 cy=
Wy xy?e® av = [__

3 rz=In2
y=0 J

z=0

xy?eZ dz dy dx

_ (X=2 (¥=3_ 2 z|z=In2
= Jumo Jy=oXV7e 12204 dy dx



f xy 2(e"2 — %) dy dx
=fx_2 xy 2(2—-1) dy dx

= - 3xy dy dx

Ex. Evaluate fffB e(X+tY+2) dy where B is:

B={(x,y,2)]0<x<1,0<y<1 0<z<2}L

[ff, eC¥+2) qv = fz 2 y=1 fx Lo (+y+2) gy dy dz

y=0 Yx=0
= (~ y 1 (x+y+z)| dy dz
_ (772 33/01[6(1+y+z) e(y+Z)]dy dz

— (%= 2[e(1+y+z) e(y+z)]|y=1 dx
z=0 y=0

_ ZZ:OZ[(e(z+z) _ e(1+z)) — (e(+2) — ¢7)]dz

— ZZ:02(6(2+Z) — 22142 4 e%)dz



— (e(2+z) _ Ze(1+z) n ez>|§:§
= (et —2e3+e?)— (e —2e+1)
et —2e3 4+ 2e—1.

Now we consider regions in R3 other than rectangular solids. Recall when we went
from integrating over rectangles, R, in R? to regions, D, bounded by curves:

[l Fey)yda= L2077 F(x,y) dy dx

=b =
>, fayyda= [ L7000 fGy)dy dx.

Type 1: Solid E lies between 2 graphs of functions, U4 (x, y) and u, (x, y).

z=uy(x,y)

z=u(x,y)

D = Projection of E
into xy-plane

& X
z=uyz(x,y)
ﬂ f(x,y,z)deﬂ f f(x,y,z)dz dA
E D z=uq{(x,y)

where: E = {(x;yyz)l (x;)’) €D ;ul(xly) SZ< uZ(x;y)}



Now, if D is bounded by y = g,(x) and y = g,(x),

. y=g2(x)

| Ty =91(%)
then: b

Q
_ (X¥=b (y=g2(x) rz=uz(x,y)
fffE f(xr% Z)dV - fx=a y=g1(x) Yz=u,(x,y) f(x;}’; Z) dZ dy dx

If D is bounded by x = h{(y) and x = h,(y),

d

x=h(y) ﬂj=%@)

(@)

then:

y=d rx=hy(y) rz=uz(x,y)
jﬂf(x,y,z)deJ .[ .[ f(x,y,z)dz dx dy.
Z
E

y=c¢ Jx=hq(y) =uq(x,y)



Ex. Evaluate fffE y dV where E is the solid tetrahedron bounded by the 4
planes:

x=0,y=0,z=0,x+y+z=1.

Draw two pictures:

1. E
2. The projection D into the Xy plane

X +y + z = 1intersects the xy planewhen z = 0, sox +y = 1. Thus, it
intersectsthe Z axiswhenx =y =0 =z =1

X

E={(y2))0<x<1,0<y<1-x, 0<z<1-x-—y}
D={(,y))0<x<1 0<y<1-x}

(0,1)

(1,0)
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y=—x+1 pz=1-x-Yy
nydV f f J y dzdy dx
=0 Yy=0 z=0

_ y= —x+1yZ|zf1—x—y dy dx

y=0 z=0
=1 y=—x+1
= ;C:O ;/:ox y(1l—x-—y) dydx
=—x+1
= [ (v —xy—y?) dydx
x=1y2 xy? y3 y=-x+1
fed G =D,

=(=x+1)? x(—x+1)* 1
=j u xz ) _ xz ) -5 (x+ D dx

x=0

+ 1)3 Loq px=1
=[- w+—( —x + 1)*] —f (x3 —2x* 4+ x) dx
6 0 2 x=0
3 4 2 1
:0+0_[_1__|_i( )4 =L - 243 41
6 12 24 3 211g
1 1 1/1 2 1 1 1/3 2
=—|-5+5l-3G-5+2) =[5 -2G-3)



Ex. Set up (but do not evaluate) the triple integral that represents the
volume of the sphere x2 + y2 + z2 = 1.

S X



Type 2: A solid region of the form

E = {(X,y,Z)l (}’:Z) € D» ul(y,z) =x= uZ(in)}
D = projection of E on to the

Az yZ plane:
sr 0 X=ulD ()

I, fGy,Dav =

ff, 222299 £(x,y,2) dx dA

Type 3: Solid region of the form
E={(xy2)|(x2) €D, u(x,2) <y Suy(x,2)}

o y = ui(x,2) D = Projection of E on to the xZ plane:

Y = uz(x,2)

I, fey,2)dv =f, f;:;f((;’zz))f(x, y, z) dy dA.
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Ex. Find the limits of integration for fffE y dV where E is the solid tetrahedron
bounded by the planes: x =0, y=0,z=0, x+y+2z=1 by
treating it as a type 2 then a type 3 solid.

Type 2: Project E on to the Yz plane.

Z Z

y=1 ,rz=1-y ,px=1-y-z
fffde=j j j ydx dzdy.
7 y=0 Jz=0 x=0

Type 3: Project E onto the Xz plane.

Z«

z=1—x
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Ex. Let W be the region bounded by the planes: x =0, y =0, and z = 2,
and the surface z = x2 + y2 and lying in the first quadrant, i.e. x = 0,

y = 0. Compute:
j f f ydv.
w

Start by sketching the solid, W. W is the region “inside” the bowl
bounded on top by Z = 2, below by z = x?% + yz, and on the sides
by x = 0 (the yz plane) and y = 0 (the xZ plane).
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The projection of this solid into the xy plane is the region in the first
quadrant where: x? + y? < 2.

For this region, the “top” curveisy = V2 — x2 and the “bottom” curve is
y =0.

[y [fowssoce ]| T i

z=x2+y?

[frowa-] | I Z

z=x2+y?

x=\2y=V2-x2
f f (2y —x*y —y®) dy dx

x=0 y=0
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x=V2 x212 4 y=v2-x2
= 2 _ — L d

fy 24, *

x=0 =

L 2 212

X 2—x

— f (2—.96'2)—7(2—362)—%6195
x=0

x=+2
- [ e-on-L-te-x1d
= X "1 X X
x=0

x=v2

1
ZZJ 4 — 4x* 4+ x* dx

x=0
PRV -1 i 1
—4(4x 5 X +5 T

Here’s a second way to do this problem:
Again, start by sketching the solid, . However, this time we solve

z=x%+vy%forx (ory).Sincex =0; x =/z—y2.

So W isbounded by x = /z — y2 on “top” and x = 0 on “bottom”. To

get the projection into the yz plane, letx = 0 inx = /z — y2 (i.e.
z=7y%ory =+/z).



N

Lz

(o}
C

x=(z-y?)2

[ vararac= | j)ydxdydz

Zzy\/_x(zyzz

)
ZJO yj j ydx dy dz

1
—(7—~2)2
:J j oyl dy dz

5
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z=2
1 3
=3 j z2 dz
z=0
-()(), =&
_ o2
15 °

15

zZ=2 1 3 y=\/E
j ~3G@-y2|  dz

y=0

Ex. Find the volume of the solid bounded by the surface z = x2 + yz and the

1
planes:z = 2,y = 0,x =E,andy = X.

Start by drawing the solid, W. The “top” surface is Z = 2 and the “bottom” surface
1
is z = x2 + y2. W isalso cut by the planes y = 0, x = o andy = x.

25 &

wn

zZ =72




o~ffa-ff | wwe

z=x2+y?2
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1
The projection of D into the Xy plane is boundedby y = 0, x = 27 andy = x.

- 1/2

N| —

1/2

x=1/2 y=x |Z=2 x=1/2 y=x

= z dy dx = (2 —x%2—y2)dydx
x=0 y=0 z=x2+y? x=0 y=0
x=1/2 y3 y=x x=1/2 3

= f (2y—x2y—?) dx = <2x—x3—?> dx
x=0 y=0 x=0
x=1/2 =k

B J ) 4x3 D = (2 x* |72 11

x=0



