The Space R, [a, b]

Now we want to understand what kind of structure R, [a, b] has. Is it a vector
space? If so, is there a norm on that vector space and is there a norm that will
make it complete?

Theorem: Let f,g € R,[a,b] andlet ¢ € R. Then
i cf €Ryla,b] and [] cfda = c [ fda.
i. f+g€Ry[ab] and f;(f + g)da = f: fda + ff gda.
ii. [0 fda < [’ gda whenever f < g on [a,b].
v.  Ifl € Rela,bland | [ fda| < [/Iflda < lIfllo[a(d) — a(@)]
V. fg€Rqlab] and | [} fodal < (f} f2da): (Jy g*da):.

This is called the Cauchy-Schwarz inequality.

Proof. If P is any partition of [a, b] and ¢ = 0 then the supremum of cf on
Xi—1 < x < x;j is cM; and the infimum of cf is cm,;.

Thus  U,(cf,P) = cUy,(f,P), Ly(cf,P)=cLy(f,P) and
Ug(cf,P) — Lo (cf, P) = c(Uy(f, P) — Lo(f, P)) = Icl(Ua(f, P) — Lo (f, P)).

If c < 0 thencf = —|c|f and:
Ug(cf, P) = lclUg(—f, P) = —lc|La(f, P) = cLa(f, P)
Similarly: Lo(cf,P) = —|c|Uy(f,P)
So  Ug(cf,P) — La(cf,P) = —|c|(La(f, P) — Ua(f, P))
= |c|(Ua(f, P) — Lo (f, P)).



Butsince f € R,[a, b] given any € > 0, there exists a partition, P, such that

(U (f, P) = Lo(f, P)) < ﬁ

Thus for that partition:
Ua(cf, P) = La(cf, P) = el (Ua(f, P) = La(f,P)) < Icl (5) = €.

So cf € Rya, b].

[Pcfda = ["cfda=c [’ fda ifc= 0since Uylcf,P) = cUq(f, P)

= cf_ifda if ¢ < 0 since Uy(cf,P) = cL,(f, P)

and [ f da = [ fda = [ fda.

So f: cfda = cfffda.

ii. Notice that for any partitions P, Q if f, g € R,[a, b]:
Lo(f,P) 4+ Lo(9,Q) < Lo(f,PUQ) + La(g,PUQ)
<Ls(f+9,PUQ)
(since inf(f) + inf(g) < inf(f + g))

<Uu(f+g,PUQ)
< Uy (f,PUQ)+Uy(g,PUQ)
(since sup(f + g) < sup(f) + sup(g))

< Ug(f, P) + Uq(g, Q).



Since f, g € Ry[a, b] there exist partitions P, Q such that:

Ua(f,P)—La(f,P)<§

Ua(9,Q) = La(9,@) < 3.

Adding these inequalitites we get:

(Ua(f,P) +Ua(g,Q)) = (La(f, P) + La(g,Q)) <.

But we have:

Ug(f+9,PUQ)—Lo(f+g,PUQ) < (Us(f,P) + Us(g,Q)) —
(Lo(f,P) + Lo(g,Q)) <e.

Thus f + g € R,[a, b].

Since Lo(f,P)+ Lo(g,P) <L, (f +g9,P)
Ua(f,P) + Uqg(9,P) 2 Ug(f + g, P)

for all partitions P:
b b b
Jfda+ [ gda < [ (f +9)da
b
<[ (f+9)da

Sfffda+ffgda.

Butfffda=f_ifda=fffda and ffgda=ff;gda=f;gda,so

ff(f +9)da = [(f + g)da = [ (f + g)da.

Thus f;(f + g)da = ff fda + ff gda.



iii. If f < g on|[a,b] then forany partition P:

m;(f) < m;(g) and M;(f) < M;(9).
Thus: L,(f,P) < L,(g,P) and U,(f,P) < U,(g,P).

Since f,g € R,|[a, b]
b b b b b b
fafda=f_afda=fafda and fagda=f_agda=fagda

and flzlfda < fl;gda so f;fda < ffgda.

iv. Notice that for any real numbers A, B we have:
IIAl = |B|| = |A = B],

since if |A| = | B|, then by the triangle inequality:
|Al = (A —-B) +B| < |A—-B| +|B|
14 = |BI| = |Al - |B] < |A - B.

If |B| = |A]| then

|IB| = |(B—A)+ A| < |A—B|+|A]
|IBI - 14l| = |B| - |A| < |A - B]
|lAl = IBI| = |B| - |A| < |A - B|.

Thus for a function f forany s, t € [x;_1, X;] we have:
=1 OI < [f(s) = fF@O
Hence |M;(If1) —m;(IfDI < |M(f) — mi(f)I.



Thus Ua(lfl:P) - La(lfl:P) < Ua(frp) - La(f,P).

Sosince f € Ry[a, b] there exists a partition P such that

Ua(lfl,P) _La'(lfl;P) < Ua(f,P) _La(flp) <e€.
Hence |f| € R,[a, b].

Since —=f, f < |f| < llfl, by i and iii we have:

[0 fda | < [PIflda < [PNfllwda = [Iflloo(@(b) — a(a)).

v. Toshow fg € Ry[a,b] we start by showing that f2 € R,[a, b].

Notice that (f(x))* — (F(W))? = (f(xX) + FO)(Fx) — F())
< 2[[flleolf Cx) = FI.

Thus:
UalF%P) = La(F2P) = ) Mi(FH)(Bax) = ) mi(F2)(Aa(x)
i=1 i=1

= Z?=1(Mi(f2) - mi(fz))(Aa(xi))
< V1 20l (M () — my(F)) (Aa(xy))
= zllflloo(Ua(fiP) - La(f' P))

Since f € R,[a, b] given any € > 0 there exists a partition P such that

Ua(f,P) - La(f,P) < E/(zllf”oo)



Hence for this partition:
Ua(fzrp) - La(lep) < lef”oo(Ua(frP) —La(f,P))

) =€.

So f% € Ry[a, b].
Now notice that:
4fg = (f +9)° = (f — 9)*.

By ii, since f,g € Ry[a,b],soare f + g.

Since f € Ry[a, b], soare f2, (f + g)? and (f — g)>.
Thus fg € Ry[a, b].

Now to get the Cauchy-Schwarz inequality:

|[? fgdal < (J f2day: ([ g?day,

we see that forany A € R:

0< [P(f +Ag)2da = [ (f2 +22fg + 2%g%) dat

b b b
= [ f?da+2A[ fgda+ 2 [ g*da.

This is a nonnegative quadratic in A. Thus the discriminant

b?% — 4ac < 0.



Thus we have:
@[° fgde) - 4(J” f2da)(f’ g*da) <0
@[ fgda) < 4(f° Frda)([° g?dar)
| fgdal < (J° F2da): (f g?da): .
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Ex. Prove lim fol(xnsinnx) dx = 0.

n—oo

By the Cauchy-Schwarz inequality we have:

0< |f01(x"sinnx) dx| < Jfolxzndx \/fol (sin? mx)dx
— |t entrydl [p(i_1
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=0, lim [ (x™sinmx) dx = 0 by the squeeze theorem.
n—oo 0

Since lim
n—-oo\ 4n+2

Parts i and ii of this theorem tell us that R, [a, b] is a vector space. (since
f(x) =0 € R,[a, b]). There are some obvious candidates for a norm on
R,[a, b].

IF1l = [, 1f () |da
Ifll = sup [FCOI.

as<x<b

The problem with the first candidate is that it isn’t always a norm. That s, it’s
possible to find a nonconstant increasing function & and a nonzero function

f € R,[a, b] such that f; |f(x)|da = 0 (for example, a(x) = x and
f(x) =1,ifx =0, and f(x) = 0 otherwise).



The sup-norm is a good candidate for R, [a, b] because by the next theorem
R, [a, b] is closed under uniform convergence. Thatis R,[a, b] is complete

with [If]l = sup |f(x)I.

as<x<b

Theorem: Let {f,,} be a sequence in Ry [a, b]. If {f,} = f uniformly on [a, b],
then f € Ry[a,b] and lim [ foda = [ fda.
n—-o0o

Proof. Let’sfirst show f € R,[a, b] by showing given any € > 0, there is a
partition, P = {xg, X1, ..., X, }, such that

Ua(f,P)—La(f,P) <e€.

{fn} = f uniformly on [a, b] so given any € > 0, there existsan N € Z™ such
thatif n = N then

/() = f0)] <

€
2@ 0)—a(a) forall x € [a, b].

By the triangle inequality we have for all s, t € [a, b]:
1f(s) = fOI = 1f(s) = v+ |fn(s) — fn@O] + |fu () — F(B)

) €
= 4(a(b)—a(a)) T 1in(s) = (Ol + 4(a(b)—a(a))

= |fn(s) — fu (O] + z(a(b)e—oc(a)) '

Since fy € Ry[a, b] we know that given any € > 0 there exists a partition P
such that U, (fy, P) — Lo (fy, P) < g :
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Then we have:
Ug(f, P) = Lo (f, P) = X1 (M () — my () (Ba(xy))
< XM (f) = mif) + 5 —acy) (B ()

= Yie1 (M (fy) —my (fN))(Aa(xi)) + Z?:l(z(a(b)e_a(a)))(Aa(xi))

= Ua(fn, P) = La(f, P) + Gragpy ey (@(0) — a(@))

< +

£ <
2 2

So f € R,[a, b].

. b b
Tosee lim fa frnda = fa fda, notice that:

n—>00

0<|[°(fu = Pdal < [P 1fu — flda < If, — Fllo[a(®) — a(@)]

and the RHS goes to 0 as n — oo,

Thus R, [a, b] is a Banach space with the sup-norm. Notice also that
Cla, b] € R,[a, b] is a closed vector subspace.

Theorem: Let & be continuous and increasing. Given f € Ry[a, b] and
€ > 0, there exists

i.  Astepfunction h on [a, b] with |||l < ||f]|c such that
b
fa |f —h|l|da <€, and
ii.  Acontinuous function g on [a, b] with ||g|lec < |If]lco such that

b
J,If —glda <e.
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Proof. i. Since f € R,[a, b], there exists a partition P = {x¢, X1, ..., X}, such
that: U,(f,P) — L,(f,P) <e.

For each i = 1,2, ..., 1 choose t; € [x;_1,X;) and define a step function by:
h(x) = f(t) if x € [xi-1,%)
=flxn) if x=xn.

X0 1 %1 ) X2 13 X3

Thus we have |||l < |Iflco-

Since « is continuous h € R,[a, b].

From [ fda = [* fda + [, fda, foranyc € [a,b]
we have:
Jo\f = hlda = B [ 1F () = f(&)]da
<YM —m)Aa;
= Ua(fip) _La(frp) <E.
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i Since a is continuous on [a, b], it is also uniformly continuous. Thus given

€ > 0 we can always choose a & > 0 such that :

6 < min (A

Xi
2

| i =1,2,..,n)suchthat |a(x) — a(y)| <

forx,yin [x; — 8,x; + 8] N [a, b].

€
n+1

Now let g(x) be a polygonal function that agrees with h at each node

Xo, (Xg+6),(x1—=08),(x1+6),... , (xp,—29), xp.

g is a piecewise linear continuous function that agrees with i on each subinterval

[(xi_1 + 6), (x; — 6)] and is linear on each interval [(x; — &), (x; + §)].

X3_6
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Then [|glleo < [lhllec < lIflleo, g € Rela, b], and

b 6 -
[ Ih=glda = [[°""|h - glda + 37!

xi+6
Xi—

< 2l1flloo (257) + ZP @I Nloo (7)) + 20 flleo (57)
= 2¢]|f .o

s = glda+f "8|h glda

Now using the triangle inequality we get:
b b b
J,If —glda < [/If —hlda + [ 1h — glda < € + 2€|f]lo-

b
(We could have chosen the length of the subintervals so that fa |h — glda <§

and h so that f:|f — hlda < %)

Ex. Giventhat f € R, [a, b] and € > 0, prove there exists a polynomial, p(x),
b
such that [_'|f(x) — p(x)|da < e.

From the previous theorem we know that there existsa g € C[a, b] such that

21 @) — g@)lda < §.

By the Weierstrass approximation theorem we know there exists a polynomial,

€
p(x)l on [a, b] where asslils)blg(x) - p(x)l < z(a(b)—a(a)) :

Thus we have:

[21f ) = p@lda < [P1f (%) — g()lda + [71g(x) — p(x)|da

<

€

T fa 2(a(b)-a(a)) da

N m

< + = €.

£
2

N m



Ex. (Riemann’s Lemma) Let f(x) € R[—m, ]. Prove that

%1_{210 f_nnf(x) cos(nx) dx = 0.

We must show given any € > 0 there existsan N € Z% such thatif n > N,

then | ffnf(x) cos(nx)dx — 0| < e.

By the previous theorem we know that there exists a step function, h, on
/s €
[—7, 7], such that f_n|f — hldx < 5

Let P be a partition of [—m, 1], P = {X(, X1, ---, X}, such that
h(x) = X% CiXpe_pxp and h(xm) = f(x).

Let’s show that lim ffn h(x) cos(nx) dx = 0.
n—->00

f h(x) cos(nx) dx = [ (B CiXjxy_ g xp)) COS(nx) dx
- :nl _n;-[ LX[xi_l,xi)) COS(TL.X') dx

=Yty fx‘_ ¢; cos(nx) dx

sm(nx)
= ml l( )|xl 1

1 , _
= - Y%, cilsin(nx;) — sin(nx;—)].

Thus we have:

14

llm f h(x) cos(nx) dx = llm Zl 1 Ci[sin(nx;) — sin(nx;_1)] = 0
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That means given any € > 0 there exists an N € Z* such thatif n > N, then
|ffnh(x) cos(nx) dx — 0| < % .

Using this N, if n = N then:
[~ f(x) cos(nx) dx — 0]
= | J7 [(f(x) = h(x)) cos(nx) + h(x) cos(nx)] dx|
= | /7 (f(x) = h(x)) cos(nx)dx + ["_h(x) cos(nx) dx||
< | [T I(f(x) = h(x)) cos(nx)dx| + | [*_h(x) cos(nx) dx||

< f_nnlf(x) — h(x)|dx + |ffnh(x) cos(nx) dx| < % + % =€.

Thus lim [ £(x) cos(nx) dx = 0.
n—-oco "1



