Trigonometric Polynomials: Weierstrass’ 2"4 Approximation Theorem-
HW Problems

1. LetT(x) be atrigonometric polynomial.

a. Prove thatif T(x) is odd (ie T(—x) = —T(x)) then it can be written
with only sine terms.

b. Prove thatif T(x) is even (ie T(—x) = T(x)) then it can be written
with only cosine terms.

2. Show that there exists a polynomial of degree 2k, p(x), such that
sin?* x = p(cos(x))

3. LetT(x) = ay+ Xr=q(ay cos(kx) + by sin(kx)). Show that
J7 (TG0) dx = n[2(a)? + Tior (af + bP)].

4. Llet f € C?T such that ffnf(x) cos(nx) dx = 0 and
f_nnf(x) sin(nx) dx = 0forn = 0,1, 2, .... Show that f(x) = 0 (This

implies that the Fourier series of a function is unique).

Hint: Consider the example done in the section on Weierstrass’
Approximation Theorem that showed if f € C[a, b] and

ff x"f(x)dx = 0; foralln =0,1,2,...then f(x) = 0.



