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                                           The Space 𝑅𝛼[𝑎, 𝑏] 

 

Now we want to understand what kind of structure 𝑅𝛼[𝑎, 𝑏] has.  Is it a vector 

space?  If so, is there a norm on that vector space and is there a norm that will 

make it complete? 

 

Theorem:  Let 𝑓, 𝑔 ∈ 𝑅𝛼[𝑎, 𝑏] and let 𝑐 ∈ ℝ.  Then 

i. 𝑐𝑓 ∈ 𝑅𝛼[𝑎, 𝑏]  and ∫ 𝑐𝑓𝑑𝛼 = 𝑐 ∫ 𝑓𝑑𝛼
𝑏

𝑎

𝑏

𝑎
. 

ii. 𝑓 + 𝑔 ∈ 𝑅𝛼[𝑎, 𝑏]  and  ∫ (𝑓 + 𝑔)𝑑𝛼 = ∫ 𝑓𝑑𝛼
𝑏

𝑎
+ ∫ 𝑔𝑑𝛼

𝑏

𝑎

𝑏

𝑎
. 

iii. ∫ 𝑓𝑑𝛼
𝑏

𝑎
≤ ∫ 𝑔𝑑𝛼

𝑏

𝑎
  whenever  𝑓 ≤ 𝑔 on [𝑎, 𝑏]. 

iv. |𝑓| ∈ 𝑅𝛼[𝑎, 𝑏] and | ∫ 𝑓𝑑𝛼
𝑏

𝑎
| ≤ ∫ |𝑓|𝑑𝛼

𝑏

𝑎
≤ ‖𝑓‖∞[𝛼(𝑏) − 𝛼(𝑎)]. 

v. 𝑓𝑔 ∈ 𝑅𝛼[𝑎, 𝑏]  and  | ∫ 𝑓𝑔𝑑𝛼| ≤ (∫ 𝑓2𝑑𝛼
𝑏

𝑎
)
1

2
𝑏

𝑎
(∫ 𝑔2𝑑𝛼

𝑏

𝑎
)
1

2. 

This is called the Cauchy-Schwarz inequality.  

 

Proof.  If 𝑃 is any partition of [𝑎, 𝑏] and 𝑐 ≥ 0 then the supremum of 𝑐𝑓 on 

𝑥𝑖−1 ≤ 𝑥 ≤ 𝑥𝑖 is 𝑐𝑀𝑖  and the infimum of 𝑐𝑓 is 𝑐𝑚𝑖 . 

   Thus      𝑈𝛼(𝑐𝑓, 𝑃) = 𝑐𝑈𝛼(𝑓, 𝑃),     𝐿𝛼(𝑐𝑓, 𝑃) = 𝑐𝐿𝛼(𝑓, 𝑃)   and                       

𝑈𝛼(𝑐𝑓, 𝑃) − 𝐿𝛼(𝑐𝑓, 𝑃) = 𝑐(𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃)) = |𝑐|(𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃)).  

           

If 𝑐 < 0 then 𝑐𝑓 = −|𝑐|𝑓 and: 

            𝑈𝛼(𝑐𝑓, 𝑃) = |𝑐|𝑈𝛼(−𝑓, 𝑃) = −|𝑐|𝐿𝛼(𝑓, 𝑃) = 𝑐𝐿𝛼(𝑓, 𝑃) 

Similarly:             𝐿𝛼(𝑐𝑓, 𝑃) = −|𝑐|𝑈𝛼(𝑓, 𝑃) 

So        𝑈𝛼(𝑐𝑓, 𝑃) − 𝐿𝛼(𝑐𝑓, 𝑃) = −|𝑐|(𝐿𝛼(𝑓, 𝑃) − 𝑈𝛼(𝑓, 𝑃)) 

                                                      = |𝑐|(𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃)). 
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But since 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏] given any 𝜖 > 0, there exists a partition, 𝑃, such that  

(𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃)) < 
𝜖

|𝑐|
 

Thus for that partition: 

     𝑈𝛼(𝑐𝑓, 𝑃) − 𝐿𝛼(𝑐𝑓, 𝑃) = |𝑐|(𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃)) < |𝑐| (
𝜖

|𝑐|
) = 𝜖 . 

So  𝑐𝑓 ∈ 𝑅𝛼[𝑎, 𝑏]. 

 

 ∫ 𝑐𝑓𝑑𝛼 = ∫ 𝑐𝑓
𝑏̅

𝑎
𝑑𝛼 =

𝑏

𝑎
𝑐 ∫ 𝑓

𝑏̅

𝑎
𝑑𝛼    if 𝑐 ≥ 0 since 𝑈𝛼(𝑐𝑓, 𝑃) = 𝑐𝑈𝛼(𝑓, 𝑃) 

                                        = 𝑐 ∫ 𝑓𝑑𝛼
𝑏

_𝑎
    if 𝑐 < 0 since 𝑈𝛼(𝑐𝑓, 𝑃) = 𝑐𝐿𝛼(𝑓, 𝑃) 

and  ∫ 𝑓
𝑏̅

𝑎
𝑑𝛼 = ∫ 𝑓𝑑𝛼

𝑏

_𝑎
= ∫ 𝑓𝑑𝛼

𝑏

𝑎
. 

So  ∫ 𝑐𝑓𝑑𝛼 = 𝑐 ∫ 𝑓𝑑𝛼
𝑏

𝑎

𝑏

𝑎
. 

 

ii.   Notice that for any partitions 𝑃, 𝑄 if 𝑓, 𝑔 ∈ 𝑅𝛼[𝑎, 𝑏]: 

      𝐿𝛼(𝑓, 𝑃) + 𝐿𝛼(𝑔, 𝑄) ≤ 𝐿𝛼(𝑓, 𝑃 ∪ 𝑄) + 𝐿𝛼(𝑔, 𝑃 ∪ 𝑄) 

                                             ≤ 𝐿𝛼(𝑓 + 𝑔, 𝑃 ∪ 𝑄) 

                          (since inf⁡(𝑓) + inf⁡(𝑔) ≤ inf(𝑓 + 𝑔))  

 

                                              ≤ 𝑈𝛼(𝑓 + 𝑔, 𝑃 ∪ 𝑄) 

                                               ≤ 𝑈𝛼(𝑓, 𝑃 ∪ 𝑄) + 𝑈𝛼(𝑔, 𝑃 ∪ 𝑄) 

                           (since sup(𝑓 + 𝑔) ≤ sup⁡(𝑓) + sup⁡(𝑔))   

 

                                                ≤ 𝑈𝛼(𝑓, 𝑃) + 𝑈𝛼(𝑔, 𝑄). 
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      Since 𝑓, 𝑔 ∈ 𝑅𝛼[𝑎, 𝑏] there exist partitions 𝑃, 𝑄 such that: 

                                    𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃) <
𝜖

2
    

                                   𝑈𝛼(𝑔, 𝑄) − 𝐿𝛼(𝑔, 𝑄) <
𝜖

2
 . 

Adding these inequalitites we get: 

               (𝑈𝛼(𝑓, 𝑃) + 𝑈𝛼(𝑔, 𝑄)) − (𝐿𝛼(𝑓, 𝑃) + 𝐿𝛼(𝑔, 𝑄)) < 𝜖. 

 

But we have: 

𝑈𝛼(𝑓 + 𝑔, 𝑃 ∪ 𝑄) − 𝐿𝛼(𝑓 + 𝑔, 𝑃 ∪ 𝑄) ≤ (𝑈𝛼(𝑓, 𝑃) + 𝑈𝛼(𝑔, 𝑄)) −

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(𝐿𝛼(𝑓, 𝑃) + 𝐿𝛼(𝑔, 𝑄)) < 𝜖. 

Thus 𝑓 + 𝑔 ∈ 𝑅𝛼[𝑎, 𝑏]. 

 

Since  𝐿𝛼(𝑓, 𝑃) + 𝐿𝛼(𝑔, 𝑃) ≤ 𝐿𝛼(𝑓 + 𝑔, 𝑃) 

          𝑈𝛼(𝑓, 𝑃) + 𝑈𝛼(𝑔, 𝑃) ≥ 𝑈𝛼(𝑓 + 𝑔, 𝑃) 

for all partitions 𝑃: 

            ∫ 𝑓𝑑𝛼
𝑏

_𝑎
+ ∫ 𝑔𝑑𝛼

𝑏

_𝑎
≤ ∫ (𝑓 + 𝑔)𝑑𝛼

𝑏

_𝑎
   

                                              ≤ ∫ (𝑓 + 𝑔)
𝑏̅

𝑎
𝑑𝛼 

                                              ≤ ∫ 𝑓
𝑏̅

𝑎
𝑑𝛼 + ∫ 𝑔

𝑏̅

𝑎
𝑑𝛼.  

 

But ∫ 𝑓
𝑏̅

𝑎
𝑑𝛼 = ∫ 𝑓𝑑𝛼 = ∫ 𝑓𝑑𝛼

𝑏

𝑎

𝑏

_𝑎
  and  ∫ 𝑔

𝑏̅

𝑎
𝑑𝛼 = ∫ 𝑔𝑑𝛼 = ∫ 𝑔𝑑𝛼

𝑏

𝑎

𝑏

_𝑎
, so  

                  ∫ (𝑓 + 𝑔)
𝑏̅

𝑎
𝑑𝛼 = ∫ (𝑓 + 𝑔)𝑑𝛼 = ∫ (𝑓 + 𝑔)𝑑𝛼

𝑏

𝑎

𝑏

_𝑎
. 

Thus ∫ (𝑓 + 𝑔)𝑑𝛼 = ∫ 𝑓𝑑𝛼
𝑏

𝑎
+ ∫ 𝑔𝑑𝛼

𝑏

𝑎

𝑏

𝑎
. 
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iii.  If  𝑓 ≤ 𝑔 on [𝑎, 𝑏] then for any partition 𝑃: 

              𝑚𝑖(𝑓) ≤ 𝑚𝑖(𝑔)    and   𝑀𝑖(𝑓) ≤ 𝑀𝑖(𝑔). 

Thus:    𝐿𝛼(𝑓, 𝑃) ≤ 𝐿𝛼(𝑔, 𝑃)  and  𝑈𝛼(𝑓, 𝑃) ≤ 𝑈𝛼(𝑔, 𝑃). 

  

Since  𝑓, 𝑔 ∈ 𝑅𝛼[𝑎, 𝑏] 

∫ 𝑓
𝑏̅

𝑎
𝑑𝛼 = ∫ 𝑓𝑑𝛼

𝑏

_𝑎
= ∫ 𝑓𝑑𝛼

𝑏

𝑎
   and     ∫ 𝑔

𝑏̅

𝑎
𝑑𝛼 = ∫ 𝑔𝑑𝛼

𝑏

_𝑎
= ∫ 𝑔𝑑𝛼

𝑏

𝑎
 

and   ∫ 𝑓𝑑𝛼
𝑏

_𝑎
≤ ∫ 𝑔𝑑𝛼

𝑏

_𝑎
  so  ∫ 𝑓𝑑𝛼

𝑏

𝑎
≤ ∫ 𝑔𝑑𝛼

𝑏

𝑎
. 

 

iv.  Notice that for any real numbers 𝐴, 𝐵 we have: 

                                ||𝐴| − |𝐵|| ≤ |𝐴 − 𝐵|, 

since if |𝐴| ≥ |𝐵|, then by the triangle inequality: 

                  |𝐴| = |(𝐴 − 𝐵) + 𝐵| ≤ |𝐴 − 𝐵| + |𝐵|   

                  ||𝐴| − |𝐵|| = |𝐴| − |𝐵| ≤ |𝐴 − 𝐵|. 

       If |𝐵| ≥ |𝐴| then 

                    |𝐵| = |(𝐵 − 𝐴) + 𝐴| ≤ |𝐴 − 𝐵| + |𝐴|    

                    ||𝐵| − |𝐴|| = |𝐵| − |𝐴| ≤ |𝐴 − 𝐵| 

                    ||𝐴| − |𝐵|| = |𝐵| − |𝐴| ≤ |𝐴 − 𝐵|. 

 

Thus for a function 𝑓 for any 𝑠, 𝑡 ∈ [𝑥𝑖−1, 𝑥𝑖] we have: 

                    ||𝑓(𝑠)| − |𝑓(𝑡)|| ≤ |𝑓(𝑠) − 𝑓(𝑡)|. 

Hence  |𝑀𝑖(|𝑓|) − 𝑚𝑖(|𝑓|)| ≤ |𝑀𝑖(𝑓) − 𝑚𝑖(𝑓)|. 
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Thus  𝑈𝛼(|𝑓|, 𝑃) − 𝐿𝛼(|𝑓|, 𝑃) ≤ 𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃).  

 

So since 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏] there exists a partition 𝑃 such that 

           𝑈𝛼(|𝑓|, 𝑃) − 𝐿𝛼(|𝑓|, 𝑃) ≤ 𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃) < 𝜖. 

Hence |𝑓| ∈ 𝑅𝛼[𝑎, 𝑏]. 

 

Since −𝑓, 𝑓 ≤ |𝑓| ≤ ‖𝑓‖∞, by i and iii we have: 

     | ∫ 𝑓𝑑𝛼
𝑏

𝑎
| ≤ ∫ |𝑓|𝑑𝛼 ≤ ∫ ‖𝑓‖∞𝑑𝛼 = ‖𝑓‖∞(𝛼(𝑏) − 𝛼(𝑎))

𝑏

𝑎
.

𝑏

𝑎
 

 

v.   To show 𝑓𝑔 ∈ 𝑅𝛼[𝑎, 𝑏]  we start by showing that 𝑓2 ∈ 𝑅𝛼[𝑎, 𝑏]. 

Notice that (𝑓(𝑥))2 − (𝑓(𝑦))2 = (𝑓(𝑥) + 𝑓(𝑦))(𝑓(𝑥) − 𝑓(𝑦))   

                                                       ≤ 2‖𝑓‖∞|𝑓(𝑥) − 𝑓(𝑦)|. 

Thus: 

𝑈𝛼(𝑓
2, 𝑃) − 𝐿𝛼(𝑓

2, 𝑃) =∑𝑀𝑖(𝑓
2)(∆𝛼(𝑥𝑖)) −∑𝑚𝑖(𝑓

2)(∆𝛼(𝑥𝑖))

𝑛

𝑖=1

𝑛

𝑖=1

 

                                             = ∑ (𝑀𝑖(𝑓
2) − 𝑚𝑖(𝑓

2))(∆𝛼(𝑥𝑖))
𝑛
𝑖=1  

                                              ≤ ∑ 2‖𝑓‖∞(𝑀𝑖(𝑓) − 𝑚𝑖(𝑓))(∆𝛼(𝑥𝑖))
𝑛
𝑖=1  

                                              = 2‖𝑓‖∞(𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃)). 

 

Since 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏] given any 𝜖 > 0 there exists a partition 𝑃 such that  

                            𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃) < 𝜖/(2‖𝑓‖∞). 
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Hence for this partition:            

𝑈𝛼(𝑓
2, 𝑃) − 𝐿𝛼(𝑓

2, 𝑃) ≤ 2‖𝑓‖∞(𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃)) 

                                                         ≤ 2‖𝑓‖∞(
𝜖

2‖𝑓‖∞
) = 𝜖 . 

So 𝑓2 ∈ 𝑅𝛼[𝑎, 𝑏]. 

 

Now notice that: 

         4𝑓𝑔 = (𝑓 + 𝑔)2 − (𝑓 − 𝑔)2.  

 

By ii, since  𝑓, 𝑔 ∈ 𝑅𝛼[𝑎, 𝑏], so are 𝑓 ± 𝑔.   

 

Since⁡𝑓 ∈ 𝑅𝛼[𝑎, 𝑏], so are  𝑓2,⁡ (𝑓 + 𝑔)2, and (𝑓 − 𝑔)2.  

Thus  𝑓𝑔 ∈ 𝑅𝛼[𝑎, 𝑏]. 

 

Now to get the Cauchy-Schwarz inequality: 

                  | ∫ 𝑓𝑔𝑑𝛼| ≤ (∫ 𝑓2𝑑𝛼
𝑏

𝑎
)
1

2
𝑏

𝑎
(∫ 𝑔2𝑑𝛼

𝑏

𝑎
)
1

2, 

we see that for any 𝜆 ∈ ℝ: 

 

                0 ≤ ∫ (𝑓 + 𝜆𝑔)2
𝑏

𝑎
𝑑𝛼 = ∫ (𝑓2 + 2𝜆𝑓𝑔 + 𝜆2𝑔2)

𝑏

𝑎
𝑑𝛼     

                    = ∫ 𝑓2𝑑𝛼 + 2𝜆 ∫ 𝑓𝑔𝑑𝛼 + 𝜆2 ∫ 𝑔2𝑑𝛼
𝑏

𝑎
.

𝑏

𝑎

𝑏

𝑎
 

 

This is a nonnegative quadratic in 𝜆.  Thus the discriminant   

                          ⁡⁡⁡⁡⁡𝑏2 − 4𝑎𝑐 ≤ 0.   
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Thus we have: 

 (2 ∫ 𝑓𝑔𝑑𝛼)
𝑏

𝑎

2
− 4(∫ 𝑓2𝑑𝛼

𝑏

𝑎
)(∫ 𝑔2𝑑𝛼

𝑏

𝑎
) ≤ 0     

                                               (2 ∫ 𝑓𝑔𝑑𝛼)
𝑏

𝑎

2
≤ 4(∫ 𝑓2𝑑𝛼

𝑏

𝑎
)(∫ 𝑔2𝑑𝛼

𝑏

𝑎
) 

                                                     | ∫ 𝑓𝑔𝑑𝛼| ≤ (∫ 𝑓2𝑑𝛼
𝑏

𝑎
)
1

2
𝑏

𝑎
(∫ 𝑔2𝑑𝛼

𝑏

𝑎
)
1

2 . 

 

 

Ex.  Show that | ∫
𝑠𝑖𝑛𝑥

𝑥
𝑑𝑥| ≤

1

2

2𝜋

𝜋
.    

 

      Apply the Cauchy-Schwarz inequality with 𝑓(𝑥) = 𝑠𝑖𝑛𝑥, 𝑔(𝑥) =
1

𝑥
 : 

         | ∫
𝑠𝑖𝑛𝑥

𝑥
𝑑𝑥| ≤

2𝜋

𝜋
 √∫ sin2 𝑥𝑑𝑥

2𝜋

𝜋
√∫

1

𝑥2
𝑑𝑥

2𝜋

𝜋
      

                                 = √∫ (
1

2
−

1

2
𝑐𝑜𝑠2𝑥)

2𝜋

𝜋
𝑑𝑥√−

1

𝑥
|
2𝜋

𝜋
 

                                 = √
1

2
𝑥 −

1

4
𝑠𝑖𝑛2𝑥|

2𝜋

𝜋
√−

1

2𝜋
+

1

𝜋
 

                                 = √𝜋 −
𝜋

2
√

1

2𝜋
= √

𝜋

2
√

1

2𝜋
=

1

2
 . 
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Ex.  Prove lim
𝑛→∞

∫ (𝑥𝑛𝑠𝑖𝑛𝜋𝑥)
1

0
𝑑𝑥 = 0.  

 

By the Cauchy-Schwarz inequality we have: 

0 ≤ |∫ (𝑥𝑛𝑠𝑖𝑛𝜋𝑥)
1

0
𝑑𝑥| ≤ √∫ 𝑥2𝑛𝑑𝑥

1

0
√∫ (sin2 𝜋𝑥)𝑑𝑥

1

0
  

                                           = √
1

2𝑛+1
𝑥2𝑛+1|

1

0
√∫ (

1

2
−

1

2
𝑐𝑜𝑠2𝜋𝑥)𝑑𝑥

1

0
 

                                           = √
1

2𝑛+1
√(

1

2
𝑥 −

1

4𝜋
𝑠𝑖𝑛2𝜋𝑥)|

1

0
 

                                           = √
1

2𝑛+1
√
1

2
= √

1

4𝑛+2
 

Since lim
𝑛→∞

√
1

4𝑛+2
= 0,  lim

𝑛→∞
∫ (𝑥𝑛𝑠𝑖𝑛𝜋𝑥)
1

0
𝑑𝑥 = 0 by the squeeze theorem. 

      

Parts i and ii of this theorem tell us that 𝑅𝛼[𝑎, 𝑏]  is a vector space. (since 

𝑓(𝑥) = 0 ∈ 𝑅𝛼[𝑎, 𝑏]) .  There are some obvious candidates for a norm on 

𝑅𝛼[𝑎, 𝑏]. 

                 ‖𝑓‖ = ∫ |𝑓(𝑥)|𝑑𝛼
𝑏

𝑎
 

                 ‖𝑓‖ = sup
𝑎≤𝑥≤𝑏

|𝑓(𝑥)|. 

 

The problem with the first candidate is that it isn’t always a norm.  That is, it’s 

possible to find a nonconstant increasing function 𝛼 and a nonzero function 

𝑓 ∈ 𝑅𝛼[𝑎, 𝑏] such that ∫ |𝑓(𝑥)|𝑑𝛼
𝑏

𝑎
= 0  (for example, 𝛼(𝑥) = 𝑥 and 

𝑓(𝑥) = 1, if 𝑥 = 0, and 𝑓(𝑥) = 0 otherwise). 
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The sup-norm is a good candidate for 𝑅𝛼[𝑎, 𝑏] because by the next theorem 

𝑅𝛼[𝑎, 𝑏] is closed under uniform convergence.  That is 𝑅𝛼[𝑎, 𝑏] is complete 

with ‖𝑓‖ = sup
𝑎≤𝑥≤𝑏

|𝑓(𝑥)|. 

 

Theorem:  Let {𝑓𝑛} be a sequence in 𝑅𝛼[𝑎, 𝑏].  If {𝑓𝑛} → 𝑓 uniformly on [𝑎, 𝑏], 

then 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏] and  lim
𝑛→∞

∫ 𝑓𝑛𝑑𝛼 = ∫ 𝑓𝑑𝛼
𝑏

𝑎

𝑏

𝑎
. 

 

Proof.  Let’s first show 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏] by showing given any 𝜖 > 0, there is a 

partition, 𝑃 = {𝑥0, 𝑥1, … , 𝑥𝑛}, such that   

                             𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃) < 𝜖.  

 

{𝑓𝑛} → 𝑓 uniformly on [𝑎, 𝑏] so given any 𝜖 > 0, there exists an 𝑁 ∈ ℤ+ such 

that if 𝑛 ≥ 𝑁 then 

         |𝑓𝑛(𝑥) − 𝑓(𝑥)| < 
𝜖

4(𝛼(𝑏)−𝛼(𝑎))
     for all 𝑥 ∈ [𝑎, 𝑏]. 

 

By the triangle inequality we have for all 𝑠, 𝑡 ∈ [𝑎, 𝑏]: 

  |𝑓(𝑠) − 𝑓(𝑡)| ≤ |𝑓(𝑠) − 𝑓𝑁(𝑠)| + |𝑓𝑁(𝑠) − 𝑓𝑁(𝑡)| + |𝑓𝑁(𝑡) − 𝑓(𝑡)| 

                            ≤
𝜖

4(𝛼(𝑏)−𝛼(𝑎))
+ |⁡𝑓𝑁(𝑠) − 𝑓𝑁(𝑡)| +⁡

𝜖

4(𝛼(𝑏)−𝛼(𝑎))
⁡⁡⁡        

                            = |𝑓𝑁(𝑠) − 𝑓𝑁(𝑡)| +
𝜖

2(𝛼(𝑏)−𝛼(𝑎))
 .    

 

Since 𝑓𝑁 ∈ 𝑅𝛼[𝑎, 𝑏] we know that given any 𝜖 > 0 there exists a partition 𝑃 

such that 𝑈𝛼(𝑓𝑁, 𝑃) − 𝐿𝛼(𝑓𝑁, 𝑃) <
𝜖

2
⁡. 
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Then we have: 

     𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃) = ∑ (𝑀𝑖(𝑓) − 𝑚𝑖(𝑓))(∆𝛼(𝑥𝑖))
𝑛
𝑖=1  

                                     ≤ ∑ (𝑀𝑖(𝑓𝑁) − 𝑚𝑖(𝑓𝑁) +
𝜖

2(𝛼(𝑏)−𝛼(𝑎))
)(∆𝛼(𝑥𝑖))

𝑛
𝑖=1    

 

         = ∑ (𝑀𝑖(𝑓𝑁) − 𝑚𝑖(𝑓𝑁))(∆𝛼(𝑥𝑖))
𝑛
𝑖=1 + ∑ (

𝜖

2(𝛼(𝑏)−𝛼(𝑎))
)(∆𝛼(𝑥𝑖))

𝑛
𝑖=1   

 

          = 𝑈𝛼(𝑓𝑁, 𝑃) − 𝐿𝛼(𝑓𝑁, 𝑃) + (
𝜖

2(𝛼(𝑏)−𝛼(𝑎))
)(𝛼(𝑏) − 𝛼(𝑎))   

 

            <⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡
𝜖

2
⁡⁡⁡⁡⁡⁡⁡⁡+⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡

𝜖

2
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡= 𝜖.   

So 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏].   

 

To see lim
𝑛→∞

∫ 𝑓𝑛𝑑𝛼 = ∫ 𝑓𝑑𝛼
𝑏

𝑎

𝑏

𝑎
, notice that: 

     0 ≤ | ∫ (𝑓𝑛 − 𝑓)𝑑𝛼| ≤ ∫ |𝑓𝑛 − 𝑓|𝑑𝛼 ≤ ‖𝑓𝑛 − 𝑓‖∞[𝛼(𝑏) − 𝛼(𝑎)]
𝑏

𝑎

𝑏

𝑎
 

and the RHS goes to 0 as 𝑛 → ∞. 

 

Thus 𝑅𝛼[𝑎, 𝑏] is a Banach space with the sup-norm.  Notice also that     

𝐶[𝑎, 𝑏] ⊆ 𝑅𝛼[𝑎, 𝑏] is a closed vector subspace.  

 

Theorem:  Let 𝛼 be continuous and increasing.  Given 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏] and      

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝜖 > 0, there exists 

i. A step function ℎ on [𝑎, 𝑏] with ‖ℎ‖∞ ≤ ‖𝑓‖∞ such that 

                      ∫ |𝑓 − ℎ|𝑑𝛼 < 𝜖
𝑏

𝑎
,       and 

ii. A continuous function 𝑔 on [𝑎, 𝑏] with  ‖𝑔‖∞ ≤ ‖𝑓‖∞ such that 

                                      ∫ |𝑓 − 𝑔|𝑑𝛼 < 𝜖
𝑏

𝑎
. 
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Proof. i.  Since 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏], there exists a partition 𝑃 = {𝑥0, 𝑥1, … , 𝑥𝑛}, such 

that:                           𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃) < 𝜖.  

 

For each 𝑖 = 1,2, … , 𝑛 choose 𝑡𝑖 ∈ [𝑥𝑖−1, 𝑥𝑖) and define a step function by:                             

ℎ(𝑥) = 𝑓(𝑡𝑖)⁡⁡⁡⁡𝑖𝑓⁡  𝑥 ∈ [𝑥𝑖−1, 𝑥𝑖)  

          = 𝑓(𝑥𝑛)⁡⁡⁡𝑖𝑓⁡⁡⁡⁡𝑥 = 𝑥𝑛. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Thus we have    ‖ℎ‖∞ ≤ ‖𝑓‖∞.  

 

Since 𝛼 is continuous ℎ ∈ 𝑅𝛼[𝑎, 𝑏].  

 

From ∫ 𝑓𝑑𝛼 = ∫ 𝑓𝑑𝛼 + ∫ 𝑓𝑑𝛼
𝑏

𝑐

𝑐

𝑎

𝑏

𝑎
,   for any 𝑐 ∈ [𝑎, 𝑏] 

we have: 

    ∫ |𝑓 − ℎ|𝑑𝛼 = ∑ ∫ |𝑓(𝑥) − 𝑓(𝑡𝑖)|𝑑𝛼
𝑥𝑖
𝑥𝑖−1

𝑛
𝑖=1

𝑏

𝑎
 

                             ≤ ∑ (𝑀𝑖 −𝑚𝑖)∆𝛼𝑖
𝑛
𝑖=1  

                             = 𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃) < 𝜖. 

𝑥0                 𝑡1   𝑥1            𝑡2         𝑥2    𝑡3                 𝑥3 

𝑦 = 𝑓(𝑥) 

𝑦 = ℎ(𝑥) 



12 
 

ii   Since 𝛼 is continuous on [𝑎, 𝑏], it is also uniformly continuous.  Thus given     

⁡⁡⁡⁡⁡⁡𝜖 > 0 we can always choose a 𝛿 > 0 such that : 

           𝛿 < min (
∆𝑥𝑖

2
| ⁡𝑖 = 1,2,… , 𝑛) such that |𝛼(𝑥) − 𝛼(𝑦)| <

𝜖

𝑛+1
   

          for 𝑥, 𝑦 in  [𝑥𝑖 − 𝛿, 𝑥𝑖 + 𝛿] ∩ [𝑎, 𝑏].  

 

Now let 𝑔(𝑥) be a polygonal function that agrees with ℎ at each node   

   𝑥0, (𝑥0 + 𝛿), (⁡𝑥1 − 𝛿), (⁡𝑥1 + 𝛿), … ⁡ , (𝑥𝑛 − 𝛿), ⁡𝑥𝑛. 

𝑔 is a piecewise linear continuous function that agrees with ℎ on each subinterval 

[(𝑥𝑖−1 + 𝛿), (𝑥𝑖 − 𝛿)] and is linear on each interval⁡[(𝑥𝑖 − 𝛿), (𝑥𝑖 + 𝛿)].  

 

 

 

 

 

             𝑥0                               𝑥1                              𝑥2                              𝑥3 

                                 𝑥1 − 𝛿    𝑥1 + 𝛿        𝑥2 − 𝛿   𝑥2 + 𝛿         𝑥3 − 𝛿 

𝑦 = 𝑓(𝑥) 

𝑦 = 𝑔(𝑥) 
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 Then ‖𝑔‖∞ ≤ ‖ℎ‖∞ ≤ ‖𝑓‖∞,    𝑔 ∈ 𝑅𝛼[𝑎, 𝑏],   and 

 ∫ |ℎ − 𝑔|𝑑𝛼 = ∫ |ℎ − 𝑔|𝑑𝛼 + ∑ ∫ |ℎ − 𝑔|𝑑𝛼 + ∫ |ℎ − 𝑔|𝑑𝛼
𝑥𝑛
𝑥𝑛−𝛿

𝑥𝑖+𝛿

𝑥𝑖−𝛿
𝑛−1
𝑖=1

𝑥0+𝛿

𝑥0

𝑏

𝑎
      

                          ≤ 2‖𝑓‖∞ (
𝜖

𝑛+1
)+ ∑ (2‖𝑓‖∞ (

𝜖

𝑛+1
))𝑛−1

𝑖=1 + 2‖𝑓‖∞ (
𝜖

𝑛+1
) 

                         = 2𝜖‖𝑓‖∞.  

 

Now using the triangle inequality we get: 

   ∫ |𝑓 − 𝑔|𝑑𝛼 ≤ ∫ |𝑓 − ℎ|𝑑𝛼 + ∫ |ℎ − 𝑔|𝑑𝛼 < 𝜖 + 2𝜖‖𝑓‖∞
𝑏

𝑎

𝑏

𝑎

𝑏

𝑎
. 

(We could have chosen the length of the subintervals so that ∫ |ℎ − 𝑔|𝑑𝛼 <
𝑏

𝑎

𝜖

2
⁡  

and ℎ so that ∫ |𝑓 − ℎ|𝑑𝛼 <
𝜖

2

𝑏

𝑎
)⁡. 

 

Ex.  Given that 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏] and 𝜖 > 0, prove there exists a polynomial, 𝑝(𝑥), 

⁡⁡⁡⁡⁡⁡⁡such that ∫ |𝑓(𝑥) − 𝑝(𝑥)|𝑑𝛼 < 𝜖
𝑏

𝑎
.  

 

From the previous theorem we know that there exists a 𝑔 ∈ 𝐶[𝑎, 𝑏] such that           

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡∫ |𝑓(𝑥) − 𝑔(𝑥)|𝑑𝛼 <
𝜖

2

𝑏

𝑎
 .  

 

By the Weierstrass approximation theorem we know there exists a polynomial, 

𝑝(𝑥), on [𝑎, 𝑏] where sup
𝑎≤𝑥≤𝑏

|𝑔(𝑥) − 𝑝(𝑥)| <
𝜖

2(𝛼(𝑏)−𝛼(𝑎))
 .   

Thus we have: 

    ∫ |𝑓(𝑥) − 𝑝(𝑥)|𝑑𝛼 ≤
𝑏

𝑎 ∫ |𝑓(𝑥) − 𝑔(𝑥)|𝑑𝛼 +
𝑏

𝑎 ∫ |𝑔(𝑥) − 𝑝(𝑥)|𝑑𝛼
𝑏

𝑎
 

                                         <⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡
𝜖

2
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡+⁡⁡∫

𝜖

2(𝛼(𝑏)−𝛼(𝑎))
𝑑𝛼

𝑏

𝑎
⁡⁡ 

                                         <⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡
𝜖

2
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡+ ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡

𝜖

2
⁡⁡⁡⁡⁡⁡⁡⁡= 𝜖. 
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Ex.  (Riemann’s Lemma) Let 𝑓(𝑥) ∈ 𝑅[−𝜋, 𝜋].  Prove that  

                               lim
𝑛→∞

∫ 𝑓(𝑥) cos(𝑛𝑥) 𝑑𝑥 = 0.
𝜋

−𝜋
 

 

We must show given any 𝜖 > 0 there exists an 𝑁 ∈ ℤ+ such that if⁡⁡𝑛 ≥ 𝑁, 

then | ∫ 𝑓(𝑥) cos(𝑛𝑥) 𝑑𝑥 − 0
𝜋

−𝜋
| < 𝜖.  

 

By the previous theorem we know that there exists a step function, ℎ, on 

[−𝜋, 𝜋], such that     ∫ |𝑓 − ℎ|𝑑𝑥 <
𝜖

2

𝜋

−𝜋
 .    

 

Let 𝑃 be a partition of [−𝜋, 𝜋], 𝑃 = {𝑥0, 𝑥1, … , 𝑥𝑚}, such that 

       ℎ(𝑥) = ∑ 𝑐𝑖χ[𝑥𝑖−1,𝑥𝑖)
𝑚
𝑖=1   and ℎ(𝑥𝑚) = 𝑓(𝑥𝑚). 

Let’s show that lim
𝑛→∞

∫ ℎ(𝑥) cos(𝑛𝑥) 𝑑𝑥 = 0.
𝜋

−𝜋
  

 

      ∫ ℎ(𝑥) cos(𝑛𝑥) 𝑑𝑥 = ∫ (∑ 𝑐𝑖χ[𝑥𝑖−1,𝑥𝑖)) cos(𝑛𝑥) 𝑑𝑥
𝑚
𝑖=1

𝜋

−𝜋

𝜋

−𝜋
 

                                            = ∑ ∫ 𝑐𝑖χ[𝑥𝑖−1,𝑥𝑖)) cos(𝑛𝑥)
𝜋

−𝜋
𝑚
𝑖=1 𝑑𝑥 

                                            = ∑ ∫ 𝑐𝑖 cos(𝑛𝑥) 𝑑𝑥
𝑥𝑖
𝑥𝑖−1

𝑚
𝑖=1  

                                            = ∑ 𝑐𝑖(
sin(𝑛𝑥)

𝑛
)|𝑥𝑖−1
𝑥𝑖𝑚

𝑖=1  

                                             =
1

𝑛
∑ 𝑐𝑖[sin(𝑛𝑥𝑖) − sin(𝑛𝑥𝑖−1)].
𝑚
𝑖=1  

Thus we have:  

 lim
𝑛→∞

∫ ℎ(𝑥) cos(𝑛𝑥) 𝑑𝑥 = lim
𝑛→∞

1

𝑛
∑ 𝑐𝑖[sin(𝑛𝑥𝑖) − sin(𝑛𝑥𝑖−1)]
𝑚
𝑖=1

𝜋

−𝜋
= 0.  
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That means given any 𝜖 > 0 there exists an 𝑁 ∈ ℤ+ such that if  𝑛 ≥ 𝑁, then 

|∫ ℎ(𝑥) cos(𝑛𝑥) 𝑑𝑥 − 0
𝜋

−𝜋
| <

𝜖

2
⁡.  

 

Using this 𝑁, if 𝑛 ≥ 𝑁 then: 

|∫ 𝑓(𝑥) cos(𝑛𝑥) 𝑑𝑥 − 0
𝜋

−𝜋
|  

              = | ∫ [(𝑓(𝑥) − ℎ(𝑥)) cos(𝑛𝑥) + ℎ(𝑥) cos(𝑛𝑥)] 𝑑𝑥
𝜋

−𝜋
|  

              = | ∫ (𝑓(𝑥) − ℎ(𝑥)) cos(𝑛𝑥)𝑑𝑥 + ∫ ℎ(𝑥) cos(𝑛𝑥)
𝜋

−𝜋
𝑑𝑥|

𝜋

−𝜋
|   

              ≤ | ∫ [(𝑓(𝑥) − ℎ(𝑥)) cos(𝑛𝑥)𝑑𝑥| + | ∫ ℎ(𝑥) cos(𝑛𝑥)
𝜋

−𝜋
𝑑𝑥|

𝜋

−𝜋
|   

              ≤ ∫ |𝑓(𝑥) − ℎ(𝑥)|𝑑𝑥 + |∫ ℎ(𝑥) cos(𝑛𝑥)
𝜋

−𝜋
𝑑𝑥|

𝜋

−𝜋
<

𝜖

2
+

𝜖

2
= 𝜖 .  

 

Thus lim
𝑛→∞

∫ 𝑓(𝑥) cos(𝑛𝑥) 𝑑𝑥 = 0.
𝜋

−𝜋
 


