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                                     Double Integrals Over Rectangles 
 

Recall for 1 variable: 𝑦 = 𝑓(𝑥) 
 
 

              

                                                                                    
𝑏−𝑎

𝑛
= Δ𝑥  

                                                                      ∫ 𝑓(𝑥)
𝑏

𝑎
𝑑𝑥 = lim

𝑛→∞
∑ 𝑓(𝑥𝑖)𝑛

𝑖=1 Δ𝑥 
 

                                                                                      where     𝑥𝑖 = 𝑎 + 𝑖Δ𝑥 
 

 

 
 
 
 

∫ 𝑓(𝑥)
𝑏

𝑎
𝑑𝑥 = area under the curve if 𝑓(𝑥) ≥ 0. 

 

Fundamental Theorem of Calculus: 
 

∫ 𝑓(𝑥)
𝑏

𝑎
𝑑𝑥 = 𝐹(𝑏) − 𝐹(𝑎) if 𝐹′(𝑥) = 𝑓(𝑥). 

 
 

For functions of 2 variables we start with a closed rectangle, 𝑅: 
 

𝑅 = [𝑎, 𝑏]  ×  [𝑐, 𝑑] = {(𝑥, 𝑦) ∈ ℝ2| 𝑎 ≤ 𝑥 ≤ 𝑏, 𝑐 ≤ 𝑦 ≤ 𝑑} 
 

First, let’s assume 𝑓(𝑥, 𝑦) ≥ 0 
                                                  Let 𝑆 be the solid that lies above 𝑅 and under the  
                                                          graph of 𝑧 = 𝑓(𝑥, 𝑦).    

                                                          𝑆 = {(𝑥, 𝑦, 𝑧)| 0 ≤ 𝑧 ≤ 𝑓(𝑥, 𝑦);  (𝑥, 𝑦) ∈ 𝑅}.             
                                                                                       We want to find the volume of 𝑆. 

                                                                                                           
 
 
 

 

 
𝑅 

𝑆 

𝑦 = 𝑓(𝑥) 

         𝑎           𝑥1           𝑥2          𝑥3                       𝑥𝑛 = 𝑏 
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First we partition 𝑅 into subrectangles. We do this by dividing up the intervals 

[𝑎, 𝑏] and [𝑐, 𝑑]. 
 

𝑎 = 𝑥0 < 𝑥1 < 𝑥2 < ⋯ < 𝑥𝑖 < ⋯ < 𝑥𝑛 = 𝑏 
 

𝑐 = 𝑦0 < 𝑦1 < 𝑦2 < ⋯ < 𝑦𝑗 < ⋯ < 𝑦𝑚 = 𝑑 

 

 

 
 

𝑅𝑖𝑗 = [𝑥𝑖−1, 𝑥𝑖]  ×  [𝑦𝑗−1, 𝑦𝑗] = {(𝑥, 𝑦)| 𝑥𝑖−1 ≤ 𝑥 ≤ 𝑥𝑖 ,   𝑦𝑗−1 ≤ 𝑦 ≤ 𝑦𝑗} 

 
Area of 𝑅𝑖𝑗  is Δ𝐴𝑖𝑗 = (Δ𝑥𝑖)(Δ𝑦𝑗) 

 

Choose any point in each rectangle 𝑅𝑖𝑗 and call it (𝑥𝑖
∗, 𝑦𝑗

∗). 

 
 
 
 
 
 

𝑎 = 𝑥0              𝑥1                                         𝑥𝑖                                       𝑏 = 𝑥𝑛 

𝑐 = 𝑦0 

𝑦1 

𝑦𝑗  

𝑑 = 𝑦𝑚 

(𝑥𝑖
∗, 𝑦𝑗

∗) 

𝑅𝑖𝑗  

𝑅 
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The volume of the solid above 𝑅𝑖𝑗 is approximately 𝑓(𝑥𝑖
∗, 𝑦𝑗

∗)Δ𝑥𝑖Δ𝑦𝑗. 
 
 

 
 
 

 
Adding up the volume of all the solids above the subrectangles, we get: 
 

𝑉 ≈ ∑ ∑ 𝑓(𝑥𝑖
∗, 𝑦𝑗

∗)

𝑚

𝑗=1

𝑛

𝑖=1

Δ𝐴𝑖𝑗 

 
 

Δ𝐴𝑖𝑗 = Δ𝑥𝑖Δ𝑦𝑗  
 

This is called a double Riemann sum. 
 
 

Define:  

𝑉 = lim
max Δ𝑥𝑖,Δ𝑦𝑗→0

∑ ∑ 𝑓(𝑥𝑖
∗, 𝑦𝑗

∗)

𝑚

𝑗=1

𝑛

𝑖=1

Δ𝐴𝑖𝑗 = ∬ 𝑓(𝑥, 𝑦) 𝑑𝐴

𝑅

 

 

Note: 𝑓(𝑥, 𝑦) does not have to be ≥ 0. If it is, then you get volume,  
otherwise you don’t – much like 1 variable. 

 
 

𝑓(𝑥, 𝑦) is called integrable if the limit exists.  

𝐻𝑒𝑖𝑔ℎ𝑡 = 𝑓(𝑥𝑖
∗, 𝑦𝑗

∗) 

𝑥 

𝑦 

Δ𝑥𝑖  
Δ𝑦𝑗 

𝑅𝑖𝑗  
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As with 1 dimension, if 𝑓 is integrable, then we can choose the rectangles, 𝑅𝑖𝑗, to 

be all the same size and we can choose (𝑥𝑖
∗, 𝑦𝑗

∗) to be the upper right hand 

corner. 
 

∬ 𝑓(𝑥, 𝑦) 𝑑𝐴

𝑅

= lim
𝑚,𝑛→∞

∑ ∑ 𝑓(𝑥𝑖 , 𝑦𝑗)

𝑚

𝑗=1

𝑛

𝑖=1

Δ𝐴 

 
𝑥𝑖 = 𝑎 + 𝑖Δ𝑥 

 
 
 

𝑦𝑗 = 𝑏 + 𝑗Δ𝑦 
 

Δ𝐴 = (Δ𝑥)(Δ𝑦). 
 
 
 
Iterated Integrals 
 

Suppose 𝑓(𝑥, 𝑦) is continuous on a rectangle, 𝑅 = [𝑎, 𝑏]  ×  [𝑐, 𝑑], 

 by ∫ 𝑓(𝑥, 𝑦)
𝑑

𝑐
𝑑𝑦 we mean to treat 𝑥 as a constant and integrate 

 𝑓(𝑥, 𝑦) in the 𝑦 variable between 𝑐 and 𝑑. 
 
 
 

Ex.   Find  ∫ 𝑥2 + 2𝑦 𝑑𝑦
𝑦=3

𝑦=0
. 

 

         ∫ 𝑥2 + 2𝑦 𝑑𝑦
𝑦=3

𝑦=0
= 𝑥2𝑦 + 𝑦2|𝑦=0

𝑦=3
 

                                         = 3𝑥2 + 9 − (0 + 0) 
                                         = 3𝑥2 + 9. 
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 Notice ∫ 𝑓(𝑥, 𝑦)
𝑑

𝑐
𝑑𝑦 is just a function of 𝑥. 

          If 𝑓(𝑥, 𝑦) ≥ 0 then for a fixed 𝑥, 

                𝐴(𝑥) = ∫ 𝑓(𝑥, 𝑦)
𝑑

𝑐
𝑑𝑦 =cross-sectional area of the solid bounded above  

                                                             by 𝑧 = 𝑓(𝑥, 𝑦) and below by 𝑅 in the 𝑥-𝑦 plane. 
 

           Then ∫ 𝐴(𝑥)
𝑏

𝑎
𝑑𝑥 = ∫ [∫ 𝑓(𝑥, 𝑦) 𝑑𝑦

𝑑

𝑐
]

𝑏

𝑎
𝑑𝑥,  called an iterated integral, 

           Is the volume of this solid which is equal to ∬ 𝑓(𝑥, 𝑦) 𝑑𝐴
𝑅

 (this is Fubini’s   

           theorem). 
 

 

Ex.  Evaluate the iterated integral ∫ [∫ (𝑥2 + 2𝑦)
3

0
𝑑𝑦] 𝑑𝑥

2

1
. 

 
 

          ∫ [∫ (𝑥2 + 2𝑦)
3

0
𝑑𝑦]  𝑑𝑥

2

1
= ∫ 3𝑥2 + 9

2

1
𝑑𝑥 

                                                        = 𝑥3 + 9𝑥|1
2 

                                                        = (8 + 18) − (1 + 9) 
 

             = 26 − 10 = 16.  
 
 

Ex.  Evaluate ∫ [∫ (𝑥2 + 2𝑦)
2

1
𝑑𝑥]  𝑑𝑦

3

0
. 

 
 

  ∫ [∫ (𝑥2 + 2𝑦)
2

1
𝑑𝑥]  𝑑𝑦

3

0
= ∫

1

3
𝑥3 + 2𝑥𝑦|1

23

0
𝑑𝑦  

 

                     = ∫ [(
8

3
+ 4𝑦) − (

1

3
+ 2𝑦)]

3

0
𝑑𝑦 

 

                                                = ∫ (
7

3
+ 2𝑦)  𝑑𝑦

3

0
  

 

                                                =
7

3
𝑦 + 𝑦2|0

3 
 

                                                                                   = 7 + 9 − 0 = 16.  
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Notice the two integrals are the same. This is true in general for integrals of 
continuous functions over rectangles. 

 
Fubini’s Theorem: If 𝑓 is continuous on the rectangle,  

𝑅 = {(𝑥, 𝑦)| 𝑎 ≤ 𝑥 ≤ 𝑏, 𝑐 ≤ 𝑦 ≤ 𝑑}, then: 
 

∬ 𝑓(𝑥, 𝑦) 𝑑𝐴

𝑅

= ∫ [∫ 𝑓(𝑥, 𝑦) 𝑑𝑦]
𝑦=𝑑

𝑦=𝑐

𝑥=𝑏

𝑥=𝑎

𝑑𝑥 = ∫ [∫ 𝑓(𝑥, 𝑦) 𝑑𝑥 ]𝑑𝑦
𝑥=𝑏

𝑥=𝑎

𝑦=𝑑

𝑦=𝑐

 

 
The point is that to integrate over a rectangle we can do this through an iterated 
integral. 

 
 

Ex.  Evaluate ∬ (2𝑥𝑦 − 3𝑥2) 𝑑𝐴
𝑅

 where:  

𝑅 = {(𝑥, 𝑦)| 0 ≤ 𝑥 ≤ 1, 1 ≤ 𝑦 ≤ 3}. 
 
 
      By Fubini’s Theorem: 

∬ 2𝑥𝑦 − 3𝑥2 𝑑𝐴

𝑅

= ∫ [∫ (2𝑥𝑦 − 3𝑥2) 𝑑𝑦] 𝑑𝑥
𝑦=3

𝑦=1

𝑥=1

𝑥=0

 

 

                                                   = ∫ 𝑥𝑦2 − 3𝑥2𝑦|𝑦=1
𝑦=3

 𝑑𝑥
𝑥=1

𝑥=0
  

 

                                                   = ∫ [(9𝑥 − 9𝑥2) − (𝑥 − 3𝑥2)] 𝑑𝑥
𝑥=1

𝑥=0
  

 
 

                                                    = ∫ −6𝑥2 + 8𝑥 𝑑𝑥 
𝑥=1

𝑥=0
  

 

                                                    = −2𝑥3 + 4𝑥2|0
1  

 
 

                                                    = (−2 + 4) − (0 + 0) = 2. 
 

 

OR 
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           ∫ ∫ (2𝑥𝑦 − 3𝑥2) 𝑑𝑥 𝑑𝑦
𝑥=1

𝑥=0

𝑦=3

𝑦=1

= ∫ 𝑥2𝑦 − 𝑥3|0
1 𝑑𝑦

𝑦=3

𝑦=1

 

 

                                                                    = ∫ (𝑦 − 1) − (0 − 0) 𝑑𝑦
𝑦=3

𝑦=1
  

 

                                                                    = ∫ 𝑦 − 1 𝑑𝑦
𝑦=3

𝑦=1
=

𝑦2

2
− 𝑦|1

3 

 

                                                 = (
9

2
− 3) − (

1

2
− 1)  

 

                                          =
3

2
− (−

1

2
) = 2. 

 
 

     
Ex.  Find the volume of the solid that lies over the rectangle: 

𝑅 = [0, 3]  ×  [1, 5] and below 𝑓(𝑥, 𝑦) = 40 − 𝑥2 − 𝑦2. 
 
 

          𝑉 = ∫ [∫ (40 − 𝑥2 − 𝑦2) 𝑑𝑦] 𝑑𝑥
𝑦=5

𝑦=1

𝑥=3

𝑥=0
  

 
 

               = ∫ 40𝑦 − 𝑥2𝑦 −
𝑦3

3
|
1

5

 𝑑𝑥
𝑥=3

𝑥=0
   

 
 

                = ∫ [(200 − 5𝑥2 −
125

3
) − (40 − 𝑥2 −

1

3
)]

𝑥=3

𝑥=0
 𝑑𝑥   

 
 

                 = ∫ 160 − 4𝑥2 −
124

3

𝑥=3

𝑥=0

 𝑑𝑥 = ∫
356

3
− 4𝑥2

𝑥=3

𝑥=0

 𝑑𝑥 

 

              

                                =
356

3
𝑥 −

4

3
𝑥3|

0

3
= 356 − 36 = 320.  
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Ex.  Evaluate ∬ 𝑦𝑒𝑥𝑦 𝑑𝐴
𝑅

 where 𝑅 = [0, 2]  ×  [0, 1].   

 
 
 

      ∬ 𝑦𝑒𝑥𝑦 𝑑𝐴
𝑅

= ∫ ∫ 𝑦𝑒𝑥𝑦  𝑑𝑥 𝑑𝑦
2

0

1

0
= ∫ 𝑒𝑥𝑦|0

2 𝑑𝑦
1

0
 

 

                               = ∫ 𝑒2𝑦 − 𝑒0 𝑑𝑦
1

0
= ∫ 𝑒2𝑦 − 1 𝑑𝑦

1

0
=

1

2
𝑒2𝑦−𝑦|0

1 

  

          = (
1

2
𝑒2 − 1) − (

1

2
𝑒0 − 0) =

1

2
𝑒2 − 1 −

1

2
  

 

                                 =
1

2
𝑒2 −

3

2
 .    

 

Note: In the last example it’s much easier to integrate with respect to 𝑥 first. If we 
 integrate with respect to 𝑦 first, then we would need integration by parts. 
 
 
Ex.  Find the volume of the solid that lies over 𝑅 = [0,1] × [1,2] and below 

        the surface  𝑧 =
3𝑥2𝑦

𝑦2+1
 . 

 

                                   𝑉 = ∫ [∫
3𝑥2𝑦

𝑦2+1
𝑑𝑦] 𝑑𝑥

𝑦=2

𝑦=1

𝑥=1

𝑥=0
  

 

 

                                        = ∫
3

2
x2ln (𝑦2 + 1)|

𝑦=1

𝑦=2
 𝑑𝑥

𝑥=1

𝑥=0
  

 

 

                                        = ∫
3

2
𝑥2(ln(5) − ln(2))𝑑𝑥

𝑥=1

𝑥=0
  

 

 

                                        = ∫
3

2
𝑥2ln (

5

2
)𝑑𝑥

𝑥=1

𝑥=0
   

 

 

                                        =
3

2
ln (

5

2
)

1

3
𝑥3|

𝑥=0

𝑥=1
  

 

 

                                        =
1

2
ln (

5

2
).  
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                                                                                                 OR                                       
 

                                    𝑉 = ∫ [∫
3𝑥2𝑦

𝑦2+1
𝑑𝑥] 𝑑𝑦

𝑥=1

𝑥=0

𝑦=2

𝑦=1
  

 

 

                                         = ∫
𝑥3𝑦

𝑦2+1
|

𝑥=0

𝑥=1
𝑦=2

𝑦=1
𝑑𝑦   

 

 

                                         = ∫
𝑦

𝑦2+1
𝑑𝑦

𝑦=2

𝑦=1
   

 

 

                                         =
1

2
ln (𝑦2 + 1)|

𝑦=1

𝑦=2
   

 

 

                                          =
1

2
(ln(5) − ln(2)) =

1

2
ln (

5

2
). 

 
 
 
 
 
Notice in the special case where 𝑓(𝑥, 𝑦) = 𝑔(𝑥) ℎ(𝑦)  
 (e. g.  𝑓(𝑥, 𝑦) = 𝑥3𝑒𝑦): 
 

∬ 𝑓(𝑥, 𝑦) 𝑑𝐴

𝑅

= ∫ ∫ 𝑔(𝑥)ℎ(𝑦) 𝑑𝑥 𝑑𝑦
𝑏

𝑎

𝑑

𝑐

= ∫ ℎ(𝑦)
𝑑

𝑐

[∫ 𝑔(𝑥)
𝑏

𝑎

 𝑑𝑥]  𝑑𝑦 

 

                             = (∫ ℎ(𝑦)
𝑑

𝑐
𝑑𝑦) (∫ 𝑔(𝑥)

𝑏

𝑎
𝑑𝑥). 
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Ex. Evaluate ∬ 3𝑥2𝑒𝑦 𝑑𝐴
𝑅

  ;   𝑅 = [0, 1]  ×  [0, ln 2]. 
 

∬ 3𝑥2𝑒𝑦 𝑑𝐴

𝑅

= (∫ 3𝑥2 𝑑𝑥
1

0

) (∫ 𝑒𝑦
ln 2

0

𝑑𝑦) = (𝑥3|0
1)(𝑒𝑦|0

ln 2) 

 

                                   = (1 − 0)(𝑒ln 2 − 𝑒0) = 1(2 − 1) = 1. 

 
 
Properties of double integrals: 

 

1.   ∬ 𝑓(𝑥, 𝑦) + 𝑔(𝑥, 𝑦) 𝑑𝐴
𝑅

= ∬ 𝑓(𝑥, 𝑦) 𝑑𝐴
𝑅

+ ∬ 𝑔(𝑥, 𝑦) 𝑑𝐴
𝑅

 
 

2.    ∬ 𝑐 𝑓(𝑥, 𝑦) 𝑑𝐴
𝑅

= 𝑐 ∬ 𝑓(𝑥, 𝑦) 𝑑𝐴
𝑅

 

 
3.    If 𝑓(𝑥, 𝑦) ≥ 𝑔(𝑥, 𝑦) in 𝑅, then:      

∬ 𝑓(𝑥, 𝑦) 𝑑𝐴

𝑅

≥ ∬ 𝑔(𝑥, 𝑦)𝑑𝐴

𝑅

. 


