Uniform Convergence of Series: The Weierstrass M-Test

Def. }.i21 M; = M ; where M;, M € R, means given:
S1=M;

S, =M; + M,

S3 =M, + M, + M;

Sn =M1+M2+M3+"'+Mn
then M = lim S,,.

Def. S(x) = X241 fi(x) if given 5, (x) = X1, fi(x),
S1(x) = f1(x)

S, (x) = f1(x) + fo(x)
S3(x) = f1(x) + f2(x) + f3(x)

Sp() = () + fo(x) + f3(x) + -+ f(x)

then lim S,,(x) = S(x) where this limit means pointwise convergence.
n—>oo

i1
Ex. Let f;(x) = =L then

x2 53 xn—1
S,(x) = ?=1fl-(x) =14+x +z+§+ et —1D)!
X2 x3 xn—1
S() = lim $, () =1+x+ 5+ 5+ -+ o5+ =€



Def. We say ).;24 fi(X) converges uniformly to S(x) if the sequence of
functions S;, (x) converges uniformly to S(x).

Theorem (Weierstrass M Test): Let { f;,(x)} be a sequence of functions on I.
Suppose that each f,,(x) is bounded on I, i.e. there exists real numbers M,, such

that |f,(x)| < M, forallx € I. If Y,5—; M,, converges then X771 f, (x)
converges uniformly on I.

Proof: We know that S, (x) = }}iL f; (%) converges uniformly to S(x) if and
only if for all € > 0 there exists an N € Z™*, such thatforallx € I, ifn,m > N

then |S,,(x) — S,,(x)| < € (by the theorem we proved in the last section).

Assuming m > n:

Sm(x) = Sp(x) = XiZq fi(x) = Xic1 fi(x) = Xitnq fi(0).
So we need to force |S;, (x) — S, ()| = |2 41 fi(0)] < €.

Soifwecanfinda N € Z*, such thatforallx € I, if n,m > N then

X211 fi(x)] < € we will have proved ¥, f;,(x) converges uniformly on I.

Since Y.;—1 M,, converges we know given any € > 0 there exists an N’ € Z* such
that m,n > N’ implies that
|Z1i1;n+1 Mi| = Mpy1 + Mpyp + -+ Mp, <€,

Let N = N'. Then we have by the triangle inequality:

1Sm (%) = Sp (| = X041 i < [frr1 GOl + [ frr2 (O] + - [fn (]

S Mn+1 + Mn+2 + °ee + Mm < €.
S0 Yim—1 fn(x) converges uniformly on I.



n
Ex. Prove Z,O{LO% converges uniformly to f(x) = e* on the interval [k, k].

n
Notice that if we let f;,(x) = —7» then we have:

@l = |5 | ——

n
Y=o 1 converges by the ratio test since:

. k
=11m|(nJr | = lim—=0<

n—oo n—-oo N+
nl

Mp41

lim

n—oo

n

xn
So by the Weierstrass M Test Yo — converges uniformly on the interval

n
[—k, k]. We know from Taylor series that Y5 —g % converges to f(x) = e*.

cos(2kx)

forall x € [—k, k].

1.

Ex. Show that the series = — — D
X. ow tha e series— — — —
n gkl (2

k—-1)(2k+1)

converges uniformly on R.

(This is the Fourier series for f (x) = [sinx|; x € R))

H—

f(x) = |sin

x|

7

\

=21 —TT 0

2T



cos(2nx)

If we take f;,(x) = DD’ then
cos(2nx 1
|fn()| = |(2n—1§(2n1—1)| < i M, forall x € R.
1

Y1 anZ_1 converges by either the integral test or the comparison test with

1
Yine1 32 (which converges because it’s a constant multiple of a p-series with

p>1).

- cos(2kx) . )
Thus Zk=1 (2k—1)(2k+ 1) converges uniformly for all x € R by the Weierstrass
M-test.
2 4 cos(2kx)

Hence so does — — — ) 1 .
T nZk—l (2k—1)(2k+1)

n

, X _ L .
Ex. Determine where )7 —e * converges pointwise and uniformly.

For pointwise convergence:

Apply the ratio test.

X\ ,—(n+1)x nx
rlll—l;go |%e_”x| N 711—{{310 n+1/ \e(n+Dx ) rlll—rjalo n+1/ \e* <1
. . 1
Since lim —— = 1, lim (L) (—) <1 whenx >0
n—oo n+1 n—-oo \n+1 e*

> 1 whenx < 0.

So the series converges for x > 0 and diverges for x < 0.

X .
Atx = 0; Z,"f:l;e M =3%>,0=0; sotheseries converges.



For uniform convergence we want to use the Weierstrass M-test.
X _ . , .
Let f;,(x) = ~e "X >0, forx = 0 (the series can’t converge uniformly

for values of x where it diverges).

To use the Weierstrass M-test we need to find an upper bound for | f;, (x)|
when x > 0. So let’s find the absolute maximum/minimum values for f;, (x).

fa(x) =

S|r

[x(—n)e™™ 4+ e™™] = %(1 —nx)e ™ =0

1
impliesx = —.
p n

1,
,S0X = —isa
n

f'(x) goes from positive to negative as x goes through x =
local maximum. Since this is the only critical point, it must be a global maximum

1
(notice that the function is increasing everywhereon 0 < x < - and decreasing

1
everywhere on - < x < ).

Since f,,(x) = 0, we have |f,,(x)| = f,,(x). Thus a global maximum of f,, (x)
is a global maximum of | f,, (x)|.

) =Ze@ =Llet o |fl=f.0<tet = u,

in the Weierstrass M-test.

1 _ _ 1 . _
Yoy M, = Z%‘Llﬁe l=¢"1 Z%o=1;} which converges because it’s a

constant time a p-series withp > 1.

X .
Thus Z,"f:l;e " converges uniformly for x > 0.



2
x
Ex. Show Zflozl m converges pointwise for all |x| < 1, but not uniformly.

o _ X% _ oy 1 1 1
Z:n=1(1+x2)n_x [1+x2 (1+x2)2 (1+x2)3+ ]

_ x? 1+ 1 1
14x2 14+x2 ~ (14x2)?

+ ---]; [geometric series].

1
If x # 0, then | >
1+x

1

T 14x2°

a
< 1, so the sum inside the bracket is T wherea = 1 and

oo x? _ x? 1 =x2[ 1 ]:
N=1(14x2)n ~ 14x2 1_1+1x2 1+x2-1

2

_ o X— =
If x = 0, all of the terms are 0,50 ). (1+x2)n
00 x? 1
—_— i <
S0 Y, e ifx#0, x| <1

=0 if x =0.

2
X
Thus Yo q Arxt)n converges for all [x| < 1.

)

To show that the convergence is not uniform, we show that the partial sums
S, (x) don’t converge uniformly to:

S(x)=1 ifx+0, [x|] <1
=0 ifx =20



S (x) = Y" xz  x? [ 1 1 g 1 |
AR T A=l (14x2)] T 1442 14x2  (14x2)2 (1+x2)n-1d"
N
Now since —— = 14+r+r°+ - +1r"Lwe get:
1 2({——1
S, (x) = x2 |1 (1+x2H)n| x=(1 (1+x2)n) —1_ 1
T 14 | 1-— 1+x2-1 (1+x2)n°
1+x

For S,,(x) — S(x) uniformly we would need to show that for all € > 0 there
exists an N € Z™ such thatif n > N then:

|S,,(x) —S(x)| < € forallx with |x| < 1.

If x # 0 and |x| < 1, we know that S(x) = 1. So our epsilon statement becomes:

1—-— 1‘—

m— 1| = < € forallx # 0 with |x]| < 1.
(14x2)

‘_ (14x2)"

Now let’s show we can’t find an N that works for all x with |x| < 1, x # 0.

1
Choose € = >

If you fix an N, no matter how large it is, we can always find a point x with

1
(1+x2)"

1

= .
2

|x] <1, x # 0such that ‘—



1 1
For example, let’s show we can always find an x with ——— = .

(1+x2)n
1 1
a+x5n 2
(1+x>)"=2
1
1+x%=2n

1
x%=2n—1

1 1
x =2(2n—1)z (noticethat |x| < 1,x # 0)

So no matter how large N is there is always an x # 0, |x| < 1 where

15,0 =S =52 €e=7.

Thus S, (x) does not converge uniformly to S(x) on |x| < 1.

2
X

Note that Y, —4 ey does converge uniformlyto1on 0 < a < |x| < 1.
X

We can see this by:

1 1 1
15200 = SGII = |1 = =i 1\ - \— | =
Butfor 0 <a < |x| < 1: ! < !

(1+x2)" =  (1+a?)™’



< € then we can force |5, (x) — S(x)| =

So if we can force =

1
(1+a?)n (1+x2)

1
(1+a?)n <€

(1 +a?)" >~
(m)In(1l + a*) > ln(%)

In(7)

n> In(1+a?) ;

forO0 <a < x| < 1.

in()

. 1
,m), (ife > 1, In (E) < 0)

In(;)

Choose N > max (0

Now if we work the inequalities backward from n > m , we get:
5200 = S@| = |1 = = 1| = |- —
(1+x2) (1+x2)
1
< i) for0<ac<|x| <1

< E.

2

X :
———5 converges uniformly to 1 on
x2)

Note: we could also show that )4 o

x2

and
(1+x2)"
showing for any a > 0, there exists an N such that forn = N, |f,,(x) |takes its
maximum value at x = a. Thus we have:

/()] =

0 < a < |x| < 1 with the Weierstrass M-test by letting f,, (x) =

2

Xz a

(1+x2)"

= (+a?)"

n-

<1,

Y1 M, converges because it’s a geometric series with || = Y



10

Recall that the radius of convergence for a power series Y., ¢, (x — a)™ is given

byr = lim if the limit exists (you get this from applying the ratio test to

n—oo

Cn+1
the terms of the power series). This means that given any x such that

|x — a| < r, the power series will converge absolutely for that value of x.

Theorem: Let r be the radius of convergence of the power series

Y=o Cn(x — a)™. Then Yo —o € (x — @)™ converges uniformly for all x such
that|x —a| < p <.

Proof: Let p be any number such that 0 < p < r. Then for any x such that
|x — a] < p we have:

len(x — a)™| < [cnlp™
A power series converges absolutely for any x with |[x —a| = p <.

Let M,, = |c,|p™ and f,,(x) = ¢, (x — a)™.

Then |, (x)| < M,, and X.;7—¢ M,, converges.

Thus by the Weierstrass M Test Y, —o C, (x — @)™ converges uniformly for all x
suchthat|[x —a| < p <.



11

Theorem: Suppose {f,,(x)} is a sequence of functions which are integrable on
[a, b] and uniformly converge to f(x), an integrable function on [a, b] then

[ f@dx = lim [ £, (o)dx.

Proof: Since {f,,(x)} converges uniformly to f(x) we know given any € > 0 there
exists an N € Z*, such that for all x € [a, b], if n = N then

(O = FO] < 3=

Soforn > N:
|7 Fdx = [7 fu(dx] =1 [2 (F(0) = f(0))dx]
< 21 (0 — fu(0)ldx

b € €
< —_— — — _— ==
S adx 7 a(b a) = €.

So [, fG)dx = lim [ fo(x)dx.

Since X.;—o Cn (X — @)™ converges uniformly for all x such that

|x — a| < p < r, where 1 is the radius of convergence of the power series, it
follows from the previous theorem that:

q q
[ B el = @) dt = T30 [ nx — a)dx
aslongas|p—a|<r, |g—al <r.

This allows us to find Taylor series (i.e. a power series) representation of some
function within their radius of convergence.
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Ex. Find a power series representation of f(x) = tan™1(x) for |x| < 1.

t=x
=.f Q-2+ t* =t + - (—D)"t*™ + -+ )dt
t

=0
t3 5 t7 (et t=x

=t-—gtg -ttt =0

=x_x_3+x_5_x_7+m+ﬂ+m =Z°° ﬂ
3 5 7 2n+1 n=0 on+1

Notice that this power series representation does converge at x = 1 and gives us
an interesting expression for tan™11 = %.
1 ="

tan™'1 == =1 1+1 +t
m o rEyT T35y 2n+ 1
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Theorem: Suppose {f;,(x)} is a sequence of functions on [a, b] that converge
pointwise to f(x). Suppose that {f;,"(x)} converges uniformly on [a, b] to a
continuous function g(x). Then f(x) is differentiable on [a, b] and

f10) = lim f,°(x).
Proof: By the previous theorem: Al_r)r()lo f; f, ()dt = f;c rlll_r)lc}o fr)dt
lim (f,(0) = fu(@) = [, g(D)dt
fG) - f(a) = [ g(t)dt.

Since g(t) is continuous we know from the fundamental theorem of calculus

that: f'(x) = g(x).

Thus:

{£,,(x)} converges uniformly on [a, b] to a continuous function g(x) = f'(x)
and f'(x) = lim f,'(x).
n—-0o
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Theorem: If f(x) = X o—o ¢ (x — @)™ has a radius of convergence of 7, then

(0]

f10) = ) ney(x — @)

n=1

also has a radius of convergence of r.

Proof:
Let S, (1) = Xho ci(x — @)l

Each S, (x) is differentiable and S,'(x) = X1, ic;(x — a)'™ 1.

If {S;,(x)} converges uniformly in |x — a| < p < r (we haven’t shown this, but
it’s true), then it converges to a continuous function (since all of the {S,'l (x)} are
continuous). Thus from our previous theorem:

F1G0) = lim Sh(6) = Zizgnen(x — @),

Ex. This means we can find the Taylor series of f'(x) by differentiating the Taylor
series of f(x) term by term and it will have the same radius of convergence as
the Taylor series for f(x).

1 (0.0]
f(x)=1_x=zx", for x| <1
=0
! 1 [o'e) —_
f(x)_(l x)zzznzﬂlxn ', for|x| <1
144 2 [e'e) —
f1(0) = s = Vit n(n = DX, for x| < 1.



