Infinite Limits and Limits at Infinity

Def. Let f:E € R — Rand acE. lim f(x) = 4+oco0 means for every M > 0 there
xX—a
existsa § > 0 such thatif 0 < |x — a| < 6 then f(x) > M.

A
a—6% pla+é

lim f(x) = —oco means for every M < 0 there exists a § > 0 such that if
xX—a

0<|x—al <dthenf(x) <M.
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Ex. Prove that lim = 400

x—3 (x—3)2

We must show given any M > 0 there existsa d > O such thatif 0 < |[x — 3| < &
then f(x) > M.

Start with the statement f(x) > M and work back toward the § statement.

1 1
(x—3)? > M isequivalentto: (x —3)?% < -, since both sides are positive.
1
Now take square roots: |x — 3| < N (Note: Vx2 = |x|)
Choose § = —
oose § =
Now let’s show that this & works:
x—3|<86=—
VM
— 32 =(x—3)2 <=~
|x — 3| (x—3) < >
! > M
(x—3)2 '
So we have shown lim = 4+

x-3 (x—3)?



Ex. Provethat lim = —00
x—2 (x2—-4)2

We must show given any M < 0 there existsa d > O suchthatif 0 < |[x — 2| < &
then f(x) < M.

Again, we start with the statement f(x) < M and work backwards toward the §
statement.

-1 _ _ 1
m < M isequivalent to (xZT)Z > —M

Since both sides are now positive (since M < 0) we have:

-1
(x%2 —4)? < R Factoring the LHS we get:

(x+2)2(x —2)2 <.

Now let’s find an upper bound for (x + 2)2.

Choose 6 < 1.

Then |x —2| <1 or —-1<x-2<1 now add 4 to the inequality;
3<x+2<5; now square the inequality;

9 < (x+2)2<25; So now we can say that

if 8§ <1 then:

(x +2)%(x — 2)% < 25(x — 2)2.



-1
So if we can force the RHS to be less than v we’ll be in business.
25(x — 2)2 < =
M

_ N2 o~ 1
(x—2) <25M

/ —1 ~1
|x — 2] < |—— (Note:since M < 0, ——is a positive number).
25M 25M

So choose & = min (1, — )
25M

Now let’s show this & works:

If 0<|x—2] <6 =min(], ﬁ) then we have:

(x? —4)? < 25(x — 2)? since 6 < 1.
2 _ 4)2 —2)2 2 Yyt 1
(¥ —4)? <25(x —2)? <2562 < 25(_-) == since§ < /st .
1 . . o, . . .
1) > —M since both sides are positive; Now multiply by -1
-1

1) <M.,

Hence we have shown: lim ——— = —oo

x—2 (x2—4)2



Def. Let f: R = R. lim f(x) = 400 means for every M > 0 there exists an N
X—00

such thatif x > N then f(x) > M.

y

y=f(x)
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lim f(x) = —oo means for every M < 0 there exists an N such that if
X— 00

x > N then f(x) < M. y
———

—

N

y=f)

The definitions of lim f(x) = +ooand lim f(x) = —oo are similar except that
X—>—00 X——00

x < N.




Ex. Prove that lim (x? — 2x) = +oo.

X—00

We must show that given any M > 0, we can find an N such that if x > N then
f(x) =x%-2x>M.

Notice that x2 — 2x = x(x — 2)
So if we choose N = M + 2 then we have if x > N:

x(x—=2)>M+2)M =M? +2M > M since M2+ M > 0
because M > 0.

Thus we have shown lim (x? — 2x) = +oco.

X—00

Def. Let f: R = R. lim f(x) = L means given any € > 0 there exists an N such
X—00
thatif x > N then |f(x) — L| < €.

y=f(x)
L+e€
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lim f(x) = L means given any € > 0 there exists an N such that if x < N then
X——00

G~ Ll <e y=f()

. 1
Ex. Prove lim — = 0.
x——oo X+2

We must show given any € > 0 there exists an N such that if x < N then

1
|——0| <e.
x+2

Start with the € statement and work backwards toward the N statement.

1 1
— =0 =[—|<e.
x+2 x+2

1
If we choose N < —2 thenm < QOforallx < N.



1|_—1

Thus in that case: )
x+2

x+2

Thus we wantto force — < €.
x+2

Now solve this inequality for x.

1
— > —c¢
xX+2
-1
Xx+2<—
-1
x<<——-2
€

Choose N = _?1 — 2 (which is also less than -2).

Let’s show that this N works.

|fX<N=?—2 then

-1
x+2<—
€
1
— > —€ since both sides are negative
x+2
-1
—< €; and since x + 2 < 0, we have:
x+2
x+2 x+2
. 1
Thus we have shown: lim — = 0.

X——00 X+2
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Ex. Prove lim ex = 1.

X—00

We must show that given any € > 0 there exists an N such that if x > N then
1

lex — 1| < €.

As usual, we start with the € statement and work backwards toward the N
statement.

Let’s start by choosing N > 0 (the domain of the function doesn’t include x = 0
1

1 1
anyway). Thus - >0 and ex—1>0.

1 1
ex — 1| =ex —1 < €; let's solve this inequality for x.

That means that

1
ex<e+1 Now take natural logs of both sides

1
;<ln(1+€)

1
In(1+e)’

x > Since both i > 0andIn(1+¢€) > 0.

1

Choose N = nre

Let’s show that this N works by using the above steps in reverse:

1
then x >

fx >N =170 In(1+e)

%<ln(1+€)

1

ex<e+1

1 1 1
e§—1|=e§—1<e. Thus lim ex = 1.

X—00




