Fourier Series: The L, Norm and Calculating Fourier Series

The Fourier series for a 2m-periodic function, f, which is bounded and Riemann
integrable on [—m, ] is given by:

a :
70 + 272 (ag cos kx + by, sin kx)
where the Fourier coefficients are given by:

a; = %ffnf(t) cos kt dt

by ==f" f()sinktdt.

T

Note that:

laxl < =" 1f () coskt|dt <= [ |f(t)]dt

bl < < ST If @ sinke] de <~ [T IF(©)]dt.
Since f is bounded:

~ [P If@lde <= " Ifllodt = = CmlIflleo = 2l flloo

Thus,

kel < 2[If lloo
bie| < 2|If |l co.

We will denote the partial sums of a Fourier series by:
S, (fHx) = % + Y, (ay cos kx + by, sin kx).

Notice S, (f) is a trig polynomial of degree at most n, or S, (f) € T,,.

We will be interested in what sense S,,(f) converges to f (Pointwise? Uniformly?
In LZ ?)



Recall that the functions: 1, cos x, sin x, cos 2x, sin 2x, ... are orthogonal
with respect to the inner product:

<f,g>= [  f(x) g(x)dx
since ffn(cos mx)(cosnx) dx = ffn (sinmx)(sinnx) dx
= [" cosmxsinnxdx = 0
1T

for m # n (the last integral is 0 for m = n as well).

T s .
Also, f cos?mx dx = f sinmxdx = m,form # 0,
—TT —Tr

/7 1dx =2m.

There is nothing special about the interval [—1t, 1]. If we have a periodic function
of period 2L instead of 21 then the Fourier series for f becomes:

a kmx . kmx

=2+ Y% .(a, cos— + by, sin—)

2 L L
where:

1 (L kmx
a; = Zf_Lf(x) cos —— dx

b, = %f_LLf(x) sinkLLx dx.

Notice if L = m we get our original formulas. In fact, sometimes it’s easier
to express a function, f, of a period 2L by giving a formula for f on an interval
[c,c + 2L]. In that case, the formula for the series stays the same, but the
formulas for the coefficients become:

1 rc+2L kmx
a = ch f(x) cos— dx

by, = %fCCJrZLf(x) sinkLix dx.



For example, in one of your homework problems f (x) is 27 periodic (so L = )
but it’s given on the interval [0, 2m]instead of [—m, 7r]. Thus you can use the
above formulas with ¢ = 0 and L = m.

Ex. Let f(x) = |x| for —m < x < 7 and extend f to a 27 periodic function on R.
Find the Fourier series for f.

f(x +2n) = f(x)’.‘

—2n - n 21

The Fourier series has the form:

% + Y r_1(ay cos kx + by sin kx)

where:
1 rm
a; = ;f_nf(x) cos kx dx
b, = %ffnf(x) sin kx dx

Notice that f(x) is an even function (i.e., f(—x) = f(x)), and thus
f(x) sin kx is an odd function. Therefore, all of the bys are 0, since:

/2 g()dx =0

if g(x) is an odd function.



1
a; = —fn |x| cos kx dx ; |x| cos kx is an even function and:
k=)

fle g(x)dx =2 f;g(x)dx if g(x) is even.

2 (m 2 m
ar == [, |x| cos kx dx == [ " x cos kx dx

now integrate by parts (if k # 0):
1,
u=x v = sin kx

du = dx dv = cos kx

2 m 2 [x . o 1T .
ay == [, xcoskx dx —;[Esmkxh) — J, sinkx dx]

=%[(0 —0) —%(—%coskxﬂ)r)]

= % % (cos kmr — cos 0)]

2 4
=25 (-n-1)| = -— if k is odd
=0 if kiseven (k # 0).
2
Ifk = 0: aozgfonxdxzi(x?%):n.

So the Fourier series for f(x) = |x| is:

T 4goow Cos[(2k-1)x] m 4 (cosx  cos3x  cOS5x
2 " pk=t ¥

(2k-1)2 2 w\ 12 32 52

o).



ZOO cos(2k-1)x
k=1 (2k-1)2
Fourier series) by the Weierstrass M-test since:

converges uniformly on R (and thus, so does the entire

cos[(2k—1)x] < 1
(2k—-1)2 — (2k-1)2

=Mk'

o0 1 0 1 o 1
_+1 ——= converges because < —1 — and this

converges because it’s a p-series withp > 1.

As we will see later, this series converges pointwise to the value of the function
f(x) foreach x € R. Thus

f@)=2—-2%%,

cos[(2k—1)x]
(2k—1)2

Since f(x) = |x| for —m < x < 7 we know f(0) = 0. Thus,

cos(0)  m 4o 1

0=F— 2 i ey = 7~ 2 ok e

1
or — == ) ;
2 nzk_1(2k—1)2

hence

LA =1ttt b
g “k=1(2k-1)2 (2k—1)2



We know that if f € C?T then there is a sequence of trig polynomials (not
necessarily S,,(f)) that converges uniformly to f (x) (and thus also pointwise).
But does its Fourier series converge to f(x)? And, if so, in what sense does it
converge? Pointwise? Uniformly? Some other way? It turns out that the
convergence is in terms of the L,-norm:

IFllz = (5 7. (F )7 )

Thatis, S,,(f)(x) = f(x) inthe L,-normif forall e > 0, there existsan N € Z*
such thatif n > N then:

If = Sa(Pllz = (G I7,(F @) = Sa () < e

or equivalently: ~ T () = Su(H(@))? dx < ()2

The L,-norm is not an actual norm on the vector space of Riemann integrable
functions on [—1r, 7r]. It is a norm for functions where f? is Lebesgue integrable
on [—m, ]. This is because there are functions, f, where:

J© FA(x)dx =0but f(x) £ 0

For example, if f(x) =1 when x =0
=0 when x #0

then f(x) and f2(x) are Riemann integrable functions with:
f_nnf(x)dx = f_nnfz(x)dx =0

but f # 0 (in this case we call || ||, a semi-norm).

However, the L,-norm is a norm on C2™ since all elements of

2T .
C“" are continuous.



Putting aside the issue that this norm is not actually a norm on R[—m, ] for a
moment, how do we show:

1) llAfllz = [Allifllz; 2 € R

2) lf +gllz < 1Ifll2 + llgll2?

1

1) £l = (T 002) = & 7
= AC ST 12
= |AIfl2
D lf+gld=-1" (F+g?==[" f2+2[" fg+" °]
By the Cauchy-Schwarz inequality:

1T fa <™ fal < (" £(" g2)2 = nlifll2ligll, - so

I £2+ 20 fllalgll +2 17 g2

1
|V+M%S;
= If115 + 2lIfll2llgll2 + g5

= (Ifllz + lgll2)?.

Thus  If + gllz < lIfllz + llgll2.



1
Notice that < f,g > = ;ffnf(x)g(x) dx acts like a dot product,

or inner product, for functions. For vectors in R™ we have:

1Vl = VvV
For functions in R[—1t, T] we have:

Ifll = GJ™ f2) = J<7Ff >.

For vectors we say ¥ and W are orthogonal if:

v-w=0

For functions we say f and g are orthogonal if:

<fg>=1[" f)g(x) dx =0.

1 ) .
Notice that the functions: \/_5' COoS x, Sin x, cos 2x, sin 2x,

orthonormal with this inner product because:

1 .
”5”2 = ||cos kx|, = ||sin kx||, = 1

and all of the function are mutually orthogonal.

... are actually



