Upper and Lower Limits

Def. Let {s,,} be a sequence of real numbers such that:

1. If for every real number M there is a positive integer N such that if n > N then

S, = M, then we say lim s,, = 4+

n—->oo

2. If for every real M there is a positive integer N such that if n = N then

S, < M, then we say lim s,, = —oo.

n—->oo

Def. Suppose E € R U {—o0} U {0} and that there exists an
a€R U {—o0} U {0} such that:

i. x < aforall xeE

i. if 3 <a thenf isnotan upperbound for E

then a is called the Least Upper Bound for E, or Supremum of E, and we write:

a = supk.
E
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If @ eR U {—0o0} U {0} such that:
i. x = aforall xeE
ii. if f > a thenpf isnotan lower bound for E

then we say a is the Greatest Lower Bound for E, or the Infimum of E, and we
write: a = infE.

LA e —— —
a = inf(E) I

Other Lower Bounds of E

=Greatest Lower
Bound of E

Notice that infE and supE do not have to liein E.
Ex. LetE = (0,1).

infE =0 and supE =1, neither of which liein E.

Ex. Let E = [0, 0)

infE =0, supE =+

Ex. LetE = {xeR|2 < x? < 3}

infE = —/3, supE =+/3



Def. Let {s,} be asequence of real numbers. Let E be the set of

x€R U {—0o} U {00} such that s,, — x for some subsequence {sy, }. This set

E contains all subsequential limits of {S,} (including +c0 and — oo, if they are

subsequential limits).

s* = supE = lim sup(s,,) =upper limit of {s,}
n—-oo

s, = infE = liminf(s,) = lower limit of {s,}.
n—>00

Ex. Ifasequence {s,} hasa limitL, (e.g. {%} — 1} then

E={L}

lim sup(s,,) = liminf(s,) =L, i.e., the upper limit=lower limit=L.
n—-oo n—-oo

Ex. Let{s,}={1,—-1,1,—-1,1,—-1,...}; where s,,_1 =1, sy, =—1
E={-11}

s* = supE = 1]Ll_r)1c}o sup(s,) = 1= upper limit of {s,}

s, = InfE = 7%i_r)gloinf(sn) = —1 =lower limit of {s,,}



Ex. Let{s,} =all rational numbers.

Since the rational numbers are dense in the real numbers, every real number is
a subsequential limit of {s,,} as well as 0 and —o0. Thus we have:

E = RU {00} U {~)

s* = supE = lim sup(s,,) = + co= upper limit of {s,}

n—>0o

s, = IinfE = liminf(s,) = —oo =lower limit of {s,}.
n—>00

n 2n

2(n+1))’ S2n-1 = 777

Ex. Let{s,}be defined by: s,, = (—1)™(

-1 416 -3 8 4

{Sn} ={L—. 77,7 =z
-1 1
E=t7.20%
s* = supE = lim sup(s,,) = 2= upper limit of {s,}
n—>00

s, = InfE = %i_r)gloinf(sn) = —% =lower limit of {s,}.



