Compact Sets and Connected Sets

Compact Sets

Def. By an open cover of a set E € X, a metric space, we mean a collection

{G,} of opensetsin X such that E S U, G,.

e E

Open Cover of E

Ex. LetG; = (0,i) € R. Then {G;};2; is an open cover of (0, ) (it's also an
open cover of (0,n), [1,7], etc.)
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Ex. LetG; = {(x,y)| (x — )% +y? <1}, i=0,1,23. {G;}3_,isan open
coverof R ={(x,y)|0<x <35 0<y< %}

Def. Asubset K € X, d is said to be compact if every open cover contains a

finite subcover.

This means that if {G, } is any open cover of K, i.e., K € U, G,, then there
exist G; , Gy, ..., G; suchthat K © G; UGy, U ..U G; .
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Finite Subcover of K

Open Cover of K



Ex. Let K = (0,1) € R. Show K is not compact.

To show a set is not compact we just need to show that we can find an open
cover that does not have a finite subcover.
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Notice that U2, G; = (0,1) , therefore, {G;} is an open cover of (0,1).

Suppose there was a finite subcover of the {G;}, made up of the intervals:

(ay,by), (az, by), (as, bsz), .., (an, by).

Let m = min( a4, a,, ..., ay).
Then the number %& UL ,(a;, b;), but ? € (0,1).

Hence, (a4, b;), (a, by), (as, bs), ..., (ay, by) is not an open cover of
(0,1).

Thus K is not compact.



Theorem: Compact subsets of metric spaces are closed.

Proof: Let K € X, d be a compact subset of a metric space X.

In order to show that K is closed, we will show that K ¢ is open.
Suppose peX, butp € K, and geK
For each point geK, letV/ q and W
be neighborhoods of p and g with
radii less than = d(p q). @
Thus we know V, N W, = @.

We also have that K C quK W.;
Since K is compact we know that there is some finite number of g;'s with:

Kc UL W,

LetV=Vq anZn...
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V' is an open set (finite intersection of open sets) containing p and V does not
intersect K: If x€K then xeW,, for somei. ButV, N W, = @. Sox &V,

and hence x & Vq1 anz Nn...N an =7T.

ThusV € K€ and K€ is open.

Since K€ is open, K is closed.

Theorem: Closed subsets of compact sets are compact.

Proof: Let F be a closed subset of a compact set K € X, d a metric space.
Let {V,} be an open cover of F C K.
Since F is closed, F¢ is open.

F¢ U, V, is now an open cover of K (as well as F).

Since K is compact, we know there we only need a finite number of F€ U, V, to

cover K.



Casel: FCSKCSF UV, UV, U.. UV
But FC N F = @, so F€ is not need to cover F.

Hence F €V, UV, U ..UV, , whichis a finite subcover of {V,}
aq ar an a

Case2: FCKcl, UV, U..UV, (wedon'tneedF¢)
In this case V, UV, U ..UV, isalready a finite subcover of {V,}.

In either case we have shown that F is compact.

This theorem implies that finite intersections of compact sets are compact.
Theorem: Every compact subset E of a metric space X is bounded.

Proof: Let {G,} be a collection of open sets G, = N1(x,), where x,€E.
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Thus, E € U, G,.
Since E is compact we can find a finite subcover E S G, U Gg, U ..U Gg .

Take X4, €Gg,, Where Xq is the center of Gg, = N1(Xg,).
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Thenif yeE,y € Gaj, forsome 1l <j < n.

Then by the triangle inequality we have:

—1 1 1
d(xXay,y) < Xi2; d(Xay, Xy ) + 5 S Lt d(Xa; Xayy) +3

so E is bounded.

Heine-Borel Theorem: If E is a set in R™ then E is compact if and only if E is
closed and bounded.

Ex. Identify which of the following subsets of R? are compact:

A={xy) x| <2, |yl <1} Yes, closed and bounded
B={(vy)] |x| =2]y| <1} Yes, closed and bounded
C={,y)| x| =2]y| =1} No, not bounded
D={(xy)]0<x?+y?<4)} No, not closed
E={(x,y)||x] =3} No, not bounded

F ={(0,0),(0,1),(1,0)} Yes, closed and bounded



Connected Sets

Def. Two subsets A, B of a metric space X, d are said to be separated if

ANB =0 and ANB = @ (i.e., no point of 4 lies in the closure of B and no
point of B lies in the closure of A).

Def. Aset E € X, d a metric space is said to be connected if E is not the union
of two nonempty separated sets.

Ex. if A = (0,1) and B = (1,2), then A and B are separated sets since
A=1[01],B =[1,2]
thus: ANB= (0,1)N[1,2] =@ and
AnB = [0,1]1n(1,2) = 0.
Thus the set A U B = (0,1) U (1,2) is not a connected set.

Ex. IfA = (0,1] and B = (1,2), then A and B are not separated since
B = [1,2] and thus

ANB=(01n[12]={1} =0

(notice that A N B = [0,1] N (1,2) = 0).

Theorem: Asubset £ © Ris connected if and only if , if x€E, yeE and
x < z < y then z€eE.



Ex. The Cantor Set is a subset of the interval [0,1], with very interesting
properites. Here’s how it’s created.
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Continue this way always removing open middle thirds of each segment to get

E; 2 E; 2 E3 2 ---. The Cantor set is defined to be:
0
=
i=1

where E, is the union of 2™ intervals, each of length 37",
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Properites of the Cantor set.

1. C is compact because since each of the E;’s is closed (a finite union of
closed sets), C = N2, E; is also closed. But C is also a bounded subset of
R, so C is also compact.

2. Letx = 0.aqa,a; ... be a base 3 expansion of any number x € [0,1], i.e.

X = Z?:l%; wherea; = 0,1,0r 2. Thenx € C ifandonlyifa; = 0 or 2.

3. Cisuncountable. Suppose C is countable, then C = {xq, x5, x3, ... }.
x1 - 0 a11a12a13
xz == 0 a21a22a23

Xk = 0. Ap1Ak20L3 .-

where a;; = 0or 2 foralli,j.

Lety = 0. bybybs ...
where b; =0 if a; = 2

=2if a;; =0
Then y is not equal to x;, for any k, which is a contradiction.
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4. C has “measure” (i.e., “length”) 0.
[0,1] has length 1. Let’s add up the lengths of the sets removed from [0,1]

to create the Cantor set.
271—1

2
Length of sets removed from [0,1] = % +5+ % + -+ + -

3n
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Thus, the Cantor set must have measure (i.e., length) 0. Thus the Cantor
set is an uncountable set (i.e. it can be put in 1-1 correspondence with
[0,1]) with measure 0!

5. C contains no intervals. That is, no subset of C is connected.
If C did contain any interval (a, b),b > a, then the measure of C couldn’t
be 0 since the measure of (a,b) is |b — a| > 0.



