Vectors in the Plane and Three-Space

A vector is a quantity that has magnitude and direction, for example, velocity or
force. It is often represented by an arrow.

A vector has an initial point (the tail) and a terminal point (the tip).
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AB ; the length of the vector is called the magnitude.

Since all that matters with a vector is magnitude and direction, the vectors AB

and CD are equal (or the same).
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AB = ﬁ, so we can “move’ vectors around as long as we don’t change the
magnitude (length) or direction (can move parallel).

Given 2 points in either R? or R3, say A(—2,1) and B(2,4), we can create a
vector by subtracting the coordinates:

AB=(2—-(-2),4—-1)=<43>.

To add vectors we put the tail of one to the tip of the other:
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a AB + CD A—D’ /

We can multiply vectors by a (real) number, called a scalar:




If we multiply a vector by a negative number it creates a vector in the opposite
direction:

—2AB

Ex. Find ﬁ + 2AC and AB — ZR:
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Since all that matters for a vector are its magnitude and direction, we can

think of any vector as having its tail at the origin and the tip at a point (this
can be done for any number of dimensions).

/.

41X

4
4

The a;s are called the components of the vector.

When we mean a vector, we will write < a4, a,, a; >, as opposed to the point
(a1,ay, az).

Given the points: A(x4, y4,z1) and B(x,, y,, Z,), the vector:

14—B)=<x2_x1, yz_yl, Zy — 724 >
AB B(x2,¥2,22)

A(x1,¥1,21)

H

Notice the order of subtraction matters: AB = A is tail, B is tip
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Ex. Find the vector from A(—2,3,—1) (tail) to B(—1, 5, 2) (tip).

AB=<-1-(-2),5-32-(-1)>=<1,23>

The magnitude, or length, of a vector is given by the distance formula:

InR?: U =<uy,u, > i) or ||1U]l = JuZ + u3
INR3: U =<uy,uy,u; > 1| or ||d]l = u? + uZ + u?

Ex. Find the lengthof ©u =< —1,4,-2 >.

] = /(=1)2 + 42 + (=2)2 =V1+ 16 + 4 = V21.

To add (or subtract) vectors we add (or subtract) their components.

<a1,a2>+<b1,b2>:<a1+b1,a2+b2>

<a;+by,a,+b, >

<by,b, >

<ay,a, >




Ex. A=<2-3-1>, B=<-3,2,4>.

Findﬁ+§and:¢f—§.
A+B=<2-3 -342 -14+4>=<-1, -1, 3>

A-B=<2-(-3), =3—-2, -1-4>=<5, -5, -5 >

To multiply a vector by a scalar, multiply the components.
Ex. If c=-3, A=<1,-23>
then cd =< -3(1), -3(=2), =3(3) >=<-3,6,—9 >

Ex. let A=<-3,0,5>, B=<-2,—1,3>. Find A — 2B and |4 — 2B

A—-2B=<-3,05>-2<-2,-1,3>
=<-305>—<—-4-2,6>

=<-3—-(-4),0-(-2),5-6>=<1,2,—-1>.

|A—2B| =12+ 22+ (-1)? = 6.

Properties of vectors: If ff, §, and C are vectors and c,d € Rthen

1.A+B=B+4 2. A+ (B+C)=(A+B)+(C
3.A+0=A4 4. A+ (-A)=0
5.14=A4 6. c(ﬁ+§)=cﬁ+c§

7.(c+d)A=cA+dA 8. (cd)A = c(dA)



Proof of Property 1:
Let /T=<a1,a2,a3>, §:<b1,b2,b3>
j+§:<a1+b1,a2+b2,a3+b3 >:<b1+a1,b2+a2,b3+a3 >=§+A)

Three vectors play a special role and are given the names:
1=<1,00>, [=<01,0>, k=<0,01>
These 3 vectors are called the standard basis for R3.

They are of length 1 and perpendicular.

i~
s

&

~J

ForR?, 71=<1,0>, j=<0,1>.

We can write any vector in R3 in terms of these vectors:
For example: <5-23>=5I-2]+ 3k

In general, < aq,a, a3 >=a,l+ a,j + ask.
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— —37+ 6k. FindA + B.
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A+B = (20—]+3k)+ (-30+ 6k)

= —T—]+9k

A unit vector is a vector of length 1. Given any vector, A+ 6, we can create a unit

vector in the same direction, U, by
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Ex. Find a unit vector in the directionof A = < —2,3,2 > = —20 + 37+ 2k.

|| =(=2)2+32+22 =4+ 9+ 4 =17
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Equations of Lines in R?

If we know a point on a line and the direction (i.e. slope), we can write an
equation of a line. For example, if the point (2, 5) is on the line and the slope of
the line is 2, we know an equation of the line is:

y—5=2(x—-2) or y=2x+1.

=

y=2x+
e e e ) B —

If we want to write this in vector form we can take any point on the line, say
(2,5), and consider the vector < 2,5 >. Notice that the vector < 1,2 > has a
slope of 2. We can think of the line as the tips of a set of vectors given by:

T=<25>+4+t<1,2>=<2+t5+2t> teR

This is the vector form of a line in R2.
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Equations of Lines in R3

The vector form of a line.

Take any point on the line and write it as a vector < x, ¥y, Zo > and then find a
direction vector ¥ =< vy, v,, V3 >. The vector equation of the line is given by:

F =< X0, Y0, 2o >+t < Vq,V3,V3 >, wheret € R.

e

< X0, Yo, 2o >

Ex. Write the vector form of a line going through (2, —3, 1) and parallel to the
vector < 4,3, —5 >.

r=<2-31>+4+t<43-5>; teR.
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Parametric equation form of a line

We can start with the vector form of a line as:
F = Fo + tﬁ t € R
<x,y,Z>=<x0,y0,ZO>+t<v1,v2,v3>

=< X9 +tvy, Yo +tv,, Zyg + V3 >.

x=x0+tv1
Yy =Yy t+tv, teR
Z=2Zy+ tvs

is called the parametric equation form of a line.

Ex. Find the parametric equations of a line through (2, —3, 1) in the direction of
(or parallel to) < 4,3,—5 >.

r=<2-31>+4+t<43-5>

x =2+ 4t
y=-3+3t teR
z =1 - 5¢t.

Ifv=< a, b, c > is used to describe the direction of a line, L, then a, b, ¢ are
called direction numbers of L. Of course, any non-zero multiple of v is parallel to
¥, so any non-zero multiples of a, b, ¢ would also be direction numbers for L.



Ex. Find parametric equations of the line that goes through
A(—6,—1,2), B(—3,2,1). At what point does the line intersect the yz plane?

Direction vector = AB = < —3— (=6), 2—(=1), 1 -2 >
=<3,3,—-1>.

The line goes through (—6,—1, 2) (we could use either point).
The vector form of the line is:

r=<-6,-1,2>+t<33,-1> teRr

Thus the parametric equation form of the line is:

x =—6+ 3t
y=-1+3t
z=2—t.

The line intersects the yz plane when x = 0. Whenx = 0,t = 2.

Thus the line intersects the yz plane at: t = 2, so at

x=—6+302)=0, y=-1+3(2)=5 z=2-2=

(x,v,z) = (0,5,0).
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Sometimes we need the description of a line segment instead of an entire line

Ex. Find a vector form of a line segment starting at A(—3, 2,4) and ending at
B(2,-3,1).

=
L

A(=3,2,4)

mz%E}/

AB=<2-(-3),-3-2,1-4>=<5,-5-3>
Equation of the line:

r=<-3,2,4>+4+t<5-5-3> teR

Notice: t=0, 7=

Line segment in vector form:

r(t) =< -3,2,4>+t<5,-5-3>; 0<t<l.
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Notice that in the previous example:

AB=<5-5-3>=B-A=<2,-3,1>-<-3,2,4>

So the line segment is:
Ft)=A+t(B—A)=A—tA+tB=(1-t)A+tB
P =1-A+tB; 0<t<1

where 4 = 7(0) is the vector with tip at the starting point 4 and

B = 7(1) is the vector with tip at the ending point B.

Ex. Write a vector equation and parametric equations for the line segment
starting at A(3,—1,5) and ending at B(—2, 4, 2).

Vector equation:
r=1-1t)<3,-1,5>+t<-2,4,2>; 0<t<1
=<3-3t, =1+t 5—=5t>+< -2t 4t, 2t >
=<3-5¢t —1+5¢t 5-3t>; 0<t<1l.

Parametric equations:
x=(1—-t)3-2t=3-5t
y=0-t)(-1)+4t=-1+5t 0<t<1
z=(1-t)5+2t=5-3t



Given 2 lines in R3, they can:

1) Intersect at 1 point

2) Be parallel (direction vectors are multiples, but lines don't intersect)

3) Be skew (don’t intersect but are not parallel)

4) Intersect at every point (i.e. they’re the same line)

Ex. Determine if the lines, L, and L, are parallel, skew, intersect at

one point, or are the same line. If they intersect, find the point of
intersection.

Li: x=3t Ly x=1+4s
y=2-t y=-2+s
z=-1+t z =—3 — 3s.

L, direction vector: < 3,—1,1 > L, direction vector: < 4,1, —3 >.
These are not multiples of each other so L; and L, are not parallel
or the same line.



If they intersect, we could find numbers, t, s,

such that:
3t=1+4s

2—t=—-2+s =

—1+t=-3—-3s
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Now checkif s = — t = - fits the 3" equation:
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= 3t—4s=1 >

—t—s=—4 >

3t—4s =1
—3t—3s=-12
—7s = —11

11

s =—

7

doesn’t work, so the lines are skew.
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