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         Open and Closed Sets in a Metric Space- HW Problems 

 

1.  Make a table of the subsets of ℝ2 below (using the standard metric 

on ℝ2) where across the top you have the categories:  “Limit Points”, 

“Isolated Points”,  “Bounded”, “Closed”,  and “Open”, and along the left 

side you have the sets A through 𝐼.  Identify all limit points and isolated 

points. Put “Y” or “N” for the rest. 

𝐴 = {(𝑥, 𝑦)| 𝑥2 + 𝑦2 ≤ 1}  

𝐵 = {(𝑥, 𝑦)| 0 < 𝑥2 + 𝑦2 ≤ 1}  

𝐶 = {(𝑥, 𝑦)| 0 < 𝑥2 + 𝑦2 < 1}  

𝐷 = {(𝑥, 𝑦)| 
1

2
< 𝑥2 + 𝑦2 < 1} ∪ {(0,0)}  

𝐸 = {(𝑥, 𝑦)|  0 < 𝑥 < 2,    𝑦 = 1}  

𝐹 = {(𝑥, 𝑦)|  0 ≤ 𝑥 ≤ 2,    0 ≤ 𝑦 ≤ 1}  

𝐺 = {(𝑥, 𝑦)|  1 ≤ 𝑥,    1 ≤ 𝑦 ≤ 2}  

𝐻 = {(0,0), (0,1), (1,0)}  

𝐼 = {(𝑥, 𝑦)|  𝑦 = sin(𝑥)}  

 

 

2.   Prove the following (assume the standard metric on ℝ and ℝ2): 

     a.   (−2,2) is an open set in ℝ. 

     b.   [−2,2] is a closed set in ℝ. 

     c.   (−2,2] is neither an open set nor a closed set in ℝ. 

     d.   Is 𝐴 = {(𝑥, 𝑦)|  − 2 < 𝑥 < 2,   𝑦 = 0} open in ℝ2?  Prove your answer. 
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3.   Let 𝐴, 𝐵, 𝐶 ⊆ 𝑋, 𝑑 be non-empty open sets in a metric space 𝑋.  Prove the 

following (without using the theorem that states that the union of open sets is 

open and the finite intersection of open sets is open). 

     a.    𝐴 ∪ 𝐵 ∪ 𝐶  is open in 𝑋. 

     b.    𝐴 ∩ 𝐵 ∩ 𝐶 is open in 𝑋. 

 

 

4.  Prove that If 𝑋, 𝑑  is a metric space and 𝐸 ⊆ 𝐹 ⊆ 𝑋, then 𝐸̅ ⊆ 𝐹̅. 

 

5.  Let 𝑋 = 𝐶[0,1]= the set of real valued, continuous functions on [0,1]. Define a 

metric on 𝑋 by 𝑑(𝑓(𝑥), 𝑔(𝑥)) = max
𝑥∈[0,1]

|𝑓(𝑥) − 𝑔(𝑥)|.  Prove that the unit ball, 

𝐵 = {𝑓(𝑥) ∈ 𝐶[0,1]|  𝑑(𝑓(𝑥), 0) < 1} = {𝑓(𝑥) ∈ 𝐶[0,1]| max
𝑥∈[0,1]

|𝑓(𝑥)| < 1 } 

Is an open set in 𝐶[0,1].  Show this by taking any element 𝑓(𝑥) ∈ 𝐵, and finding a 

neighborhood 𝑁𝜖(𝑓(𝑥)) that lies entirely in 𝐵.  That is, if you fix a function   

𝑓(𝑥) ∈ 𝐵 show you can find an 𝜖 such that for every 𝑔(𝑥) ∈ 𝑁𝜖(𝑓(𝑥)), 𝑔(𝑥) ∈ 𝐵.  

Hint: If 𝑓(𝑥) is any function in B then |𝑓(𝑥)| has a maximum value so that 

max
𝑥∈[0,1]

|𝑓(𝑥)| = 𝑎 < 1. 

 


