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                                         The Riemann-Stieltjes Integral 

 

The Riemann-Stieltjes Integral is a generalization of the Riemann Integral. 

In the Riemann integral of a bounded function 𝑓 we partition an interval [𝑎, 𝑏] into 

𝑎 = 𝑥0 <  𝑥1 < 𝑥2 < ⋯ < 𝑥𝑛 = 𝑏.  We then consider the upper and lower sums: 

                                𝑈(𝑓, [𝑎, 𝑏]) = ∑ 𝑀𝑖(𝑥𝑖 − 𝑥𝑖−1)𝑛
𝑖=1  

                               𝐿(𝑓, [𝑎, 𝑏]) = ∑ 𝑚𝑖(𝑥𝑖 − 𝑥𝑖−1)𝑛
𝑖=1   

 

Where    𝑀𝑖 = sup{𝑓(𝑥)| 𝑥𝑖−1 ≤ 𝑥 ≤ 𝑥𝑖  } 

               𝑚𝑖 = inf{𝑓(𝑥)| 𝑥𝑖−1 ≤ 𝑥 ≤ 𝑥𝑖  }. 

 

 

 

 

 

 

 

 

 

 

 

We define the lower and upper Riemann integrals by: 

                   ∫ 𝑓𝑑𝑥 =  sup
𝑃

{𝐿(𝑓, 𝑃)| 𝑃 𝑎 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 [𝑎, 𝑏]}
𝑏

_𝑎
           

                  ∫ 𝑓𝑑𝑥 = inf
𝑃

{𝑈(𝑓, 𝑃)| 𝑃 𝑎 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 [𝑎, 𝑏]}
𝑏̅

𝑎
.  

Upper Riemann Sum Lower Riemann Sum 
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Since 𝑓 is bounded and [𝑎, 𝑏] has finite length, −∞ < 𝐿(𝑓, 𝑃) ≤ 𝑈(𝑓, 𝑃) < ∞ 

and  −∞ < ∫ 𝑓𝑑𝑥 ≤
𝑏

_𝑎
∫ 𝑓𝑑𝑥 < ∞

𝑏̅

𝑎
 .  

 If ∫ 𝑓𝑑𝑥 =
𝑏

_𝑎
∫ 𝑓

𝑏̅

𝑎
𝑑𝑥 we say that 𝑓 is Riemann integrable over [𝑎, 𝑏] and 

∫ 𝑓𝑑𝑥 =
𝑏

𝑎
∫ 𝑓𝑑𝑥 =

𝑏

_𝑎
∫ 𝑓𝑑𝑥

𝑏̅

𝑎
  .  

 

 

For a Riemann-Stieltjes integral of a bounded function 𝑓 on [𝑎, 𝑏], we will start with 

an increasing function 𝛼 on [𝑎, 𝑏].  We then consider the upper and lower sums: 

                           𝑈𝛼(𝑓, [𝑎, 𝑏]) = ∑ 𝑀𝑖(𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1))𝑛
𝑖=1  

                           𝐿𝛼(𝑓, [𝑎, 𝑏]) = ∑ 𝑚𝑖(𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1))𝑛
𝑖=1    

 

where   𝑀𝑖 = sup{𝑓(𝑥)| 𝑥𝑖−1 ≤ 𝑥 ≤ 𝑥𝑖  }  

               𝑚𝑖 = inf{𝑓(𝑥)| 𝑥𝑖−1 ≤ 𝑥 ≤ 𝑥𝑖  }. 

 

Notice that 𝑈𝛼(𝑓, [𝑎, 𝑏]) ≥ 𝐿𝛼(𝑓, [𝑎, 𝑏]). 

We define the lower and upper Riemann-Stieltjes integrals by: 

                  ∫ 𝑓𝑑𝛼 =  sup
𝑃

{𝐿𝛼(𝑓, 𝑃)| 𝑃 𝑎 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 [𝑎, 𝑏]}
𝑏

_𝑎
                    

                   ∫ 𝑓𝑑𝛼 = inf
𝑃

{𝑈𝛼(𝑓, 𝑃)| 𝑃 𝑎 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 [𝑎, 𝑏]}
𝑏̅

𝑎
. 

 

Since 𝑓 and 𝛼 are bounded and [𝑎, 𝑏] has finite length, 

 −∞ < 𝐿𝛼(𝑓, 𝑃) ≤ 𝑈𝛼(𝑓, 𝑃) < ∞ and  −∞ < ∫ 𝑓𝑑𝛼 ≤
𝑏

_𝑎 ∫ 𝑓𝑑𝛼 < ∞
𝑏̅

𝑎
 .  
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 If ∫ 𝑓𝑑𝛼 =
𝑏

_𝑎 ∫ 𝑓
𝑏̅

𝑎
𝑑𝛼 we say that 𝑓 is Riemann-Stieltjes integrable over [𝑎, 𝑏] and 

∫ 𝑓𝑑𝛼 =
𝑏

𝑎
∫ 𝑓𝑑𝛼 =

𝑏

_𝑎
∫ 𝑓𝑑𝛼

𝑏̅

𝑎
 .  

 

Notice that if:      𝑚 = min(𝑚1, 𝑚2, … , 𝑚𝑛) 

                               𝑀 = max(𝑀1, 𝑀2, … , 𝑀𝑛) 

then:     𝑚(𝛼(𝑏) − 𝛼(𝑎)) ≤ ∫ 𝑓𝑑𝛼 ≤
𝑏

_𝑎
∫ 𝑓𝑑𝛼

𝑏̅

𝑎
≤ 𝑀(𝛼(𝑏) − 𝛼(𝑎)).   

 

If 𝛼(𝑥) = 𝑥 then we get the usual Riemann integral. 

 

Ex.  If 𝑐 ∈ ℝ, then ∫ 𝑐𝑑𝛼 =
𝑏

𝑎
𝑐(𝛼(𝑏) − 𝛼(𝑎)). 

 

 

For any partition 𝑃 we have: 

 𝑈𝛼(𝑓, [𝑎, 𝑏]) = ∑ 𝑀𝑖(𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1))𝑛
𝑖=1  

              = ∑ 𝑐(𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1))𝑛
𝑖=1    

             = 𝑐[(𝛼(𝑥1) − 𝛼(𝑥0)) + (𝛼(𝑥2) − 𝛼(𝑥1)) + ⋯ (𝛼(𝑥𝑛) − 𝛼(𝑥𝑛−1)] 

             = 𝑐(𝛼(𝑥𝑛) − 𝛼(𝑥0)) =  𝑐(𝛼(𝑏) − 𝛼(𝑎)) 

 

   𝐿𝛼(𝑓, [𝑎, 𝑏]) = ∑ 𝑚𝑖(𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1))𝑛
𝑖=1  

             = ∑ 𝑐(𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1))𝑛
𝑖=1    

             = 𝑐[(𝛼(𝑥1) − 𝛼(𝑥0)) + (𝛼(𝑥2) − 𝛼(𝑥1)) + ⋯ (𝛼(𝑥𝑛) − 𝛼(𝑥𝑛−1)] 

              = 𝑐(𝛼(𝑥𝑛) − 𝛼(𝑥0)) =  𝑐(𝛼(𝑏) − 𝛼(𝑎)).  

    𝑎                                             𝑏 

𝑓(𝑥) = 𝑐 
𝑐 
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Thus     ∫ 𝑓𝑑𝛼 =  sup
𝑃

𝐿𝛼(𝑐,
𝑏

_𝑎
 𝑃) = 𝑐(𝛼(𝑏) − 𝛼(𝑎)) 

              ∫ 𝑓𝑑𝛼 = inf
𝑃

𝑈𝛼(𝑐, 𝑃) = 𝑐(𝛼(𝑏) − 𝛼(𝑎))
𝑏̅

𝑎
  

 

So         ∫ 𝑓𝑑𝛼 = 𝑐(𝛼(𝑏) − 𝛼(𝑎)).
𝑏

𝑎
     

Let 𝑃 be any partition of [𝑎, 𝑏].  We can always refine a partition by adding a point 

(or points).   

 

Proposition:  If 𝑃′ is a refinement of 𝑃 (i.e. 𝑃′ contains all of the points of 𝑃 plus 

others) then 𝐿𝛼(𝑓, 𝑃′) ≥ 𝐿𝛼(𝑓, 𝑃) and 𝑈𝛼(𝑓, 𝑃′) ≤ 𝑈𝛼(𝑓, 𝑃). 

 

Proof.  Choose any subinterval 𝑥𝑖−1 ≤ 𝑥 ≤ 𝑥𝑖  and add a point 𝑡. 

 

 

 

 

 

 

 

Let 𝑚𝑖
′ = inf

𝑥𝑖−1≤𝑥≤𝑡
𝑓(𝑥)      and   𝑚𝑖

′′ = inf
𝑡≤𝑥≤𝑥𝑖

𝑓(𝑥).  

 

Then 𝑚𝑖′ ≥ 𝑚𝑖   and  𝑚𝑖′′ ≥ 𝑚𝑖. 

 

   𝑎                          𝑥𝑖−1               𝑡      𝑥𝑖                                                 𝑏 
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Now just using the interval  𝑥𝑖−1 ≤ 𝑥 ≤ 𝑥𝑖 we have: 

𝐿𝛼(𝑓, 𝑃′) = 𝑚𝑖
′(𝛼(𝑡) − 𝛼(𝑥𝑖−1))+𝑚𝑖′′(𝛼(𝑥𝑖) − 𝛼(𝑡)) 

                                     ≥ 𝑚𝑖(𝛼(𝑡) − 𝛼(𝑥𝑖−1))+𝑚𝑖(𝛼(𝑥𝑖) − 𝛼(𝑡)) 

                                     = 𝑚𝑖(𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1)) = 𝐿𝛼(𝑓, 𝑃).  

 

A similar argument shows 𝑈𝛼(𝑓, 𝑃′) ≤ 𝑈𝛼(𝑓, 𝑃). 

 

Since ∫ 𝑓𝑑𝛼 = sup
𝑃

𝐿𝛼(𝑓,
𝑏

_𝑎
 𝑃) and ∫ 𝑓𝑑𝛼 = inf

𝑃
𝑈𝛼(𝑓, 𝑃)

𝑏̅

𝑎
 

it never “hurts” to refine a partition.  

 

Corollary: For any partitions 𝑃, 𝑄,    𝐿𝛼(𝑓, 𝑃) ≤ 𝑈𝛼(𝑓, 𝑄). 

 

Proof.  𝐿𝛼(𝑓, 𝑃) ≤ 𝐿𝛼(𝑓, 𝑃 ∪ 𝑄) ≤ 𝑈𝛼(𝑓, 𝑃 ∪ 𝑄) ≤ 𝑈𝛼(𝑓, 𝑄). 
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Ex.  Suppose 𝑠 ∈ [𝑎, 𝑏] and 𝛼(𝑥) = 1   𝑖𝑓  𝑥 > 𝑠 

                                                            = 0   𝑖𝑓  𝑥 ≤ 𝑠. 

       Also assume that 𝑓(𝑥) is continuous at 𝑥 = 𝑠. 

       Find  ∫ 𝑓(𝑥)𝑑𝛼
𝑏

𝑎
. 

 

 

Let 𝑃 be any partition.  If 𝑠 is not part of 𝑃, create a refinement of 𝑃 that contains 𝑠. 

Let’s say that 𝑥𝑘 = 𝑠.  Then notice that 𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1) = 0 unless 𝑖 = 𝑘 + 1, in 

which case it equals 1. 

 

 

 

 

 

 

 

 

Thus we have: 

𝑈𝛼(𝑓, [𝑎, 𝑏]) = ∑ 𝑀𝑖(𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1))𝑛
𝑖=1 = 𝑀𝑘+1                           

𝐿𝛼(𝑓, [𝑎, 𝑏]) = ∑ 𝑚𝑖(𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1)) = 𝑚𝑘+1.𝑛
𝑖=1   

 

Since 𝑓(𝑥) is continuous at 𝑥 = 𝑠 we know that lim
𝑥→𝑠+

𝑓(𝑥) = 𝑓(𝑠).  

 

𝑎                𝑠                 𝑏 

𝑦 = 𝑓(𝑥) 

𝑎                 𝑠                𝑏 

1 
𝑦 = 𝛼(𝑥) 
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Claim: lim
𝑥→𝑠+

𝑀[𝑠,𝑥] = 𝑓(𝑠),   and lim
𝑥→𝑠+

𝑚[𝑠,𝑥] = 𝑓(𝑠), where                              

        𝑀[𝑠,𝑥] = 𝑠𝑢𝑝{𝑓(𝑡)| 𝑠 ≤ 𝑡 ≤ 𝑥 } and   𝑚[𝑠,𝑥] = 𝑖𝑛𝑓{𝑓(𝑡)| 𝑠 ≤ 𝑡 ≤ 𝑥 } 

 

Since lim
𝑥→𝑠+

𝑓(𝑥) = 𝑓(𝑠) given any 𝜖 > 0 there exists a 𝛿 > 0 such that if                 

𝑠 < 𝑥 < 𝑠 + 𝛿 then |𝑓(𝑠) − 𝑓(𝑥)| < 𝜖 .  

 

But this implies that if 𝑠 < 𝑥 < 𝑠 + 𝛿 then sup
 𝑠≤𝑡≤𝑥

|𝑓(𝑠) − 𝑓(𝑡)| ≤ 𝜖. 

Thus we have:   if  𝑠 < 𝑥 < 𝑠 + 𝛿 then |𝑓(𝑠) − 𝑀[𝑠,𝑥]| ≤ 𝜖.  

 

Similarly, if 𝑠 < 𝑥 < 𝑠 + 𝛿 then inf
 𝑠≤𝑡≤𝑥

|𝑓(𝑠) − 𝑓(𝑡)| ≤ 𝜖  and hence 

 |𝑓(𝑠) − 𝑚[𝑠,𝑥]| ≤ 𝜖. 

 

Thus we have lim
𝑥→𝑠+

𝑀[𝑠,𝑥] = 𝑓(𝑠),   and lim
𝑥→𝑠+

𝑚[𝑠,𝑥] = 𝑓(𝑠). 

 

 

Thus as we take more refinements of 𝑃, 𝑀𝑘+1 and 𝑚𝑘+1 will converge to 𝑓(𝑠).  

Hence  

∫ 𝑓𝑑𝛼 = inf
𝑃

𝑈𝛼(𝑓, 𝑃) = 𝑓(𝑠)
𝑏̅

𝑎
     ∫ 𝑓𝑑𝛼 =  sup

𝑃
𝐿𝛼(𝑓,

𝑏

_𝑎
 𝑃) = 𝑓(𝑠).    

Thus ∫ 𝑓(𝑥)𝑑𝛼
𝑏

𝑎
= 𝑓(𝑠). 
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Ex.  Suppose 𝑠 ∈ [𝑎, 𝑏] and 𝛼(𝑥) = 1   𝑖𝑓  𝑥 > 𝑠 

                                                         = 0   𝑖𝑓  𝑥 ≤ 𝑠. 

 

 

 

 

 

 

 

     a.  Determine if 𝑓(𝑥) = 3    𝑖𝑓  𝑥 > 𝑠 

                                            = 1    𝑖𝑓  𝑥 ≤ 𝑠 

           is Riemann-Stieltjes integrable on [𝑎, 𝑏]. 

           If so find ∫ 𝑓(𝑥)𝑑𝛼
𝑏

𝑎
.   

 

 

 

     b.   Determine if 𝑔(𝑥) = 3    𝑖𝑓  𝑥 ≥ 𝑠 

                                           = 1    𝑖𝑓  𝑥 < 𝑠 

           is Riemann-Stieltjes integrable on [𝑎, 𝑏]. 

          If so find ∫ 𝑔(𝑥)𝑑𝛼
𝑏

𝑎
.  

  

 

 

 𝑎                𝑠                𝑏 

𝑦 = 𝛼(𝑥) 

1 

𝑎                  𝑠                  𝑏 

𝑦 = 𝑓(𝑥) 

𝑎                  𝑠                  𝑏 

 

𝑦 = 𝑔(𝑥) 

1  

3 

1 

3 
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    a.   As in the previous example, let 𝑃 be any partition and let 𝑥𝑘 = 𝑠 ∈ 𝑃, then 

           the only non-zero values for the 𝑀𝑖′𝑠 and 𝑚𝑖′𝑠 are 𝑀𝑘+1 and 𝑚𝑘+1. 

 

           𝑀𝑘+1 = 3,      so       ∫ 𝑓𝑑𝛼 = inf
𝑃

𝑈𝛼(𝑓, 𝑃) = 3
𝑏̅

𝑎
 

           𝑚𝑘+1 = 1       so      ∫ 𝑓𝑑𝛼 =  sup
𝑃

𝐿𝛼(𝑓,
𝑏

_𝑎
 𝑃) = 1 

            So 𝑓 is not Riemann-Stieltjes integrable on [𝑎, 𝑏]. 

 

     b.  In this case 𝑓 is continuous from the right and we have 

           𝑀𝑘+1 = 3,      so       ∫ 𝑔𝑑𝛼 = inf
𝑃

𝑈𝛼(𝑔, 𝑃) = 3
𝑏̅

𝑎
 

           𝑚𝑘+1 = 3       so      ∫ 𝑔𝑑𝛼 =  sup
𝑃

𝐿𝛼(𝑔,
𝑏

_𝑎
 𝑃) = 3   

  Thus 𝑔 is Riemann-Stieltjes integrable on [𝑎, 𝑏] and ∫ 𝑔(𝑥)𝑑𝛼
𝑏

𝑎
= 3. 

 

 

Def.  𝑹𝜶[𝒂, 𝒃] denotes all bounded functions on [𝑎, 𝑏] which are Riemann-Stieltjes 

integrable with respect to 𝛼. 

 

When 𝛼(𝑥) = 𝑥, we write 𝑅[𝑎, 𝑏] for the space of bounded Riemann integrable 

functions.  

 

Notice that 𝑅𝛼[𝑎, 𝑏] ⊆ 𝐵[𝑎, 𝑏] =bounded functions on [𝑎, 𝑏]. 
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Theorem:  Let 𝛼: [𝑎, 𝑏] → ℝ be increasing.  A bounded function 𝑓: [𝑎, 𝑏] → ℝ is in 

𝑅𝛼[𝑎, 𝑏] if and only if, given 𝜖 > 0, there exists a partition 𝑃 of [𝑎, 𝑏] such that 

𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃) < 𝜖. 

 

Proof.  Suppose 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏] and let 𝐼 = ∫ 𝑓(𝑥)𝑑𝛼
𝑏

𝑎
. Let’s show that there exists a 

partition 𝑃 of [𝑎, 𝑏] such that 𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃) < 𝜖.  

 

Given 𝜖 > 0, choose partitions 𝑃 and 𝑄 of [𝑎, 𝑏] such that  

             𝐼 −
𝜖

2
< 𝐿𝛼(𝑓, 𝑃)  and  𝑈𝛼(𝑓, 𝑄) < 𝐼 +

𝜖

2
 . 

We know we can do this because  

                       ∫ 𝑓𝑑𝛼 = inf
𝑃

𝑈𝛼(𝑓, 𝑃) = sup
𝑃

𝐿𝛼(𝑓, 𝑃)
𝑏

𝑎
.  

 

The partition 𝑃′ = 𝑃 ∪ 𝑄 will have: 

        𝑈𝛼(𝑓, 𝑃′) ≤ 𝑈𝛼(𝑓, 𝑄) < 𝐼 +
𝜖

2
< 𝐿𝛼(𝑓, 𝑃) + 𝜖 ≤ 𝐿𝛼(𝑓, 𝑃′) + 𝜖.    

 

So  𝑈𝛼(𝑓, 𝑃′) − 𝐿𝛼(𝑓, 𝑃′) < 𝜖. 

 

Now assume for every 𝜖 > 0 there is a partition 𝑃 for which  

𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃) < 𝜖.  Let’s show that 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏].  

 

Since:   𝐿𝛼(𝑓, 𝑃) ≤ ∫ 𝑓𝑑𝛼 ≤
𝑏

_𝑎 ∫ 𝑓𝑑𝛼 ≤
𝑏̅

𝑎
𝑈𝛼(𝑓, 𝑃), for any partition 𝑃, we have 

             0 ≤ ∫ 𝑓𝑑𝛼 − ∫ 𝑓𝑑𝛼 ≤ 𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃) < 𝜖
𝑏

_𝑎

𝑏̅

𝑎
.  

 

Since this is true for any 𝜖 > 0,  ∫ 𝑓𝑑𝛼 = ∫ 𝑓𝑑𝛼
𝑏

_𝑎

𝑏̅

𝑎
, and 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏]. 
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Ex. Let 𝛼(𝑥) = 𝑥   and  

             𝑓(𝑥) = 1     if 𝑥 = 0 

                       = 0     if 𝑥 > 0. 

        Show that 𝑓(𝑥) ∈ 𝑅𝛼[0,1]. 

 

          Let 𝜖 > 0 be given. 

          Choose 𝑛 ∈ ℤ+  such that  
1

𝑛
< 𝜖.    

           Let 𝑃 = {0,
1

𝑛
,

2

 𝑛
,

3

𝑛
, … , 1} be a partition of [0,1]. 

 

            Notice that for this partition 𝑃 we have: 

                         𝑈𝛼(𝑓, 𝑃) = ∑ 𝑀𝑖(𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1))𝑛
𝑖=1  

                                           = ∑ 𝑀𝑖(𝑥𝑖 − 𝑥𝑖−1)𝑛
𝑖=1  

                                            = (𝑥1 − 𝑥0) =
1

𝑛
 

 

                            𝐿𝛼(𝑓, 𝑃) = ∑ 𝑚𝑖(𝑥𝑖 − 𝑥𝑖−1)𝑛
𝑖=1  

                                             = 0. 

 

                So we have: 

                               𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃) =
1

𝑛
< 𝜖. 

 

                    Thus 𝑓(𝑥) ∈ 𝑅𝛼[0,1]. 
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Theorem:  𝐶[𝑎, 𝑏] ⊆ 𝑅𝛼[𝑎, 𝑏]. 

 

Proof.  Let 𝑓 ∈ 𝐶[𝑎, 𝑏] and let 𝜖 > 0. 

 

Since 𝑓 is continuous on a closed, bounded interval (a compact set) it is uniformly 

continuous on [𝑎, 𝑏]. 

 

Thus we can choose a 𝛿 > 0 such that if |𝑥 − 𝑦| < 𝛿 then 

                           |𝑓(𝑥) − 𝑓(𝑦)| <  
𝜖

𝛼(𝑏)−𝛼(𝑎)
 . 

 

If 𝑃 is any partition with 𝑥𝑖 − 𝑥𝑖−1 < 𝛿, for all 𝑖, then 𝑀𝑖 − 𝑚𝑖 ≤  
𝜖

𝛼(𝑏)−𝛼(𝑎)
 for 

all 𝑖 and:  

 

  𝑈𝛼(𝑓, 𝑃) − 𝐿𝛼(𝑓, 𝑃) = ∑ (𝑀𝑖 − 𝑚𝑖)∆𝛼𝑖
𝑛
𝑖=1 ;  where ∆𝛼𝑖 = 𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1)                                                    

                                              ≤ 
𝜖

𝛼(𝑏)−𝛼(𝑎)
 ∑ ∆𝛼𝑖

𝑛
𝑖=1         

                                              = 
𝜖

𝛼(𝑏)−𝛼(𝑎)
(𝛼(𝑏) − 𝛼(𝑎)) = 𝜖. 

 

Thus 𝑓 ∈ 𝑅𝛼[𝑎, 𝑏]. 
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Ex.  Here’s an example of a bounded function that is not Riemann-Stieltjes 

integrable with respect to any nonconstant increasing 𝛼. 

                    𝜒ℚ(𝑥) = 1     𝑖𝑓 𝑥 ∈ ℚ ∩ [𝑎, 𝑏] 

                                = 0      𝑖𝑓 𝑥 ∉ ℚ ∩ [𝑎, 𝑏]. 

 

In any partition 𝑃 = {𝑥0, 𝑥1, … , 𝑥𝑛} of [𝑎, 𝑏], every subinterval  

𝑥𝑖−1 ≤ 𝑥 ≤ 𝑥𝑖 will contain both rational and irrational numbers. 

 

Thus 𝑀𝑖 = 1 and 𝑚𝑖 = 0 for all 𝑖. So we have: 

 

𝐿𝛼(𝜒ℚ, 𝑃) = ∑ 𝑚𝑖(𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1))𝑛
𝑖=1 = 0.   

  

𝑈𝛼(𝜒ℚ, 𝑃) = ∑ 𝑀𝑖(𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1))𝑛
𝑖=1   

                     = ∑ (𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1))𝑛
𝑖=1  

                      = 𝛼(𝑏) − 𝛼(𝑎) ≠ 0 

 

Thus inf
𝑃

𝑈𝛼(𝜒ℚ, 𝑃) = 𝛼(𝑏) − 𝛼(𝑎) ≠ 0                 (since 𝛼(𝑥) is increasing and 

                                                                                                     non-constant) 

          sup
𝑃

𝐿𝛼(𝜒ℚ, 𝑃) = 0. 

 

So     ∫ 𝜒ℚ𝑑𝛼 ≠
𝑏

_𝑎 ∫ 𝜒ℚ𝑑𝛼
𝑏̅

𝑎
 and 𝜒ℚ is not Riemann-Stieltjes integrable. 
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Ex.  Let 𝛼(𝑥) = 𝜒(1,2] = 1    if 1 < 𝑥 ≤ 2 

                                      = 0    otherwise. 

Show that 𝑓(𝑥) ∈  𝑅𝛼[0,2] if and only if lim
𝑥→1+

𝑓(𝑥) = 𝑓(1). 

 

 

 

 

 

 

 

 

We can always choose a partition 𝑃 of [0,2]  that includes the point  𝑥𝑘 = 1.  Then 

we have: 

𝐿𝛼(𝑓, 𝑃) = ∑ 𝑚𝑖(𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1))𝑛
𝑖=1 . 

Since 𝛼(𝑥) = 0 for 𝑥 ≤ 1 and 𝛼(𝑥) = 1 for 1 < 𝑥 ≤ 2, then the only nonzero 

contribution comes from 𝛼(𝑥𝑘+1) − 𝛼(𝑥𝑘) = 1.  Hence 

 𝐿𝛼(𝑓, 𝑃) = 𝑚𝑘+1. 

 

So we get  sup
𝑃

𝐿𝛼(𝑓, 𝑃) = lim
𝑥𝑘+1→1+

𝑚𝑘+1. 

 

Similarly, 𝑈𝛼(𝑓, 𝑃) = ∑ 𝑀𝑖(𝛼(𝑥𝑖) − 𝛼(𝑥𝑖−1))𝑛
𝑖=1 = 𝑀𝑘+1   and  

inf
𝑃

𝑈𝛼(𝑓, 𝑃) = lim
𝑥𝑘+1→1+

𝑀𝑘+1. 

 

1                        2 

𝑦 = 𝑓(𝑥) 

𝑥𝑘 = 1       𝑥𝑘+1      2              

Type equation here. 

𝑦 = 𝛼(𝑥) 
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So the only way for inf
𝑃

𝑈𝛼(𝑓, 𝑃) = sup
𝑃

𝐿𝛼(𝑓, 𝑃) is for  

lim
𝑥𝑘+1→1+

𝑚𝑘+1 = lim
𝑥𝑘+1→1+

𝑀𝑘+1 .  That is, 𝑓 is integrable if and only if         

lim
𝑥𝑘+1→1+

𝑚𝑘+1 = lim
𝑥𝑘+1→1+

𝑀𝑘+1. 

 

Claim:  lim
𝑥𝑘+1→1+

𝑚𝑘+1 = lim
𝑥𝑘+1→1+

𝑀𝑘+1 if and only if lim
𝑥→1+

𝑓(𝑥) = 𝑓(1). 

 

Assume lim
𝑥𝑘+1→1+

𝑚𝑘+1 = lim
𝑥𝑘+1→1+

𝑀𝑘+1 , i.e., lim
𝑥𝑘+1→1+

( 𝑀𝑘+1 − 𝑚𝑘+1) = 0. 

Let’s show that lim
𝑥→1+

𝑓(𝑥) = 𝑓(1).  

 

We must show that for all 𝜖 > 0 there exists a 𝛿 > 0 such that if 1 < 𝑥 < 1 + 𝛿 

then |𝑓(𝑥) − 𝑓(1)| < 𝜖. 

 

Let   𝑀[1,𝑥] = sup
1≤𝑡≤𝑥

𝑓(𝑡),        𝑚[1,𝑥] = inf
1≤𝑡≤𝑥

𝑓(𝑡).  

 

Since lim
𝑥𝑘+1→1+

( 𝑀𝑘+1 − 𝑚𝑘+1) = 0, we know given 𝜖 > 0 there exists a 𝛿′ > 0 

such that if 1 < 𝑥 < 1 + 𝛿′    then   |𝑀[1,𝑥] − 𝑚[1,𝑥]| < 𝜖.  

 

But  |𝑓(𝑥) − 𝑓(1)| ≤ |𝑀[1,𝑥] − 𝑚[1,𝑥]| < 𝜖.  

 

So if we choose 𝛿 = 𝛿′ then we ensure that |𝑓(𝑥) − 𝑓(1)| < 𝜖 

                          and       lim
𝑥→1+

𝑓(𝑥) = 𝑓(1).  
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Now assume lim
𝑥→1+

𝑓(𝑥) = 𝑓(1)  and let’s show that lim
𝑥𝑘+1→1+

( 𝑀𝑘+1 − 𝑚𝑘+1) = 0. 

 

We must show that for all 𝜖 > 0 there exists a 𝛿 > 0 such that if 1 < 𝑥 < 1 + 𝛿 

then |𝑀[1,𝑥] − 𝑚[1,𝑥]| ≤ 𝜖. 

 

Since lim
𝑥→1+

𝑓(𝑥) = 𝑓(1) we know that given any 𝜖 > 0 there exists a 𝛿′ > 0 such 

that if 1 < 𝑥 < 1 + 𝛿′    then   |𝑓(𝑥) − 𝑓(1)| <
𝜖

2
 . 

Notice that this means that if 1 < 𝑥 < 1 + 𝛿′  

                  |𝑀[1,𝑥] − 𝑓(1)| ≤
𝜖

2
     and     |𝑓(1) − 𝑚[1,𝑥]| ≤

𝜖

2
 . 

 

 

 

 

 

 

 

So choose 𝛿 = 𝛿′ then we have: 

         |𝑀[1,𝑥] − 𝑚[1,𝑥]| ≤ |𝑀[1,𝑥] − 𝑓(1)| + |𝑓(1) − 𝑚[1,𝑥]| 

                                            ≤              
𝜖

2
                  +         

𝜖

2
       = 𝜖.    

 

So lim
𝑥𝑘+1→1+

( 𝑀𝑘+1 − 𝑚𝑘+1) = 0. 

 Thus 𝑓(𝑥) ∈  𝑅𝛼[0,2] if and only if lim
𝑥→1+

𝑓(𝑥) = 𝑓(1). 

 1              1 + 𝛿′ 
) 

(𝑥, 𝑀[1,𝑥]) (1, 𝑚[1,𝑥}) 

𝑓(1) 

𝑓(1) + 𝜖/2 

𝑓(1) − 𝜖/2 

𝑦 = 𝑓(𝑥) 


