Vector Fields

Def. Avector field in R™ isamap F: A € R™ — R™ that assigns to each
pointx = (X4, X5, X3,...,X,) EA,a vectorﬁ(x) € R™.
If n = 2, we call F a vector field in the plane.

If n = 3, we call F a vector field in space.

We can always write a vector field in space in the form:

ﬁ(x, v,z) = F(x,y,2)T+ F,(x,y,2z)] + F5(x,y, Z)]_()

or

ﬁ(x,y,z) =< Fl(x,y,z), FZ(x'y'Z)' F3(x,y,z) >.

Notice that this is different from real-valued functions from R3 —» R (which we
will sometimes call a scalar field).

Ex. F(x,y) = 21— 3] = < 2,—3 > is a vector field in the plane drawn as
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Ex. F(x,y) = ¥y — xJ = <y, —x > is a vector field in the plane

Point F(x,y)
(1,0) <0,—-1>
(1,-1) <-1,—-1>
0,—2) <-20>
(=2,-2) <-22>
(—4,0) <04>
(—4,4) <44>
(0,8) <8,0>
(8,8) <8,-8>
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Ex. F(x,v,2) = (x22)T+ e¥] + sin(xz)l_é is a vector field on R3.

f(x,y,z) = x*z + eY + sin(xz) is a real-valued function on R3.

Notice that for every value of x, y, z, F(x, y, Z) gives us a vector in R3.

For every value of x, y, z, f (x, y, Z) gives us a real number, not a

vector in R3.



Ex. A mass, M, at the origin in R3 exerts a force on a mass, M, located at
amM

|72’
and the direction is toward the origin. Thus, we can write the force field as:

> GmM T GmM\ -
F(xy, z) _( 72 )(_ﬁ) - _( EE )r ’
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173 2 11,2 25' 21,2 zi, 24,2 2E
(x?2+y2+4z%)2 (x%+y?+z?%)2 (x?+y?+z+4)2

r=<x, Yy, Z > with a magnitude of where ( is a gravitational constant

So we can write F(x, y, Z) as:

—GmMx —GmMy —GmMz
) ) >

F(x,y,z) =< 3 >
(x2+y2+22)2

3 3
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(x24+y2+22)2  (x24+y2+2z2)

The gradient of a real-valued function is a vector field.

Def. If f:IR3 > R, then the gradient of a f, Vf, is defined to be:

Vi, y,2) =< fo(x,y,2), fy,(x,¥,2), f,(x,y,2) >
= (fi+ (f)i + (F)k

Ex. f(x,y,2z) = xe¥? + z* find the vector field Vf.

] ] ] =
— yZz 2\7 4 2\7 yZz 2
Vf ax(xe + z )L+ay(xe +z )]+az(xe + z9)k

= (e¥)1+ (xzeV?)] + (xye¥* + 22)k.



Def. A vector field,l7, that is the gradient of a function f: R™ = R, i.e.
V= Vf, is called a gradient vector field.

Not all vector fields are gradient vector fields. However, the ones that are
gradient vector fields turn out to have special properties (which you will see if you
take vector analysis). So given a vector field we might ask if it’s a gradient vector

field.

Ex. Show that the vector field I7(x, y) = yz? — x2]—> is not a gradient vector
field.

To be a gradient vector field V = Vf for some function f:
V(ix,y) = yZ?_ x2]_> = fol + fyf

Butif f, = V2 and fy = —x2, we would need fxy = fyx since fx, fy
have continuous derivatives.

However, fy, = 2y and f;,x = —2Xx, which are only equal at (0, 0)
SoV # Vf.

Ex. Show that the vector field ﬁ(x, y,z) = < x,y,z% > is a gradient vector
field.

We need to find a function f: R® — R such that:
Vf=<fufypfa>=<xy2°>
In other words:

fx = x; =y f. = 7%



Since this is a relatively simple set of partial differential equation, we can
“guess” an answer that works:

flx,y,2) = %xz +%y2 +§Z3.

It’s easy to check that Vf = ﬁ(x, y,z) =< x,y,z? > and so
F(x,v,2) = < x,y,z2 > is a gradient vector field.

Ex. The vector field (called the gravitational vector field) given by:

> —-GmMx -GmMy -GmMz
F(X;Y;Z)=< 3 3 3>

(x24+y2+4z2)2  (x%24y2+z2)2 (x%24y?+z2)2

mMG
is a gradient vector field since if f(x,y,2z) = T

(x2+y2+z2)2

then, Vf = F.

Flow Lines

Def. If F is a vector field, a flow line for F is a path c(t) such that:

c'(t) = F(c(®)).
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Flow lines show up in the study of differential equations.
If  c(t) =< x(t),y(t),z(t) >and
F(x,y,2z) =< P(x,y,2),Q(x,v,2),R(x,y,z) >, then:

¢'(t) =< x'(£),y'(t),2'(£) > and
F(c®) =< P(x(6),y(),z(®)), Q(x(®), y(t), z(t)), R(x(£), y(t), z(t)) >.

So a flow line is a solution to the system of differential equations:

c'(t) = F(c(t))

x'(t) = P(x(®),y(0), z(1))
y'(£) = Q(x(1), ¥(8), z(1))
Z'(t) = R(x(1),y(t), z(t)).

1
Ex. Show that c(t) = < e?!,log|t]| 7 >t # 0, is aflow line for:
F(x,y,2) = < 2x,2,—z2 >.

We need to show that ¢'(t) = ﬁ(c(t)):

c'(t) =< 2e 2t;,——>

F(c(t)) < 2e?t, l,—— >

Soc'(t) = ﬁ(c(t)) and c(t) is a flow line for F.



Ex. Show that c(t) =< sint, cost, et > is a flow line for:

ﬁ(x,y,z) =<y, —X,Z>.

We need to show that ¢’(t) = ﬁ(c(t)):
c'(t) = < cost, —sint, et >

ﬁ(c(t)) = < cost, —sint, et >

soc'(t) = F(c(t)) and c(t) is a flow line for F.



