The Metric Space C(I)

Def. Let C(I) = {bounded continuous functions f:I € R — R}

Note: If I is closed and bounded then any continuous function is bounded on 1.

C(I) is a metric space with the distance defined as:

d(f(x),g(x)) = sup |f(x) — g(x)|

X€l

1. d(f(x), g(x)) = sup |f(x) — g(x)| = 0; and

X€l

d(f (x), g(x)) = 0 implies f(x) = g(x).
2. d(f(x),g(x)) = d(gx), f(x)).
3. d(f(x),g(x)) < d(f(x),h(x)) + d(h(x),g(x)).

This is true because if A(x) = B(x) + E(x) then by the triangle inequality:
|A(x)| < |B(x)| + |E(x)|forany x € I.

Thus we have: sup|A(x)| < sup|B(x)| + sup|E(x)].

Now let A(x) = f(x) —g(x), B(x)=f(x)—h(x), EX)=hXx)-g).
This gives us: d(f(x),g(x)) < d(f(x),h(x)) + d(h(x),g(x)).

Notice that a sequence of functions f,,(x) € C(I) converges to f(x) with this
metric if given any € > 0 there exists a N € Z* such thatif n > N then

d(fn(), f(x)) = suplf,(x) = f(X)] <.

x€l

This € statement is equivalent to saying that | f,,(x) — f(x)| < € forall x € I.
Thus convergence in C(1) is the same as uniform convergence.



We already know that if f,,(x) converges uniformly to f (x) and all of the f,,(x)
are continuous then so is f(x). Our goal is to show that C(I) is complete with the
metric described above. Thus we must show that every Cauchy sequence in C(1)
converges in C(I). Later in this section we'll see that if {f,,(x)}is a Cauchy
sequence in C(I) then {f,,(x)} converges uniformly to a function f(x). Since
each f,, is continuous, f must also be continuous. We will then show that since
each f,, is bounded on I and {f;,(x)} and converges uniformly to a function f(x),
then f(x) is also bounded on I. Thus any Cauchy sequence in C(I) converges to
a functionin C(I). Hence C(I) is a complete metric space.

Recall that:

Def. Let V be a vector (linear) space. A real valued function |||| on V is called a
norm if foreach v,w € V and a¢ € R:

1. [lv+w| < ||vl| + |lw]|| (Triangle inequality)
2. |lav]|| = |a]||v]| (positive homogenity)
3. |lv|| = 0and||v|| = Oifandonlyif v = O.

Ex. R™is a normed linear space withv =< a4, ..., a,, >€ R™: and

Ivll = Vai +a5+-+a3.

Given any normed vector space IV we can always define a metricon VV by

d(w,w) = |lv-wll.

Ex. C(I) is a vector space. We can define a norm on C(I) by

Iflleo =sup|f(0)], f€CD).

xX€El



Def. Given a sequence {v,,} € V, a normed vector space, we say that {v,,}
converges to v with respect to the norm ||-|| on V if {v,,} converges to v with

respect to the metric d(v,w) = ||v — w||. Thatis, given any € > 0 there exists a
N € Z* such thatifn > N then d(v,, v) = ||v, — V|| < €.

Def. Given a normed vector space I/, we say that V is complete with respect to
|I-]| if V is complete with respect to the metricd (v, w) = ||[v — w|].

Def. A complete normed vector space is called a Banach space.

Ex. R™is a Banach space with the standard norm on R".

Ex. C(I)is a Banach space with d(f(x),g(x)) = sup |f(x) — g(x)]. we

X€El
will see this shortly.

Def. Let V and W be normed vector spaces. A linear transformation, T, from V to
W is called an operator from V to W. T is called bounded if thereisan M € R
such that :

ITW)lw < M||vlly forallv € V.

Ex. Let T: C[0,3] » Rby T(f) = [ f(x)dx.

T is bounded because:

ITHI = || S Feodx|| < B = 0) sup IF@)I = 31Iflloo

0<x<3



The set of bounded linear operators from VV to W, L(V,W), is also a normed
vector space. We can define a norm on L(V, W) by

IT|| = inf{M| ||T W) |lw < M||v|l, forallv € V}.

This norm is often called the operator norm.

Ex. Let T: C[0,3] > Rby T(f) = [’ f(x)dx. Then

ITI = inf(M| || [ F@)dx|| < MlIfllo forall f € C[0,3]},

From the previous example we know that ||T|| < 3. However, we also
knowthat f(x) =1 € C[0,3]and T(f) = f03 1dx = 3 = 3 ||f]|w, s
IT|l = 3.



Ex. Describe N,.(f), a neighborhood of radius r centered at f € C[0,1].

Ny (f) =1{g € C[0,1]] sup |[f(x) —g(x)| <7}

0<x=<1

={g €CIO][ f(x) =7 < g(x) <f(x) + 7}

y=f(x)+r

y=g9(x)

y = f(x)
y=f()-r

y = g(x)isin N,.(f) if the graph of y = g(x) lies between the dotted green
curvesgivenbyy = f(x) +randy = f(x) + rwhen 0 < x < 1.



Ex. Let E € C[0,1], withE = {f € C[0,1]| sup |f(x)| < 1}. Notice that

0<x=<1

E = B;(g(x) = 0), the ball of radius 1 around g(x) = 0in C[0,1].

a. Is E openin C[0,1]? If so, prove it.
b. If g € C[0,1] and sup |g(x)| = 1,is g a limit point of E?

0<x<1

c. Is E boundedin C[0,1]?
d. Is E totally bounded in C[0,1]?

a. Yes, E isopenin C[0,1]. To prove this we must show that every

element of E is an interior point. That s, given any f € E, there exists
a neighborhood of f, N,.(f), such that N,-(f) S E.

N (f) ={g € Cl01]] d(f,g) <7}
=1{g € C[01]] sup |f(x) —g()| <7}

0<x<1
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Since |f (x)| is a continuous function on [0,1] it attains its maximum

value. Let sup |f(x)| =K < 1.
0sx<1
Chooser = %

Then: - Naox(f) = {g € CLOA]] sup £ () = g0 < 5.

0<x<1



Claim: Ni-x(f) € E.
2
We have to show that for any g € N1-k(f), g isalsoin E. Thatis,
2

we need to show that sup |g(x)| < 1.
O=x=<1

g€ Nik(f) = sup |g() = f(Ol < =

0<x<1

%<g(x)—f(x)<%; forall0 < x < 1.

fO) +=2 < g(x) < f(x) + =

Since sup |[f(x)| =K, —K<f(x)<K; foral0 <x <1,

0<x=<1

Thus we have:

K+ =< f)+—<g@) < f) +——<K+—

(S @+ < g < f@+5 <

But since 0 < K < 1 we have:

1< () SfO+H T <g@ < f)+ <<l

These inequalities hold forall 0 < x < 1,so sup |g(x)| < 1,and g(x) € E.

0<x<1

Thus N1-k(f) € E and E is an open setin C[0,1].

2



b. If sup |g(x)| = 1, let's show g(x) is a limit point of E.

O=sx<1
To be a limit point we must show that every neighborhood of g(x),

N,.(g), intersects E in some point other than g.

y=g9)

We can always construct a function h € C[0,1] such that
h(x) =g(x) iflgl)l<1-7
ro. T
—1—5 if g(X)Zl—E
r . T
—5—1 Ifg(X)SE—l.

Now if we take 7 < %, then h(x) € E and N,.(g).

Ifr > %, take h(x) defined with 7 = i, then h(x) € E and N,.(g).

So g(x) is a limit point of E.

c. Yes, E is bounded because forany f € E, d(f,g(x) =0) < 1.



d. No, E is not totally bounded.

Let f,,(x) be a continuous function thatis 0 for 0 < x < or

2n+2

3 3 1
snr = X < Landrises linearly to f,, (x) = Jatx=—.Sof, EE.
y = f3(x)
) )y =60
' / /
3
Then d(fy, fm) = ifn # m. \ Yy =hAK)
Thus if we take € = i, then no
finite number of elements in E —— ]
0 - - = 1
8 4 2

1
with balls of radius - will cover {f.}
wheren = 1,2, .... This is because
.1 . /
each ball of radius 2 can contain at most one of the f,;s.

We can see this by assuming that f;,, f;, € B1(g) forsome g € C[0,1], andn # m.
4

Then by the triangle inequality we get:

= = d(fy f) S d(fr9) +d(g fir) <7 +75 =7

which is a contradiction. Thus B1(g) can contain at most one f;,.
4

1
Thus no finite number of balls of radius " will cover {f,,} and thus no

1
finite number of balls of radius " will cover E.
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Theorem: f,,(x) converges uniformly to f(x) on I if and only if for all e > 0 there
existsan N € Z*, such that forall x € I, ifn,m = N then |f,(x) — fr,(x)| < €.

(As we will see shortly this means, if {f, (x)} S C(I), then {f,,(x)} converges
to f(x) € C(I), ifand only if {f;,(x) }is a Cauchy sequence in C(I)).

Proof: Assume that f,,(x) converges uniformly to f (x) on I.

By the triangle inequality we have:

/() = frn ] < 1fu(x) = FO)| + |f(x) — frn (2]

Since f,,(x) converges uniformly to f(x) on I, there exists N € Z* such that if
n = Nthen |f,,(x) — f(x)| < gforanyx €l

And, of course, if m = N then |f;,,(x) — f(x)]| < gfor any x € I.

Thus if m,n = N then we have forany x € I:

/() = fn GOl < 1/ () = fFOOI + f () = firn (O] < g + g = €.

Now assume for all € > 0 there existsan N € Z*, such that forall x € I,

ifn,m = N then |f,,(x) — fn(x)| < €.

Foreach x € I, {f,,(x)} is a Cauchy sequence of real numbers and thus
converges to a real number f(x).

So lim f,,(x) = f(x) (this is a pointwise limit).
n—>00
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Now we must show that f,, (x) converges uniformly to f (x).

By assumption, there existsan N € Z*, such thatforallx € I, ifn,m > N

then |/ (x) — fin(x)| <e.

This is true forallm = N, so let m go to co. So we have:

there existsan N € Z*, such thatforallx €I, ifn,m > N

then |f, (x) = f(x)] < €.

and f;, (x) converges to f(x) uniformly.

Now let’s see why a set of bounded uniformly convergent continuous functions
must converge to a bounded continuous function. Suppose |f,,(x)| < M,, for all
x € I and each n. How do we know that as n goes to infinity, M,, doesn’t go to
infinity?

By the previous theorem we know that any Cauchy sequence in C(I), {f,,(x)},
converges uniformly to some f(x) on I (which must be continuous since all of the

fs are). Thus we have for all € > 0 there exists an N € Z*, such that for all x €
I, if n > N then|f(x) — f,(x)]| < €.

In particular, |f(x) — fy(x)| < € forall x € I. Thus we have:
—e<f(x)—fn(x) <e€
fnx) —e<f(x) <fu(x)+e
—My —e<fy(x)—e<f(x)<fy(x)+e<My+e

Thus |f(x)| < My + € and f(x) is bounded.

Hence any Cauchy sequence in C (1) must converge to a bounded continuous
function, f(x), thus f(x) € C(I) and C(I) is complete.



