Taylor Series in 2 Variables

Recall from first year calculus that if f(x) has an infinite number of derivatives
near a point x = a, then we have:
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where R, (x,a) =

This allows us to approximate the value of a function, f(x), using an n-th
degree polynomial if we know the value of the function and its derivatives at
x = a. In addition, R,,(x, a) = error in the approximation, allows us to put an upper
bound on the error of this approximation.

Where:
T1(x) =f(@)+ f(@)(x —a)

T,(x) = f(a) + f'(@)(x —a) + f”(!a)

. (x — a)?.
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Ex. Approximate the value of e02 using a second order Taylor polynomial around a = 0.

f(x) =e* f(0)=1

fl(x) =e* f(0)=1
f'(x) =e* f'(0) =1
" (x) =e* £"(0) =1

e* = £(0) +£'(0)0) + =2 &2 + Ry(x, 0)

where R, (x,0) = ! 3'(6) (x—0)3 = %x3 and 0 < ¢ < x.

c
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e*=1+x+>+=x3
21 ' 3!

So now we can plugin x = .02

(.02)? .0004

e?? #14.02+—==1+.02+=—— = 1.0202

The error is no bigger than:

C
R,(.02,0)] = £ (.02)% < %(. 000008) = .000004.



Now we want to be able to approximate the value of f (x,y) using polynomials in x
and y.

Second Order Taylor Formula:
Let f: U € R? - R have continuous partial derivatives of third order and let
(xo,yo) € U. Then we have:

£ y) = £ (o, y0) + (o, ¥0)) (x = x0) + (£, (60, ¥0) ) 7 = 7o)
=[x C0, Y0) (= %0)% + 2fiey (20, ¥0) (& = %)y — y0) +
fyy (X0, ¥0) (7 = ¥0)?] + Rz (%, ¥, X0, ¥0)

where:
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Ro(3,%0,90) =5 ) (5= (c1ji)) (%) (4%) ()

e dx;0x 0 X
X=X
X2 =Y
Ax; =x —xpifi =1
=y—yyifi =2

and ¢; j lies somewhere on the line segment between (X, y) and (X, o).



Ex. Compute the second order Taylor formula for f(x, y) = e* cos y about the
point (xg, Vo) = (0,0) and approximate the value of % cos(.04).

flx,y) =e*cosy 0,0 =1
f, = e*cosy £,(0,0) =1
fy = —e*siny fy(0,0) =0
fxx = €* cosy f22(0,0) =1
fxy = —e*siny fxy(oro) =0
fyy = —e*cosy fyy(0,0) = —1

e*cosy=1+1(x—-0)+0(y —0)
+-[10c = 0)2 + 2(0)(x — 0)(¥ — 0) — 1(y — 0)?] +R,(x,%,0,0)

= 1+x+-x2—-y2 + Ry(x,7,0,0).

Thus we have:

1 1
e*cosy =~ 1+x+5x2—5y2

e02 cos(.04) ~ 1 +.02 + % (.02)2 — % (.04)?
=1+.02 +.0002 —.0008 = 1.0194.



Ex. Determine the second order Taylor formula for f (X, y) = x cos y about the
point (1,%) and approximate:

(11,5 +.2) = (11) cos(: +.2).

f(x,y) =xcosy

(1) =%
fi = cosy r(LE)=2
fy = —xsiny fy(l,%)=—g
fox = 0 fur (LE) =0
foy = —siny fiy (LE) = -2
fyy = —xcosy fyy (1,%) = —g

Fay) =2+ 2 —1)-2(y-1)
o2 (Y- 06-2)+ (D]
+R,(x,y, 1,%)
V2 | V2

=F+5e-0-F(-9)

+2 V2 =D (v -1 + D (- 5) |+ ey 1D,

(1.1) cos G + .2)
\/E

~ 2

+ 2D =Z (D +3[V2 DD +(-F) (2]
= (9)2 ~ (.04) (2) ~ .6081.



