Fourier Series: L, Convergence and Parseval’s Identity

Suppose f € R[—m, 7], then f? € R[—m, ] as we saw earlier and:
=" ()" dx < IS [T 1dx = 27113 < oo
Y- T ®J-r o '

Let'slet T(x) = % + Y r=1(ck cos kx + dj, sin kx).

For what values of ¢y, Ci and dy, kK =1, ...,n,is
iz 1w _ 2 .
If =TIz = nf_n(f(X) T(x))* dx minimized?

Let’s show that for all n, T (x) = S,,(f)(x), where:

S,(fHx) = % + Y r_,(ay cos kx + by sin kx)

a; = %ffnf(x) cos kx dx

b, = %f_nnf(x) sin kx dx

minimizes % ffn(f(x) — T(x))2 dx = ||f — T||%



Notice that:

[T (f-T2dx=[" frdx—2[" fTdx+[" T2dx

ffnf Tdx = ffnf(x) (CZ—O + Yii=1(ck cos kx + dj sin kx)) dx

= %f_nnf(x) dx + 271}=1(Ck f_nnf(x) cos kx dx)
+ Yie=1(dk f_nnf(x) sin kx dx)

=T [COZaO + 22=1(Ckak + dkbk)]

ffnTzdx
- ffn(cz_o + Y r—1(ck cos kx + dy, sin kx))
CZ—O + Z}l=1(cj cos jx + d; sinjx)) dx .

Since 1, cos x, sin x, cos 2x, sin 2x, ..., COS nx, Sin nx are orthogonal and:

f_nn COS2 kx dx = ffn’ Sinz kx dx =1 , fj[n' 1dx = 21

we get:

2
7 T2dx = |2+ Tpy(cf + dR)| -



So we have:
1 T
Ef_n(f —T)*dx =
C2
2T (F@)? dx — 2 [ B0 4+ B (cay + dicbio) | + [70 + Tieea (cf + di)]

cé—2aqcy

[T -T?dx == [T ()" dx +

+Yra[(c + dR) — 2(cpax + diby)] -

Now notice that:
2 _ 2 2
i — 2cay = (cx — ag)” — aj,

dip — 2dyby = (dyx — bi)* = bj; .
Thus we have:

L —T)2dx =2 7 (F00)? d+ 0000 4

2
Sicallex = a)? + (dy — b)?]) = 22— Tiealaf + bY).

Recall that we want to know how to choose ¢, C, dj, in

T(x) = CZ—O + Y= (ck cos kx + dj, sin kx) to minimize %f_nn(f —T)2dx .



1 pn
Clearly, by looking at the RHS of the expression for ; f_n(f — T)Z dx we see

that ¢, = ay and dj = by, minimizes the integral. That is,
T(x) = 3+ Xjtos(ax cos kx + by sin kx) = S, (f)(x)

and the minimum value for the integral is:

% I7 1 = $u(D1Pdx = % /" (FG))? dx — % /7 (S.()G))* d.

So if we think of R[—1t, r] with the L,-norm then of all the possible
trigonometric polynomials of degree < nin R[—m, m]:

inf ||[f = Tll2 = lf = Sa(H)ll2

TET,

and
0 < IIf = Su(HIZ == J" (F)? dx = — [ (S, (F)(x))? dx
= 1I£13 = IS (P

since [| 117 — 1S, (15 = 0 we have:

1IS.(ONZ < NIf1I3

or

ISn(F)llz < lIfllz  (Bessel’s inequality).



Now notice that for all n:

1 (I3 = [ (Su (G2 dx =B+ T2 a2 + ) < I3

Thus, if f € R[—m, ], its Fourier coefficients are square summable and

Dy yra@+ b)) <2 () dx.

In particular: lim a = lim b? = 0 ; this is a necessary condition for an
k—o k—oo

— 00

infinite sum to converge. This then implies that ’lim a, = Ilim b, = 0.
—00

So the Fourier coefficients of f must tend to 0 as k goes to o, i.e.

lim a; = lim %ffnf(x) coskxdx =0
n—oo

k—oo

lim b, = lim %f_nnf(x) sinkx dx = 0.
n—oo

k— oo

This is known as the Riemann lemma (we showed the first part of this earlier by
approximating f (x) by step functions).

By Weierstrass’ 2" approximation theorem, we know that if f € C?™ then given
any € > 0 there is a trig polynomial T* € T,,, for some m € Z*, such that
“f - T*”oo < €.

Let’s use this fact to show that if f € C2™ then S,,(f) — f in the Lp-norm.
First notice:

Il = 2T GFGndx < (LTI dx = WD)Ife



So we have forn = m:
— = i — < i —
If = SuPllz = Jnf If =Tl < VZf If = Tlloo < €V

SinceT* € T, € T, andn = m, S,(f) — f inthe Ly-normif f € C2T,

Now we want to extend this resultto f € R[—t, 1T].
Thatis, if f € R[—m, 7], then lim ||f — S,,(f)|l, = 0, (i.e. S,,(f) converges
n—>00

to f in the L,-norm).

First, notice thatif f, g € R[—m, ] then S,,(f + g) = S,,(f) + S,.(9).

That is, the Fourier coefficients of f + g are the sum of the Fourier coefficients
of f and g. For example:

%f_nﬂ(f(x) + g(x)) cos kx dx

= 27 F() cos kx dx + 1 [T g(x) cos kx dx.

T

In fact, forany a, 8 € R; S, (af + Bg) = aS,,(f) + BS,(9).



Now suppose f € R[—1t, ], we know we can find a continuous function
g € C[—m, ], such that:

ffn|f —gldx< e (See The Space R, [a, b]).

The same approach will allow us to find a continuous function g € C[—m, ]
such that:

JEIIf =gl dx < e

Thatis, ||f —gll, <e.

In fact, we can find an h € C2™ with:

\/%ffnv —hI2 dx < e

or ||f —hl|l, < €. We can see this since forany § > 0 we can let
h=g€C[-mn]on[—m,m—35], (wherel|lf — gll, <€), andthenleth
be linear between g(m — &) and h(m) = h(—m).

y=g9() __ﬁf,ﬂ/\/);
_ ./
| y =|h(x) \
—7 - T—06 |1




€
And if we can do this forany e > 0, we can do it for —. So we can find an

h € C2™ with:

If = hllz = (371 () = RGP dx)* < 5.

T

Now by the triangle inequality we have:

If = SaDll2 < MIf = hllz + [Ih = S (Dl

Applying the triangle inequality again to the last term on the RHS we get:
lh = SNz < llh =Sz + IS.(h) = S (N2

= |[h = Su(Wl2 + [1Sp(h = N2
And thus,

If = SnDllz < NIf = hllz + 1A = S (Wl + 1S, = I

From Bessel’s inequality:

1S5 (R = Ollz < lh = fll, <.

And since h € C?™ forany € > 0, there exists an N such that n = N implies

lh = Sp(W)l2 <3
€ € €
Sowe have: ||f —S,(H)ll, <ztztz=e

Thus, if f € R[—m, 1] then its Fourier series converges to f in the L,-norm.



Parseval’s Identity:

itf € R[—m,m], then lim [If = S, (NIl = 0.

This implies that 7ll_r)gloﬂf - S, (NIIzZ = 0.

But we saw earlier that  [|f — S, (/)13 = IIF11Z = 1S, (DII3.
Sowehave: 0= lim||f — S, ()7 = lim ClIf1IZ = IS, (FIZ) -
Thus, I£11Z2 = lim IS, (A1

which gives us Parseval’s identity:

2" (F(0) dx =2 + Xy (ad + bD).

Parseval’s identity tells us thatif f,g € C2™ have the same Fourier coefficients
(this means the Fourier coefficients of f — g are all 0) then f must equal g.

Since if

a; = lffn(f(x) —g(x)) cos kx dx = 0

1A

b, = %ffn(f(x) — g(x))sinkxdx =0

forall k € Z* U {0} then by Parseval’s identity:

L1 (F(x) = g()? dx = 0.

TY—T

But (f (x) — g(x))? is a continuous function on [—7r, 7] and

(f(x) —g(x)* = 0.

Thus %ffn(f(x) — g(x))? dx = 0 implies f(x) = g(x).
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In contrast, if f(x) € C*™[—m, ] and all of the Taylor series coefficients are 0,
we can’t conclude f(x) = 0 on [—m, 7r]. For example:

f(x) =e_71c ifx>0and f(x) =0 ifx <O0.

In particular, if a Fourier series for f € c2m converges uniformly, it must

converge uniformly to f(x) (and hence pointwise to f (x)). This is true because
if the Fourier series converges uniformly it must converge to an element

g € C?™ (since each S, (f) € C2T). But f and g have the same Fourier series
and they are both in C?" so f(x) = g(x).

Ex. What does Parseval’s identity say about the Fourier series for
fx)=|x|; -t <x <m?

Earlier we found the Fourier series for f(x) = |x| to be:

f(x) =§—§Z§i°=1

cos[(2k—1)x]
(2k—-1)2

We now know that since f(x) € C2%, and the Fourier series of f
converges uniformly on [-7T, T] (we saw this earlier with the Weierstrass M test),

the Fourier series converges pointwise and uniformly on [—1, 1t] to f (x).



Parseval’s identity says:

%f_ﬂn(f(x))z dx = a?é + Y (ag + by)

" (FG0) dx == [T Jx[? dx

1
== x*dx==—|%;
YT T 3
_1(2n3)_2n2
o\ 3/) 3
2 2
a VIA a VIA
2 2 2 2

Ark-1 = 4(;) ; a2k=0ifk:/:0

- (2k—-1)2

Now substituting into ( * ) we get:
1

2 16 woo
2 == P—
2 w2 Lk=1 (2k—1)*

”_=EZOO 1
n2 “k=1 (3k_1)4

mt oo 1
96 k=1 (21—-1)%

(*)

1 1 1 1
=F+3—4+;+;+"'.

11
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Note: If f(x) has a period of 21 but is defined on an interval other than [—m, ],

say [c, ¢ + 2m], we have already seen that you can compute the Fourier
coefficients by:

ay = %fcﬁznf(x) cos kx dx

b == [T F() sinkx dx

In this situation, Parseval’s identity becomes:

L) dx = L4 T e + 5D

In general, if f(x) has a period of 2L then Parseval’s identity becomes:

LI () dx = L+ B (a? + D)

2L k
o f(x) cos %x dx

where:

1
=2 [
=% f f(x) sin% dx.



