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                        Totally Bounded Sets- HW Problems 

 

1.    Let 𝑀, 𝑑 be a metric space with 𝐴 ⊆ 𝐵 ⊆ 𝑀.  Suppose that 𝐵 is 

totally bounded.  Prove that 𝐴 is totally bounded. 

 

2.    Suppose 𝐴, 𝐵 ⊆ 𝑀, 𝑑 are totally bounded subsets of 𝑀.  Prove that 

𝐴 ∪ 𝐵 is totally bounded. 

 

3.   Let 𝑀 = {𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒𝑠 𝑜𝑓 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 {𝑥𝑖} 𝑤𝑖𝑡ℎ sup
1≤𝑖<∞

|𝑥𝑖| < ∞}. Define  

𝑑({𝑥𝑖}, {𝑦𝑖}) = sup
1≤𝑖<∞

|𝑥𝑖 − 𝑦𝑖|.  𝑀 is a metric space (called 𝑙∞) with this metric.  

Let 𝑝 ∈ 𝑀 given by the sequence 𝑝 = {0,0,0, … }, the zero sequence. 

Let 𝐴 = {{𝑥𝑖} ∈ 𝑀| 𝑑({𝑥𝑖}, 𝑝) ≤ 1}. 

a. Give an example of an element of 𝐴 (i.e. a sequence {𝑥𝑖} ∈ 𝑀 such 

that 𝑑({𝑥𝑖}, 𝑝) ≤ 1).   

b. Prove that 𝐴 is bounded but not totally bounded. 

 

4.    Prove that any bounded subset of ℝ with the usual metric is totally 

bounded. 

 

5.    Let ℝ be a metric space with the metric 

                                    𝑑(𝑥, 𝑦) = 1    if  𝑥 ≠ 𝑦 

                                    𝑑(𝑥, 𝑦) = 0     if 𝑥 = 𝑦. 

        Prove that [0,1] ⊆ ℝ is bounded but not totally bounded. 

 



2 
 

6.    Let 𝐴 ⊆ 𝑋, 𝑑 a metric space.  Suppose there are an infinite number 

of elements in 𝐴 , 𝑒1, 𝑒2, 𝑒3, … ∈ 𝐴, such that 

                              𝑑(𝑒𝑖, 𝑒𝑗) = 4    if  𝑖 ≠ 𝑗 

                               𝑑(𝑒𝑖, 𝑒𝑗) = 0    if 𝑖 = 𝑗 

       for 𝑖, 𝑗 = 1,2,3 ….  Prove that 𝐴 is not totally bounded. 

 

 


