The Weierstrass Theorem

Our next goal is to study C[a, b], the metric space of continuous functions on a
closed, bounded interval [a, b] with the metric:

d(f,g) = Supblf(x) —g(x)l.

asxs

We want to be able to show that given any continuous function f € C[a, b] we
can find a sequence of polynomials {p,,(x)} on [a, b] such that p,,(x) = f(x)
uniformly on [a, b] (which is the same as saying that p,, (x) = f(x) in the
metric space C[a, b]). This is useful because it means given any continuous
function f € C[a, b], which could be fairly “complicated”, we can approximate it
with a polynomial, which is a fairly “simple” function to work with. That s, given
any f € C[a, b] and any € > 0 there is a polynomial, p(x) € C[a, b] with

sup |[f(x) —p(x)| <e.

as<x<b

This is a common theme in analysis. We often try to approximate complicated
functions with less complicated functions. We then prove theorems with the less
complicated functions and then show the theorem still holds when you take a
limit of less complicated functions that converge to the more complicated
function.



Lemma: There s a linear map T from C[0,1] onto C[a, b] such that

d(f,g) =d(T(f),T(g)) (thisis called an isometry) and polynomials get
mapped to polynomials.

Proof. Let o:[a,b] = [0,1] by o(x) = g; fora < x < b.

o is a continuous linear function from [a, b] onto [0,1].

We can define: T:C[0,1] = C[a, b]
T(f)=feo.
For example, ¢:[2,5] = [0,1] by o(x) = % = x;—z; for2 < x <5.
i £(x) = x2 € C[01], then T(f) = f(o(®)) = f (57) = (5D?

s a continuous function on [2,5].

T is linear because for f, g € C[0,1] and a, b € R:
T(af +bg) = (af +bg)(a(x))

= af (a(x)) + bg(a(x))
= aT(f) + bT(g).

Since 07 1(t) =a+t(b—a), 0<t<1, wecandefineaninverseforT
by

T7'(h) = h(c™H(1))

So T is one to one and onto.



Now let’s show that T is an isometry (i.e. d(f,g) = d(T(f),T(g)) ).
d(T(f),T(9) = sup If(c(x)) —glaCDl = sup |f() - g(®)

asxs<b o(a)st<o(b)

= sup |f () — g(@®)| = d(f, 9).

0<t=<1

T also maps polynomials to polynomials:

fp(t) = Yoo axt” then T(p) = p(a(x)) = X2, ak(g)k , which
is also a polynomial.

This lemma says that for our purposes C[a, b] and C[0,1] are identical. Thus we
can focus on C[0,1].

Def. A set A is separable if it has a countable dense subset.

Ex. R is separable because Q is a countable dense subset.

Ex. Cis separable because {a + bi| a, b € Q} is a countable dense subset.

Theorem: C[0,1] is separable.

Proof. We must show that C[0,1] has a countable dense subset. In other words,

we must show that there is a countable subset A © C[0,1] such that given any

f € C[0,1] and any € > 0 we can find a function g € A € C[0,1] such that:
sup |[f(x) —gx)| <e.

0=<x<1



Let e > 0 begivenand f € C[0,1].

f is continuous on a compact set so it’s uniformly continuous. Thus given any

€ > 0 we can always find an nsuch that [ f (x) — f(y)| < % whenever

1
lx =yl <-.

1
Break up [0,1] into n intervals, each of length e

Define g (S) =f (S) fork =0,1,2, ..., n.

k k
Now let g(x) be linear on (z,%l)

For example, if n = 4 we might have:
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y=9x)

k+1
Thus sup |f(x) — g(x)] < = , since on any sublnterval <x<*=

0<x<1 n
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given any point x,
k
and |f(x) —f(i)| <
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and g(x) is always between g (S) =f (S) and g (%) =f (j)

k k+1
Now let h(x) be defined linearly on the intervals — < X < ——butat the points

k k
-, k=01,2,..,nleth (;) have a rational value such that

h(E)-g(3)| <5 k=012,..n
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Then sup |h(x) — g(x)]| << since h(x) — g(x) is linear on Lex<®t
0=x<1 2 n n

with
() -a ()l <z = [n(5) -9 (50| <3

Now by the triangle inequality:

lf(x) —h(x)] <|f(x) —gx)|+|glx) — h(x)|forall0 < x < 1.
So

sup |f(x) —h(x)| < sup |[f(x) —gx)| + sup [g(x) — h(x)|

0=x=<1 0=x<1 0=x=<1

<
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k
The set of all polygonal functions taking only rational values at the nodes o
k =0,1,2,...,n for some nis countable. This is because for each n, the set of

k
all polygonal functions that have nodes at ~ k =0,1,2,...,n and take on

rational values at these points is countable. Then a countable union (over all n) of
countable sets is countable.

Weierstrass Approximation Theorem: Given any f € C[a, b] and € > 0, there
is a polynomial p such that |[|[f — pllee = sup |f(x) —p(x)| < €. Hence

asx<b
there is a sequence of polynomials {p,, } such that p,, = f uniformly on [a, b].

Since C[a, b] and C[0,1] are isometric, and polynomials get mapped to
polynomials under our isometry, we only need to prove this theorem for C[0,1].
We will actually construct a sequence of polynomials on [0,1], called Bernstein
polynomials, that converge uniformly to a given f € C[0,1] (Bernstein’s theorem).



Define {B,,(f)}; n = 1,2, ..., the Bernstein polynomials by:
ko M ~
Br(f)(0) = Xk=o fFO(Ix (1 —0)"7"  0<x<1,
n n!
where (k) - m .

Ex. Let f(x) = Vx, find B,(f)(x) forn = 2.

BN = FO) (57,) 21 =02+ £ (3) (7)1 - 0"

+H (W) (5) 2?1 - 2)°

0!2!
= (WA - 02+ (2) @x(1 - x) + (DD
By (f)(x) = V2(x — x2) + x2 = V2x + (1 — V2)x?

et fo(x) =1, filx) =x, fr(x) = x>
We will need the following lemma about Bernstein polynomials:

Lemma:

.. Bn(fo) = fo and By(f1) = f1.
i. Bp(fy)= (1 — %) fo + %fl Hence B, (f,) = f, uniformly on [0,1].
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iv. Given § > 0and 0 < x < 1, let F denote the set of k in {0,1,2, ..., n} for

k n 1
WhiChl n_ X| = 6. Then ZkEF( k)xk(l - x)n—k < W .



Proof of i.
. Recall (a+b)" = Ni_o()ak(b)"

So (x4 (1—2)" = i_(xF(1 -0k =1,
Thus By (fo) = fo = 1.

To show that B, (f;) = fi = X notice that

k (N k n!

n (k) “n ((n—k)!k!)
_ (n—1)!
 (n—-k)!(k-1)!

-1
B (k — 1)'
This gives us:
k n _
B,(f1) = Z:or_l(k)xk(l —x)nk

n—1 _ _
=x i _ P -

-1

= x5 A -0t =g

The Weierstrass approximation theorem follows from the previous lemma by
showing that for all € > 0, there exists an N such thatif n = N then

sup |f(x) = Bof(x)| <e.

0=<x<1



Ex. Show thatif f € C[a, b] and f: x"f(x)dx = 0foreachn =0,1,2, ...,
then f(x) = O on [a, b].

The Weierstrass approximation theorem guarantees that there is a sequence of
polynomial, p,, (x), that converges uniformly to f (x) on [a, b].

Since p,, (x) = f(x) uniformly on [a, b], P, (x)f(x) = f?(x) uniformly on
[a,b].

Thus we have:

lim [ pa(Of (dx = [ f2(0)dx.

b
But since fa x™f(x)dx = 0 foreach m =0,1,2, ..., then
b
J, pn()f(x)dx = 0 each n=0,12,....

Thus f: f?(x)dx = 0.
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Claim:if g(x) = 0, and continuous, then f:g(x)dx =0 impliesg(x) =0
on [a, b].

We prove this by contradiction.
Suppose g(xy) = ¢ > 0 for some point a < x, < b then by continuity,

= there exists a § > 0 such that for Xo— 0 <x<xy5+6:

given € = 2

1960 — 9 Gl < 5
—% <glx)—c< %

c 3c
O<E<g(3€)<7.

1 NNEIW
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xo_'6 xo x0+6

b )
Thus we have: fa gx)dx = f,z)oj(g

x0+6 C
g(x)dx > fxo—S ~dx >0
b
which contradicts fa g(x)dx = 0. A similar argument works to show g(a) = 0

and g(b) = 0.

Thus since f; f2(x)dx =0, f%(x) = 0 and continuous on [a, b], f(x) = 0
on [a, b].
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Ex. Show that the Weierstrass approximation theorem is not true for (0,1).

1
Let f(x) = = € C(0,1).
The Weierstrass approximation theorem says that given any € > 0 there exists a

polynomial, p(x), such that sup [f(x) —p(x)| < €.
0<x<1

However, any polynomial p(x) is bounded on (0,1) since it’s continuous on [0,1]

1
and f(x) = ~ is unbounded on (0,1) hence Oiugllf(x) —p(x)| = oo.
X

Hence there does not exist a polynomial, p(x), such that

sup |f(x) —p(x)| <e

0<x<1
and the Weierstrass approximation theorem is not true for (0,1).

Ex. Show that there is no sequence of polynomials that converge uniformly to

f(x) =e*on (0, 0).

If there was a sequence of polynomials that converges uniformly to f(x) = e*
on (0, o0) then given any € > 0 there exists a polynomial, p(x), such that

sup|f(x) —p(x)| <e.

0<x

Claim: For any polynomial sup|e* — p(x)| = oo.
0<x

p(x)

suple* — p(x)] = sup |e*| [1 -7

0<x 0<x

let p(x) = ag + ayx + ax? + -+ + a,x™.



By repeated applications of L’'Hopital’s rule:

X

im 29 _ o
x—oo eX

Thus suple® — p(x)| = sup |e”| |1 — pe(i) =

0<x 0<x

Therefore there does not exist a polynomial on (0, ©) such that

sup|f(x) —p(x)| <e.

0<x
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