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The Riemann Integral 

 

When does a Riemann -Stieltjes integral reduce to a Riemann integral? In particular, 

when is 

∫ 𝑓 𝑑𝛼 = ∫ 𝑓(𝑥)𝛼′(𝑥)
𝑏

𝑎
𝑑𝑥

𝑏

𝑎
 ? 

 

Theorem: Suppose 𝛼 is increasing and that 𝛼′ exists and is a (bounded)   

 Riemann integrable function on [𝑎, 𝑏]. Then given a    

 bounded function, 𝑓 on [𝑎, 𝑏], we have 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏] if, and  only if,        

          𝑓𝛼′ ∈ 𝑅[𝑎, 𝑏]. In either case, 

 

∫ 𝑓 𝑑𝛼 = ∫ 𝑓(𝑥)𝛼′(𝑥)
𝑏

𝑎
𝑑𝑥

𝑏

𝑎
  

 

Proof:  Let 𝜖 > 0 be given and let’s show that there exists a partition, 𝑃, such 

              that 

                    |𝑈𝛼(𝑓, 𝑃) − 𝑈(𝑓𝛼′, 𝑃)| ≤  ‖𝑓‖∞𝜖        (∗) 

                                                   and  

                     |𝐿𝛼(𝑓, 𝑃) − 𝐿(𝑓𝛼′, 𝑃)| ≤  ‖𝑓‖∞𝜖         (∗∗) 

 

 By the triangle inequality this will show that 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏] if, and    

           only if, 𝑓𝛼′ ∈ 𝑅[𝑎, 𝑏] and if either exists then:  

 

∫ 𝑓 𝑑𝛼 = ∫ 𝑓(𝑥)𝛼′(𝑥)
𝑏

𝑎
𝑑𝑥.

𝑏

𝑎
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First, let’s see why this is true. 

Suppose 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏].  Then there exists a partition  𝑃 such that 

                            𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃) < 𝜖.  

 

Then by the triangle inequality we have: 

 |𝑈(𝑓𝛼′, 𝑃) − 𝐿(𝑓𝛼′, 𝑃)| ≤ |𝑈(𝑓𝛼′, 𝑃) − 𝑈𝛼(𝑓, 𝑃)| 

                                             +|𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃)| + |𝐿𝛼(𝑓, 𝑃) − 𝐿(𝑓𝛼′, 𝑃)|.  

 

Now using inequalities (∗) and (∗∗) we get: 

|𝑈(𝑓𝛼′, 𝑃) − 𝐿(𝑓𝛼′, 𝑃)| ≤ ‖𝑓‖∞𝜖 + 𝜖 + ‖𝑓‖∞𝜖 

                                          = (2‖𝑓‖∞ + 1)𝜖.  

 

Since 2‖𝑓‖∞ + 1 is just a constant we have shown that 𝑓𝛼′ ∈ 𝑅[𝑎, 𝑏]. 

 

A similar argument will show that if 𝑓𝛼′ ∈ 𝑅[𝑎, 𝑏] then 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏]. 

 

Notice that if both 𝑓𝛼′ ∈ 𝑅[𝑎, 𝑏] and 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏] then 

                            ∫ 𝑓𝑑𝛼 = inf
𝑃

𝑈𝛼 (𝑓, 𝑃)
𝑏

𝑎
 

                      ∫ 𝑓𝛼′𝑑𝑥 = inf
𝑃

𝑈 (𝑓𝛼′, 𝑃)
𝑏

𝑎
. 

 

But |𝑈𝛼(𝑓, 𝑃) − 𝑈(𝑓𝛼′, 𝑃)| ≤  ‖𝑓‖∞𝜖         

                   ⟹   ∫ 𝑓𝑑𝛼 = ∫ 𝑓𝛼′𝑑𝑥
𝑏

𝑎

𝑏

𝑎
. 
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Now let’s show: 

|𝑈𝛼(𝑓, 𝑃) − 𝑈(𝑓𝛼′, 𝑃)| ≤  ‖𝑓‖∞𝜖 

 

Since 𝛼′ ∈ 𝑅[𝑎, 𝑏] we know there exists a partition, 𝑃, such that: 

𝑈(𝛼′, 𝑃) − 𝐿(𝛼′, 𝑃) < 𝜖 

So we can write:          ∑ (𝑀𝑖(𝛼′) −𝑛
𝑖=1 𝑚𝑖(𝛼′))∆𝑥𝑖 < 𝜖. 

 

Since 𝛼′ exists everywhere on [𝑎, 𝑏], the mean value theorem guarantees that in 

each subinterval [𝑥𝑖−1, 𝑥𝑖] there is some point  𝑡𝑖 ∈ [𝑥𝑖−1, 𝑥𝑖] such that: 

∆𝛼𝑖 = 𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1) = (𝛼′(𝑡𝑖))(𝑥𝑖 − 𝑥𝑖−1) 

or 

∆𝛼𝑖 = (𝛼′(𝑡𝑖))∆𝑥𝑖.  

 

Now, if 𝑠𝑖 ∈ [𝑥𝑖−1, 𝑥𝑖] is any point then: 

∑ |𝛼′(𝑠𝑖) − 𝛼′(𝑡𝑖)|∆𝑥𝑖 ≤𝑛
𝑖=1 ∑ |𝑀𝑖(𝛼′) − 𝑚𝑖(𝛼′)|∆𝑥𝑖

𝑛
𝑖=1 < 𝜖.  

 

Now let 𝑀 = sup
𝑎≤𝑥≤𝑏

|𝑓(𝑥)| = ‖𝑓‖∞, then since we know 

∑ 𝑓(𝑠𝑖)∆𝛼𝑖 = ∑ 𝑓(𝑠𝑖)𝛼′(𝑡𝑖) ∆ 𝑥𝑖
𝑛
𝑖=1

𝑛
𝑖=1   

we get: 

   |∑ 𝑓(𝑠𝑖)∆𝛼𝑖 − ∑ 𝑓(𝑠𝑖)𝛼′(𝑠𝑖) ∆𝑥𝑖
𝑛
𝑖=1

𝑛
𝑖=1 |  

                                          = |∑ 𝑓(𝑠𝑖)𝛼′(𝑡𝑖)∆𝑥𝑖 − ∑ 𝑓(𝑠𝑖)𝛼′(𝑠𝑖) ∆𝑥𝑖
𝑛
𝑖=1

𝑛
𝑖=1 |  

                                          = |∑ 𝑓(𝑠𝑖)(𝛼′(𝑡𝑖) − 𝛼′(𝑠𝑖))∆𝑥𝑖
𝑛
𝑖=1 | ≤ 𝑀𝜖  
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So, we can say: 

∑ 𝑓(𝑠𝑖)∆𝛼𝑖 ≤ ∑ 𝑓(𝑠𝑖)𝛼′(𝑠𝑖) ∆𝑥𝑖 + 𝑀𝜖𝑛
𝑖=1

𝑛
𝑖=1 ≤ ∑ 𝑀𝑖(𝑓𝛼′) ∆𝑥𝑖 + 𝑀𝜖𝑛

𝑖=1   

or  

∑ 𝑓(𝑠𝑖) ∆𝛼𝑖
𝑛
𝑖=1 ≤ 𝑈(𝑓𝛼′, 𝑃) + 𝑀𝜖  

 

But this is true for any 𝑠𝑖 ∈ [𝑥𝑖−1, 𝑥𝑖], so it’s true for 𝑀𝑖(𝑓).  

Thus,  

∑ 𝑀𝑖(𝑓)∆ 𝛼𝑖 ≤𝑛
𝑖=1 𝑈(𝑓𝛼′, 𝑃) + 𝑀𝜖  

or 

𝑈𝛼(𝑓, 𝑃) ≤ 𝑈(𝑓𝛼′, 𝑃) + 𝑀𝜖 

or 

𝑈𝛼(𝑓, 𝑃) − 𝑈(𝑓𝛼′, 𝑃) ≤ 𝑀𝜖. 

 

But: 

|∑ 𝑓(𝑠𝑖)∆𝛼𝑖
𝑛
𝑖=1 − ∑ 𝑓(𝑠𝑖)𝛼′(𝑠𝑖)∆𝑥𝑖

𝑛
𝑖=1 | ≤ 𝑀𝜖  

 

also implies, 

 

∑ 𝑓(𝑠𝑖)𝛼′(𝑠𝑖)∆𝑥𝑖
𝑛
𝑖=1 ≤ ∑ 𝑓(𝑠𝑖)∆𝛼𝑖

𝑛
𝑖=1 + 𝑀𝜖.  

 

So: 

∑ 𝑓(𝑠𝑖)𝛼′(𝑠𝑖)∆ 𝑥𝑖
𝑛
𝑖=1 ≤ ∑ 𝑓(𝑠𝑖)∆ 𝛼𝑖

𝑛
𝑖=1 + 𝑀𝜖 ≤ ∑ 𝑀𝑖(𝑓)∆ 𝛼𝑖 + 𝑀𝜖.𝑛

𝑖=1   
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 ∑ 𝑓(𝑠𝑖)𝛼′(𝑠𝑖)∆𝑥𝑖
𝑛
𝑖=1 ≤ 𝑈𝛼(𝑓, 𝑃) + 𝑀𝜖 for all 𝑠𝑖 ∈ [𝑥𝑖−1, 𝑥𝑖].  Thus it’s true 

for 𝑀𝑖(𝑓𝛼′): 

 

∑ 𝑀𝑖(𝑓𝛼′)∆𝑥𝑖 ≤ 𝑈𝛼(𝑓, 𝑃) + 𝑀𝜖𝑛
𝑖=1   

or  

𝑈(𝑓𝛼′, 𝑃) ≤ 𝑈𝛼(𝑓, 𝑃) + 𝑀𝜖 

or 

𝑈(𝑓𝛼′, 𝑃) − 𝑈𝛼(𝑓, 𝑃) ≤ 𝑀𝜖 

          thus  

|𝑈𝛼(𝑓, 𝑃) − 𝑈(𝑓𝛼′, 𝑃)| ≤ 𝑀𝜖. 

 

A similar argument gives us:  

|𝐿𝛼(𝑓, 𝑃) − 𝐿(𝛼𝑓′, 𝑃)| ≤ 𝑀𝜖. 

 

Thus, 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏] if, and only if, 𝑓𝛼′ ∈ 𝑅[𝑎, 𝑏] and if either exists then: 

∫ 𝑓 𝑑𝛼 = ∫ 𝑓(𝑥)𝛼′(𝑥)
𝑏

𝑎
𝑑𝑥

𝑏

𝑎
  

 

Ex.  Evaluate  ∫ 𝑒𝑥2
𝑑𝛼

2

0
,  where 𝛼(𝑥) = 𝑥2. 

 

             ∫ 𝑓 𝑑𝛼 = ∫ 𝑓(𝑥)𝛼′(𝑥)
𝑏

𝑎
𝑑𝑥

𝑏

𝑎
 ;         𝑓(𝑥) = 𝑒𝑥2

,      𝛼′(𝑥) = 2𝑥. 

             ∫ 𝑒𝑥2
𝑑𝛼

2

0
= ∫ 𝑒𝑥2

(2𝑥)𝑑𝑥 = 𝑒𝑥22

0
|0
2 

                                = 𝑒4 − 𝑒0 = 𝑒4 − 1. 
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The probability density function for a normal distribution of mean 0 and standard 

deviation 1 is given by 𝜑(𝑥) =
1

√2𝜋
𝑒−

𝑥2

2 .  This means that the probability that a 

random variable 𝑡 is less than 𝑥 is given by: 

                      𝑃(𝑥) =
1

√2𝜋
∫ 𝑒−

𝑡2

2
𝑥

−∞
𝑑𝑡. 

If we want to find the expected value of a function, 𝑓(𝑥), with respect to a normal 

distribution of mean 0 and standard deviation 1, we calculate: 

                        𝐸[𝑓(𝑥)] =
1

√2𝜋
∫ 𝑓(𝑥)𝑒−

𝑥2

2
∞

−∞
𝑑𝑥. 

Since 𝑃(𝑥) is differentiable for all 𝑥, notice that the expected value of 𝑓(𝑥) is just 

the Riemann-Stieltjes integral of 𝑓(𝑥) where 𝛼(𝑥) = 𝑃(𝑥) and thus              

𝑃′(𝑥) =
1

√2𝜋
𝑒−

𝑥2

2  (by the fundamental theorem of Calculus). 

       𝐸[𝑓(𝑥)] =
1

√2𝜋
∫ 𝑓(𝑥)𝑒−

𝑥2

2
∞

−∞
𝑑𝑥 = ∫ 𝑓(𝑥)

∞

−∞
𝑑𝑃.      

(I’m “cheating” a bit here since the previous theorem is for a closed and bounded 

interval, but one can get around that problem with appropriate definitions).      

 

 

Now we want to prove the two fundamental theorems of calculus. 

Fundamental Theorem of Calculus I:  

 Let 𝑓 ∈ 𝑅[𝑎, 𝑏] and for 𝑎 ≤ 𝑥 ≤ 𝑏 let 𝐹(𝑥) = ∫ 𝑓(𝑡) 𝑑𝑡
𝑥

𝑎
. Then, 𝐹 is 

            continuous on [𝑎, 𝑏].   Furthermore, if 𝑓(𝑥) is continuous on [𝑎, 𝑏], then 

          𝐹′(𝑥) = 𝑓(𝑥) for all 𝑥 ∈ [𝑎, 𝑏]. 
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Proof:  Since 𝑓 ∈ 𝑅[𝑎, 𝑏], 𝑓 is bounded. Suppose |𝑓(𝑡)| ≤ 𝑀 for 𝑎 ≤ 𝑡 ≤ 𝑏. 

If 𝑎 ≤ 𝑥 < 𝑦 ≤ 𝑏, then: 

            |𝐹(𝑦) − 𝐹(𝑥)| = |∫ 𝑓(𝑡) 𝑑𝑡 −
𝑦

𝑎 ∫ 𝑓(𝑡) 𝑑𝑡
𝑥

𝑎
|  

                                       = |∫ 𝑓(𝑡) 𝑑𝑡
𝑦

𝑥
| ≤ 𝑀(𝑦 − 𝑥).  

So to prove 𝐹(𝑥) is continuous at 𝑥 we need to show given any 𝜖 > 0 there exists a 

𝛿 > 0 such that if |𝑦 − 𝑥| < 𝛿, then |𝐹(𝑦) − 𝐹(𝑥)| < 𝜖 

If we take 𝛿 =
𝜖

𝑀
 we get: 

|𝐹(𝑦) − 𝐹(𝑥)| ≤ 𝑀|𝑦 − 𝑥| < 𝑀𝛿 = 𝑀 (
𝜖

𝑀
) = 𝜖 .   

So, 𝐹(𝑥) is continuous at 𝑥.  

 

Now assume 𝑓 is continuous at 𝑥0 ∈ [𝑎, 𝑏]. Thus, given any 𝜖 > 0 there exists a 

𝛿 > 0 such that if |𝑡 − 𝑥0| < 𝛿, then |𝑓(𝑡) − 𝑓(𝑥0)| < 𝜖.  

 

Let’s show: 𝐹′(𝑥0) = lim
𝑡→𝑥0

𝐹(𝑡)−𝐹(𝑥0)

𝑡−𝑥0
= 𝑓(𝑥0).     

      If 𝑡 > 𝑥0 , |𝑡 − 𝑥0| < 𝛿 we have, 

|
𝐹(𝑡)−𝐹(𝑥0)

𝑡−𝑥0
− 𝑓(𝑥0)| = |

1

𝑡−𝑥0
[∫ 𝑓(𝑢)𝑑𝑢

𝑡

𝑎
− ∫ 𝑓(𝑢)𝑑𝑢

𝑥0

𝑎
] − 𝑓(𝑥0)|   

                           = |
1

𝑡−𝑥0
∫ 𝑓(𝑢)𝑑𝑢

𝑡

𝑥0
−

1

𝑡−𝑥0
∫ 𝑓(𝑥0)𝑑𝑢

𝑡

𝑥0
|  

                                        = |
1

𝑡−𝑥0
∫ (𝑓(𝑢) − 𝑓(𝑥0))𝑑𝑢

𝑡

𝑥0
| ≤

1

𝑡−𝑥0
∫ 𝜖

𝑡

𝑥0
 𝑑𝑢   

          |
𝐹(𝑡)−𝐹(𝑥0)

𝑡−𝑥0
− 𝑓(𝑥0)| ≤

1

𝑡−𝑥0
(𝑡 − 𝑥0)𝜖 =  𝜖  

   Thus,  𝐹′(𝑥0) = lim
𝑡→𝑥0

+

𝐹(𝑡)−𝐹(𝑥0)

𝑡−𝑥0
= 𝑓(𝑥0).  
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A similar argument shows 𝐹′(𝑥0) = lim
𝑡→𝑥0

−

𝐹(𝑡)−𝐹(𝑥0)

𝑡−𝑥0
= 𝑓(𝑥0) for 𝑡 < 𝑥0. 

 

 

Fundamental Theorem of Calculus II: 

 If 𝑓 ∈ 𝑅[𝑎, 𝑏] and if there is a differentiable function, 𝐹, on [𝑎, 𝑏]  such that 

          𝐹′ = 𝑓, then: 

∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
= 𝐹(𝑏) − 𝐹(𝑎)  

Proof: 

Let 𝜖 > 0 be given. Since 𝑓 ∈ 𝑅[𝑎, 𝑏] there exists a partition,                                

𝑃 = {𝑥0, 𝑥1 … , 𝑥𝑛} of [𝑎, 𝑏] such that: 

𝑈(𝑓, 𝑃) − 𝐿(𝑓, 𝑃) < 𝜖 

 

By the mean value theorem on [𝑥𝑖−1, 𝑥𝑖], there exists a 𝑡𝑖 ∈ [𝑥𝑖−1, 𝑥𝑖] such that: 

𝐹(𝑥𝑖) − 𝐹(𝑥𝑖−1) = 𝐹′(𝑡𝑖)(𝑥𝑖 − 𝑥𝑖−1) 

or 

                                     𝐹(𝑥𝑖) − 𝐹(𝑥𝑖−1) = 𝑓(𝑡𝑖)∆𝑥𝑖         for 𝑖 = 1, … , 𝑛.  

 

Now notice that: 

∑ 𝑓(𝑡𝑖)∆𝑥𝑖
𝑛
𝑖=1 = (𝐹(𝑥1) − 𝐹(𝑥0)) + (𝐹(𝑥2) − 𝐹(𝑥1)) + ⋯ + (𝐹(𝑥𝑛) − 𝐹(𝑥𝑛−1))  

                         = 𝐹(𝑏) − 𝐹(𝑎). 
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but 

𝐿(𝑓, 𝑃) ≤  ∑ 𝑓(𝑡𝑖)
𝑛
𝑖=1 ∆𝑥𝑖 ≤ 𝑈(𝑓, 𝑃)  

and 

                                      𝐿(𝑓, 𝑃) ≤  ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
≤ 𝑈(𝑓, 𝑃).  

 

But notice that for any real numbers 𝐴 ≤ 𝑣1 ≤ 𝐵 and 𝐴 ≤ 𝑣2 ≤ 𝐵 we have: 

                                                      |𝑣1 − 𝑣2| ≤ 𝐵 − 𝐴. 

 

 

Thus we have: 

                            |∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
− ∑ 𝑓(𝑡𝑖)∆𝑥𝑖

𝑛
𝑖=1 | ≤ 𝑈(𝑓, 𝑃) − 𝐿(𝑓, 𝑃).         

 

Since  𝑈(𝑓, 𝑃) − 𝐿(𝑓, 𝑃) <  𝜖, we get: 

 

                          |∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
− ∑ 𝑓(𝑡𝑖)∆𝑥𝑖

𝑛
𝑖=1 | < 𝜖  

or  

                        |∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
− (𝐹(𝑏) − 𝐹(𝑎))| < 𝜖.  

 

 This is true for all 𝜖 > 0 so, 

∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
= 𝐹(𝑏) − 𝐹(𝑎).  

   

𝐴                              𝑣1            𝑣2                                             𝐵 
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Ex.  Suppose 𝑓(𝑥) ≥ 0 for 𝑥 ∈ [𝑎, 𝑏] and 𝑓(𝑥) is continuous on [𝑎, 𝑏] with 

∫ 𝑓(𝑥)𝑑𝑥 = 0
𝑏

𝑎
. Prove 𝑓(𝑥) = 0 on [𝑎, 𝑏]. 

 

 Let 𝐹(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
, for all 𝑥 ∈ [𝑎, 𝑏]. 

          Since 𝑓(𝑡) ≥ 0, 𝐹(𝑥) ≥ 0 for all 𝑥 ∈ [𝑎, 𝑏].  

 

 But 0 = 𝐹(𝑏) = ∫ 𝑓(𝑡)𝑑𝑡 +
𝑥

𝑎
∫ 𝑓(𝑡)𝑑𝑡

𝑏

𝑥
.  

 

 Since ∫ 𝑓(𝑡)𝑑𝑡 ≥
𝑥

𝑎
0 and ∫ 𝑓(𝑡)𝑑𝑡 ≥ 0

𝑏

𝑥
 for all 𝑥 ∈ [𝑎, 𝑏], 

𝐹(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡 = 0
𝑥

𝑎
 for all 𝑥 ∈ [𝑎, 𝑏].  

 

 By the first fundamental theorem of calculus: 

𝐹′(𝑥) = 𝑓(𝑥), but 𝐹′(𝑥) = 0 for all 𝑥 ∈ [𝑎, 𝑏] because 𝐹(𝑥) is  constant.  

Thus,          𝑓(𝑥) = 0 for 𝑥 ∈ [𝑎, 𝑏]. 

 

 

 

 

 

        Even though 𝑓(𝑡) is not continuous on [𝑎, 𝑏] it is still possible  

        𝐹(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
 is differentiable on [𝑎, 𝑏].   
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          Ex.  On the interval [−𝜋, 𝜋]: 

                   Let 𝑓(𝑡) = 2𝑡𝑠𝑖𝑛 (
1

𝑡
) − cos (

1

𝑡
)        if 𝑡 ≠ 0 

                                   = 0                                        if 𝑡 = 0. 

                    Show that 𝐹(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

0
 is differentiable on [−𝜋, 𝜋]. 

 

 

   For 𝑥 ≠ 0: 

                       𝐹′(𝑥) = 𝑓(𝑥) = 2𝑥𝑠𝑖𝑛 (
1

𝑥
) − cos (

1

𝑥
)    

   by the first fundamental theorem of Calculus since 𝑓(𝑡) is continuous for 𝑡 ≠ 0.   

 

    For 𝑥 = 0, since 𝐹(0) = 0,  we have: 

                       𝐹′(0) = lim
ℎ→0

𝐹(ℎ)−𝐹(0)

ℎ
= lim

ℎ→0

ℎ2 sin(
1

ℎ
)

ℎ
= 0  

    by the squeeze theorem. 

 

    Thus 𝐹(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

0
 is differentiable on [−𝜋, 𝜋] even though 𝑓(𝑡) is    

   discontinuous at 𝑡 = 0. 
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      Ex.  However, it can happen that if 𝑓(𝑡) is discontinuous on  

          [𝑎, 𝑏], then 𝐹(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
 is not differentiable on [𝑎, 𝑏]. 

                    For example, let 

                   𝑓(𝑡) = 1          if 1 ≤ 𝑡 ≤ 2 

                             = 0          if 0 ≤ 𝑡 < 1.  

 

                   Then we have: 

                  𝐹(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

0
= 𝑥 − 1             if 1 ≤ 𝑥 ≤ 2 

                            = 0                                     if 0 ≤ 𝑥 < 1 

                  which is not differentiable at 𝑥 = 1. 

 

 

 

 

 

0            1           2            3 

𝑦 = 𝑓(𝑡) 

1 

 0               1               2               3 

𝑦 = 𝐹(𝑥) 1 


