The Dot Product, Length, and Distance

One way to multiply vectors is with the “dot product” (also called an inner
product, or a scalar product).

Def. IflqA =< a;, ap,as >, E =< le bz, b3 >, then:
Z . E = a1b1 + azbz + a3b3, in 2 dimensions this is a1b1 + azbz.

Notice: So far, sums and differences of vectors resulted in a vector. The dot
product of 2 vectors is a scalar, i.e. a number.

The definition for the dot product of two vectors works for
n-dimensions as well. However, this multiplication only makes sense for 2
vectors:, ¢ - A ,where c is a constant, is meaningless.

Properties of dot products: /T, §, vectors, ¢ a constant.

2.A-B=B-A
3. A- (B+C)=A-B+A-C
4, (c/f)§=c(/f§)=ff(c§)

5. 0- A=0.

Proof of 1:
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A--A=<ayaya3 ><aq,aa3>=a7+ta;+az = |A| y



Theorem: A - B = |/T| |§| cos .

Law of cosines:
\A—B| = |4| +|B| - 2|4| |B| cos®

But we also know:
|A-B|"=(A-B)-(A-B)=A-A-24-B+B-B

-~ 2 -2 - =
= |A| +|B| —24-B.

= —2A4-B = —2|/T||§|C056 > A-B= |ff||§|cos€.
Also,
A-B
————— = cos 6.
|A]|B]

Corollary: (The Cauchy-Schwarz Inequality) For any two vectors, /T, §, we have
|A . Bl < |A| |B| and this equality holds if, and only if, 4 is a scalar multiple of B

or either Aor Bis0 .



Ex. Suppose |ff| = 3, |§| = 5, and the angle between Aand B is %. Find A - B.
A-B = |A||B|cos 6

A-B = (3)(5) cos” = 15(@)
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Ex. Show thatif A L E, thenA-B = 0.

ALlLB = cos@=cos§=0

A-B= |/T||§|c059 = |/T||§|O = (.

—_

The converse is also true: if ff,l? are non-zeroandA-B=0 = A 1 B.
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Ex. Find the angle between A=< 2,—1,3 >and B=< —4,2,1 >.

A-B=2-9)+(-DQ2)+B)(1)=-8-2+3=-7

|A| =22+ (-1)2+32 =14

|B| = /(=4)2 + 22 + 12 =21

N

AB -7 -7 -1
4]|B|] J1421) 7V6 6

= 0 = 1.99 radians = 114°.

= cos @




Notice that if 0<é6 <g cosd >0
Hzg cosf =0
§<9Sn cosf <0
Thus we have:
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Parallel Vectors:

If Aand B point in the same direction:

6 =0; A-B= |/T||§|COSO = |/T||§|

If Aand B point in the opposite direction:
0 =m; A-B= |/T||§| COSTT = —|/T||§|

Soif A | BthenA-B = |[T||§| or—|/T||§|.



Ex. Determine if the following vectors A = 21+ 6] — 4k, B = —30— 9] + 6k
are parallel, orthogonal (i.e., perpendicular), or neither.

A-B=—-6-54—24=-84

4| = /22 4+ 62 + (—4)2 = V4 + 36 + 16 = V56

|B| = /(=3)2 + (=9)2 + 62 =9 + 81 + 36 = V126
|/T||§| =v56V126 = 84 = —A- E, so A and B are parallel.
Def. PS = projgl? = vector projection of B onto A. The scalar

projection of Bonto A (also called the component of B along ff) is defined to be
the signed length of the vector projection of B onto A.
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Scalar projection of B onto A= i|p7‘0jg§|, notice that:

_ i|projg§|

cos 6 —
B

Scalar Projection of B onto A = comp ;B = |B| cosf = Tl

— =~ .= AB\ A AB, =
Vector Projection of B onto A = proj;B = (T) == (=32)A
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Ex. Find the scalar projection of B onto A and the vector projection of Bonto Aif
A=<-2,1,3>,B=<-2,—-1,4 >.

[ENEN

comp. B o AB _ __4-i+lz 15
Pal = Ta] ~ JCozizess  Via
-~ AB 7 15 15 45
pT‘OjAB=ﬁA=—< —-2,1,3 > = <—7EE>

Theorem (Triangle Inequality): For vectors Aand B
14+ B]| < [|4]| + [|B]

Proof:

|A+B|| =(A+B)-(A+B)=||4| +24-B +|B||
2 i —2
< ”A” + 2||A||||B|| + ”B“ (by the Cauchy-Schwarz Inequality)

N NN
= (ll4ll + 1181

So we can now write:

|4+ B]| < ||A]l + |IB]l



