The Riemann-Stieltjes Integral

The Riemann-Stieltjes Integral is a generalization of the Riemann Integral.

In the Riemann integral of a bounded function f we partition an interval [a, b] into
a=xy< x1 <Xy <+ <x, =Db. Wethen consider the upper and lower sums:

U(f,la,b]) = X Mi(x; — x;—1)
L(f,[a,b]) = Y=y mi(x; — x;_1)

Where M; = sup{f(x)| x;_1 < x < x; }

m; = ll’lf{f(X)l Xi—1 <X < X }

Upper Riemann Sum Lower Riemann Sum

/)

We define the lower and upper Riemann integrals by:

fl;fdx = sup{L(f,P)| P a partition of [a, b]}
- P

faE fdx = inf{U(f, P)| P a partition of [a,b]}.



Since f is bounded and [a, b] has finite length, —co < L(f,P) < U(f,P) < o
and —o0 < fl;fdx Sf;fdx <,

b b
If f_a fdx = fa f dx we say that f is Riemann integrable over [a, b] and

[2 fdx = [* fx = [° fdx .

For a Riemann-Stieltjes integral of a bounded function f on [a, b], we will start with
an increasing function a on [a, b]. We then consider the upper and lower sums:

Ug(f,[a,b]) = iy M (a(x;) — a(xi-1))
Lo(f,[a,b]) = Z?:l m;(a(x;) — a(x;-1))

where M; = sup{f(x)| x;-1 < x < X }

m; =inf{f(x)| x;_1 <x < x; }.

Notice that U, (f, [a, b]) = L,(f, [a, b]).

We define the lower and upper Riemann-Stieltjes integrals by:

fl;fda = sup{L,(f,P)| P a partition of [a, b]}
- P

ff fda = iII}f{Ua (f,P)| P a partition of [a, b]}.

Since f and a are bounded and [a, b] has finite length,

—00 < Lo(f,P) S Uy(f,P) < 0and —oo < f_lzlfda Sfffda < 0,
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b b
If f_a fda = fa f da we say that f is Riemann-Stieltjes integrable over [a, b] and

J? fda =[° fda = [ fda.

Notice thatif: ~m = min(m,,m,, ..., m;)

M = max(M{,M,, ...,M,))

then: m(a(b) — a(a)) < f_ifda < fffda < M(a(b) — a(a)).

If &(x) = x then we get the usual Riemann integral.

Ex. If c € R, then f: cda =c(a(b) — a(a)). flx) =c

c

For any partition P we have:

Uo(f, [a,b]) = Xizy Mi(a(x;) — a(x;—1))
= Xz c(a(x;) — a(xi—1))
= c|(a(xy) — alxp)) + (a(xz) — a(x1)) + - (a(xn) — a(xp-1)]
= c(a(xn) — a(xo)) = c(a(b) — a(a))

a

Lo(f,[a, b]) = Xisymi(a(x) — a(xi-1))
= D=1 c(a(x) — ax;i-1))
= c[(a(xy) = ax)) + (a(xz) — a(x1)) + -+ (a(xn) — a(xp—1)]
= c(a(xy) — ax)) = c(a(b) — ala)).



Thus fI;fda = sup L,(c, P) = c(a(b) — a(a))
- P

ff fda = inga(c,P) = c(a(b) — a(a))

So f: fda = c(a(b) — a(a)).

Let P be any partition of [a, b]. We can always refine a partition by adding a point
(or points).

Proposition: If P’ is a refinement of P (i.e. P’ contains all of the points of P plus

others) then L, (f,P') = L,(f,P) and U, (f,P') < U,(f, P).

Proof. Choose any subinterval x;_; < x < x; and add a point t.

a xl'_l t xi b
I . mno__ -
etmi = inf () and mi' = inf £00)

Thenm;’ = m; and m;"" = m;.



Now just using the interval x;_; < x < x; we have:
La(f,P") = mj(a(®) — a(x;—1))+m;" (a(x) — a(t))
> m;(a(t) — alx;—1))+m;(alx;) — a(t))
= m(a(x;) — a(x;-1)) = Lo(f, P).

A similar argument shows U, (f, P") < U, (f, P).

Since [ fda = Sup L (f, P) and [P fda = inf Uy (f, P)

it never “hurts” to refine a partition.

Corollary: For any partitions P, Q, L,(f,P) < U,(f, Q).

Proof. L,(f,P) < L,(f,PUQ) <U,(f,PUQ) <U,(f,Q).



Ex. Suppose s € [a,b]anda(x) =1 if x> s
=0 if x<s.

Also assume that f(x) is continuous at x = s.

Find [7 f(x)da.

Let P be any partition. If s is not part of P, create a refinement of P that contains s.

Let’s say that x;, = s. Then notice that a(x;) — a(x;_;) = Ounlessi =k + 1, in
which case it equals 1.

y = f(x)

y = a(x)
4 L b a S b

Thus we have:
Ue(f, [a b)) = Xizq Mi(a(x) — a(xi-1)) = My4q
Lo(f, [a, b]) = Xisymi(a(x) — a(xi-1)) = M1

Since f () is continuous at x = s we know that lim_f(x) = f(s).
X—S



Claim: lim Mg, = f(s), and lim mys,) = f(s), where
X—S

X—S

Migx) = sup{f(®)|s <t <x}and mp, =inf{f(t)|s<t<x}

Since lim_f(x) = f(s) given any € > 0 there exists a § > 0 such that if
X—S
s<x<s+d6then|f(s)— f(x)| <E€.

But this implies thatif s < x < s + § then sup |f(s) — f(t)| <e.

Ss<t<x

Thus we have: if s < x < s+ 6 then |f(S) — M[S'x]l < €.

Similarly, if s < x < s + § then 1<Ig£ |f(s) — f(t)| < € and hence
SSU=sX

|f(s) — m[s,x]| <E€.

Thus we have llm L Misx) = f(s), and llm Misx = ().

Thus as we take more refinements of P, M, ; and my; will converge to f(s).

Hence

fo fda = infUu(f,P) = f(s) [, fda= supLa(f, P) = £()
Thus f;f(x)da = f(s).



Ex. Suppose s € [a,b]and a(x) =1 if x> s
=0 if x<s.
y = a(x)
1
a s
. 3 y=1
a. Determineif f(x) =3 if x>s
=1 if x<s
is Riemann-Stieltjes integrable on [a, b]. 1 1 1
, b
If so find fa f(x)da.
a S
3 y=9(x)

b. Determineifg(x) =3 if x=>s
=1 if x<s

is Riemann-Stieltjes integrable on [a, b].

If so find f; g(x)da.




a. Asin the previous example, let P be any partition and let x;, = s € P, then
the only non-zero values for the M;’s and m;'s are M), and my, 4.

M =3, so [ fda infUq(f, P) = 3

Mg =1 so [ fda= sup La(f, P) =1

So f is not Riemann-Stieltjes integrable on [a, b].

b. In this case f is continuous from the right and we have
b :
My =3, so [ gda= 1II}fUa(g, P)=3

Mey1 =3 5o flzlgda = sgpLa(g, P)=3

b
Thus g is Riemann-Stieltjes integrable on [a, b] and fa g(x)da = 3.

Def. R,[a, b] denotes all bounded functions on [a, b] which are Riemann-Stieltjes
integrable with respect to a.

When a(x) = x, we write R[a, b] for the space of bounded Riemann integrable
functions.

Notice that R,[a, b] € Bla, b] =bounded functions on [a, b].
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Theorem: Let a: [a, b] — R be increasing. A bounded function f: [a, b] = Risin
R,[a, b] if and only if, given € > 0, there exists a partition P of [a, b] such that

Ua(f,P)—La(f,P) < E.

Proof. Suppose f € R,[a,b] andlet] = f:f(x)da. Let’s show that there exists a
partition P of [a, b] such that U, (f, P) — Lo (f,P) < €.

Given € > 0, choose partitions P and Q of [a, b] such that
== <La(f,P) and Up(f,Q) <1+

We know we can do this because

[7 fda = infUq(f, P) = sup Ly(f, P).
P P

The partition P' = P U Q will have:

Ue(f, P) S Ua(f, Q) < T+ < Lo(f,P) + € < La(f, P) + €.

so Uy(f,P") — Ly(f, P < €.

Now assume for every € > 0 there is a partition P for which

U,(f,P) — L (f,P) < €. Let's show that f € R,[a, b].

Since: L,(f,P) < flzlfda < f: fda <U,(f,P), for any partition P, we have

0< [P fda— [" fda < Uy(f,P) — La(f, P) < €.

b b
Since this is true for any € > 0, fa fda = fafda, and f € R,|a, b].



Ex. Let a(x) = x and
fx)=1 ifx=0
=0 ifx>0.
Show that f(x) € R,[0,1].

Let € > 0 be given.

1
Choose n € Z* such that - <E.

Let P = {0, —,—, —, ..., 1} be a partition of [0,1].

S e
SN
3w

Notice that for this partition P we have:
Us(f,P) = ?:1 Mi(a(xi) - a(xi—l))
= Yicg M — xi-1)

1
—(X1—xo)—;

Lo(f,P) = Yoy mi(x; — x;—1)
= 0.

So we have:

Ua(f,P)—La(f,P)=l<E.

n

Thus £(x) € R,[0,1].

11
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Theorem: Cla,b] € R,[a, b].
Proof. Let f € C[a, b] andlete > 0.

Since f is continuous on a closed, bounded interval (a compact set) it is uniformly
continuous on [a, b].

Thus we can choose a § > 0 such thatif |[x — y| < & then

IfG) = fFI <

__ €
ab)-a(a)’

€

If P is any partition with x; — x;_y < §, forall i, then M; —m; < a(b)—a(a) for

all i and:

Uo(f, P) — Lo (f, P) = X1 (M — my)Aa;; where Aa; = a(x;) — a(x;_1)
€

< 20 —ala) =1 A%

(a(b) — a(a)) = €.

a(b) a(a)

Thus f € Ry[a, b].
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Ex. Here’s an example of a bounded function that is not Riemann-Stieltjes
integrable with respect to any nonconstant increasing a.

Xox) =1 ifx€eQn]ab]
=0 ifx¢Qn/[ab]

In any partition P = {x, x4, ..., X, } of [a, b], every subinterval

Xi_1 < x < x; will contain both rational and irrational numbers.

Thus M; = 1 and m; = 0 for all i. So we have:
La(xq P) = Xy mi(a(x) — a(xi—1)) = 0.

Ua(X@ P) = Xieq Mi(a(x;) — a(x;—1))
= Yiz1(a(x;) — a(xi-1))
=a(b) —a(a) #0

Thus inga()(Q, P) =a(b) —a(a) #0 (since a(x) is increasing and

non-constant)

sgp La()(Q, P) = 0.

b b
So f_a)(Qda * fa Xqda and yq is not Riemann-Stieltjes integrable.



Ex. Leta(x) = x12=1 ifl<x<2
=0 otherwise.

Show that f(x) € R,[0,2] if and only if xll)r%f(x) = f(1).

14

We can always choose a partition P of [0,2] that includes the point x;, = 1. Then
we have:

Lo(f, P) = Xy mi(a(x) — a(xi—1)).
Since a(x) = 0 forx < 1land a(x) = 1for 1 < x < 2, then the only nonzero
contribution comes from a(xj41) — a(x;) = 1. Hence

La(f,P) = Mg41q-

lim my,q.
Xg+1—1F ferd

So we get sup L,(f,P) =
P

Similarly, U, (f, P) = X1 Mi(a(x;) — a(x;_1)) = My,q and
inga(f,P) = _lim M.

Xk+1—1

//"
y=f() 4
y = a(x) | Vi
P
\\\ —
Xk = 1 Xe+1 2 1 5
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So the only way for igf U,(f,P) =supL,(f,P)isfor
P

lim myyq = lim Myyq. Thatis, f isintegrable if and only if
Xk+1—1% Xp+1—1F

lim mgyq = lm My,
Xp+1—-1F Xp+1—21F

Claim: lim  myyq = lim My, ifandonly if llm flx) = f(Q).

Xp+1—1F Xg+1—1F
Assume lim  myyq = lim  Myyq,ie, lim  (Myyq —mMyyq) = 0.
Xg+1—>1t Xp+1—>1F Xg+1—>1F

Let’s show that lim f(x) = f(1).
x-1t

We must show that for all € > 0 thereexistsad > Osuchthatifl<x <1+6

then |f(x) — f(1)| < e.

let M1, = sup f (o), M1 x] = inf f(t).

1<t<x 1=st=x

Since llm1 (M 41 — Mg41) = 0, we know given € > 0 there existsa 6’ > 0
Xk+17

suchthatif1 <x <144 then |M[1’x] —mpy x| <E.
But |f(x) — fF(D] < |Myx —my1x| <e.

So if we choose § = &' then we ensure that |[f(x) — f(1)]| < €

and  lim, £(x) = £(1).
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Now assume lim, f(x) = f(1) andlet’sshowthat lim (M., —my4q) = 0.
x—-1% X117t

We must show that for all € > 0 there existsad > Osuchthatifl <x <1+ 6§

then |M[1,x] — m[lyx]| <E.

Since lirgl+f(x) = f (1) we know that given any € > 0 there exists a §' > 0 such
X—

thatif l <x <1+ & then |f(x)— f(D)] <§.
Notice that this meansthatif 1 < x < 1+ &’

[Mpag = F(D] <5 and [F(1) —mppy| <=.

(4, mi ) y=f)

R S —
LS

f(l) ™ 6/2 1 IS —

%

So choose § = &' then we have:
M1 — M| < [Mppxg — FO| + £ (1) — mpy

< + = €.

N m

<
2

Xg+1—1F

Thus f(x) € R,[0,2] if and only 'fle{Lf(x) = f(1).



