Metric Spaces: Definitions and Examples

Def. A set X, whose elements are called points, is said to be a Metric Space if for
any two points p, geX there is a real number d(p, q), called the distance, such
that:

a. d(p,q)>0ifp+q,andd(p,p) =0.
b. d(p,q) =d(q,p)
c. d(pq) <d(,r)+d(r,q) foranyreX (Triangle inequality)

any function satisfying a,b,c is called a distance function or metric on X.

Ex. Let X =R, d(p,q) = |p — q| (the standard distance function on R). Show
X, d is a metric space.

To show X, d is a metric space, we need to show that d satisfies a,b,c above.

a. d(p,q) =I|p —ql > 0 ifp # q (property of absolute values),
dp,p) =Ilp—pl=0

b. dip,q) =Ip—ql=1q9—p|l=4d(qp)

c. Weneedtoshowd(p,q) <d(p,v)+d(r,q) foranyreX. For this distance
function it means we need to show:

lp—ql<Ip—7rl+]|r—q|

Proof: First we will show for all real numbers that |x + y| < |x| + |y| (This
is called the triangle inequality for real numbers. We will use it a lot.)

X +y1* =@ +y)* =x*+2xy +y* = |x|* + 2xy + |y|*



But for any real number, w, w < |w|; therefore:
X +y|? = |x|* + 2xy + [y]* < x| + 2|xllyl + yI? = (Ix] + [y])?

Taking square roots we get: |x + y| < |x| + |y].

Nowweletx =p—7r and y=1r —q. Noticethat x+y=p —q.

lp—aql<lp—rl+|r—gql
Thus X = R, d(p,q) = |p — q| is a metric space.

Ex. LetX =R"™, d(p,q) = (p1 — q1)?> + -+ (Pn — )2 = lIp — qll ;

where p = (p4, -.-,pn) and q = (q4, ---,q,).- Show X, d is a metric space.

(d(p,q) = \/(pl —q1)%? + -+ (pn — qn)? isthe standard metric on R").

We need to show that d(p, q) satisfies a,b,c in the definition of a metric space.

a. d(p,q) = \/(pl —q1)%? + -+ (b — qn)? > 0; ifp # g;since the

expression under the square root sign is strictly positive if p # q.

d@,p) =y (1 —p1)? + -+ (Pp —Pn)? =0

b. d(p,q) =+ (1 —q1)? + -+ (Pn — qn)?

= (a1 = p)? + -+ (@ — pn)? = d(q,p)

c. Weneedtoshowd(p,q) < d(p,r) +d(r,q) foranyreX.



Proof: Once again we will start by showing ||x + || < ||x]| + ||¥]l, where
x, VéR™ and ||x|| mean taking the length of the vector x =< X1, ..., X, >.

Ix+yllP=C+y) - x+y)=x-x+2x-y+y-y
= ||lx||* + 2x -y + [|y]|?

Recall that: x -y = [|x]||||y|lcosO < ||x||||y]|; since |cosO| < 1.

llx + ¥l = llxll® + 2x - y + llyll* < llxlI* + 21Ix[ly]l + llyll?
= (llxll + llylDH?

Taking square roots we get:  ||x + y|| < |lx]|| + ||yl

Nowletx =p—r and y =r —q (again:x +y = p — q) and substitute:

lp—qll <llp—7ll+ llr —qllor d(p,q) < d(p,r) + d(r,q) forany reX.

Thus X = R™, d(p,q) =/ (p1 — q1)% + = + (P — Gn)?, is a metric

space.

Notice that every subset E € X, d of a metric space is again a metric space with
the same distance function.

Ex. X ={0,41,42,43,...} is a metric space with d(p,q) = |p — q|



Ex. Let X be a non-empty set and d given by d(p,q) = 1ifp # q,and0if p = q.

Prove that X, d is a metric space.

a. Noticed(p,q) =1>0ifp # q,andd(p,p) = 0.

b. d(p,q) =1=d(q,p)ifp #q

c. By definition d(p,q) < 1. Unlessp =q =,
d(p,7) +d(r,q) =21 =d(p,q).

Ifp =q =r,thend(p,q) = 0andd(p,r) + d(r,q) = 0, hence:
d(p,q) <d(p,r)+d(r,q) foranyreX.

So X, d isa metric space.

Ex. Show R,d is a metric space where d(p, q) = |eP — e].

a. d(p,q) =|eP —e9| >0 forp+q andd(p,p) = |eP —eP| = 0.

b. d(p,q) = |e? —e| = [e? — eP| = d(q,p).

c. Weneedtoshow: d(p,q) <d(p,r)+d(r,q) foranyreR. Inthis case:
leP —el| < |eP —e"| + |e” — ef|.

This looks daunting, but remember the Triangle inequality for real numbers:
lx +yl < x| + |y].



Nowletx = eP —e"and y=e" —e9, sox +y = eP — e?. Hence:
|leP —el| < |eP —eT| + |e" — ef].

Hence R, d is a metric space.

Ex. Letd(p,q) = |eP — e| be a metric on R. Find the set of points p € R
1
such that d(p,0) < 5

d(p,0) = |eP —e®| =|eP — 1| < %
This last inequality is equivalent to:

1 1
—5< el —1< > Now add 1 to all quantities:

1 3
2 <eP < . Now take natural logs of all quantities:
1 3

In (E) <p< ln(z) :

Thus the set of points p € R such that d(p, 0) < % is: In G) <p< ln(z) :

Ex. Show R, d where d(p,q) = | sin(p — q) |, is NOT a metric space.

a. d(p,q) = |sin(p —q)| = 0, however, d(0,7) = |sin(0 — )| = 0.
So there exista p # q where d(p, q) = 0, which violates d(p,q) > 0, p # q.

so R, d is not a metric space.



Note: Not all metric spaces are subsets of R".

Ex. X = C[0,1] =set of real valued, continuous functions on [0,1]. X is a
metric space with either of these 2 metrics (there are an infinite number of

metrics on X)

di(f,9) = [ If () — g(x)]dx
d,(f,9) = max If (x) — g(x)|.

Ex. Let f(x) = x% and g(x) = x3. Notice that f(x), g(x) € C[0,1]. Using
the 2 metrics just defined on C[0,1], find d; (f, g) and d5(f, g).

di(f,g) = [, 1f () — g()ldx = [ |x? — x3|dx .

Notice thatwhen 0 < x < 1, x? > x3 (when 0 < x < 1 the higher the
power the lower the value).

Thuswhen0 < x <1, x2 —x3 >0 hence |x? —x3|=x%2—x3. so
1 1
di(f,g9) = [, 1x* = x3|dx = [ (x* — x*)dx

1 3 1 4ix=1 (1 1) 1
=—x> —=x**cZr=(==-=)=—.
3 4 lx=0 3 4

— _ — 2 _ .3
dz(f,g)—xrg[gg]lf(x) gx)| xrg[gg]lx x°|

To find the maximum value of |h(x)|, we need to find where h(x) has its greatest
positive value and its most negative value and choose the one which is greater in
absolute value (e.g. if h(x) has 4 as its most positive value and -6 as its most
negative value then the maximum of |h(x)| is |-6]=6.)



In this case we already saw that x% —x3 > 0sowe just have to find the

absolute maximum value of h(x) = x? — x3. Using first year calculus, find the
values of h(x) at all critical points in [0,1] and then test the values at the
endpoints.

h(x) =2x—-3x>=x(2-3x)=0

[SSI N

= x=0o0or x =

h(0) =0, h(3)=(§)2—(3)3=f—3—i, h(1) =12 —13 = 0.

3 3 9 27 27

4
So the absolute maximum value of h(x) is Py (absolute minimum is 0). So

_ _ _ 2 _ .31 =4
dz(f,g)—xrg[gg] |f (x) — g ()| xrg[gﬁ]lx x| ==

Def. Let X be a metric space with distance function d.

a. A neighborhood of p, where peX, is a set N,.(p) of all points g such that
d(p,q) < rforsomer > 0.

N;(p)




b. A point pis a limit point of E C X if every neighborhood of p contains a point
q # p such that geE.

Ex. LetX = R, and d the standard metric (i.e. d(p,q) = |p — q|). LetE = (0,1)
Thatis E = {x€eR| 0 < x < 1}. The set of limit points of E = [0,1].
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Ex. Let X = R, and d the standard metric. Let E = (0,1) U {3} U {—2}.

The set of limit points of E = [0,1].
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c. If peE and p is not a limit point of E, then p is called an isolated point of E

Ex. Let X = R, and d the standard metric. Let E = (0,1) U {3} U {—2}.

{3}, {—2} areisolated points of E.

d. E is closed if every limit point of E is a point of E.

Ex. Let X = R, and d the standard metric. Let E = [0,1] U {5} U {—3}.
E isclosedin X = R.

Let F = (0,1] U {5} U {—3}. Fisnotclosedin X = R,sincex = O isa
limit point of F, but is not contained in F.

e. Apointpisan interior point of E if there is some neighborhood N of p, such
that NC E.

Ex. Let X = R, and d the standard metric. Let E = [0,1) U {3}.

0 < x < 1 areinterior points of E. x = 0 and x = 3 are not interior points of E.
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f. E is open if every point of E is an interior point

Ex. LetX = R, and d the standard metric. Let E = (0,1).
E isanopensetin X = R.
Note: Let X = R?, and d the standard metric. Let F = {(x,y)| 0 < x < 1,y = 0}

Although F is essentially the same set as E in our example, F is NOT an open
subset of X = R? because a neighborhood

in R? is a disk. il
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g. The complement of E (denoted E€), is the set of all point peX such thatp ¢ E.
Ex. Let X = R, and d the standard metric. Let E = [0,1).
E€¢ = (—00,0) U [1, ).

h. E is bounded if there is a real number M and a point geX such that
d(p,q) < M for all peE.
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Ex. LetX = R, and d the standard metric. Let E = [0,1) U {—2]}.

E is a bounded set. We can take 0eX and d(0,p) < 3, forall p€E.
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i. Eisdensein X if every pointin X is a limit point of E, or a point of E (or both).

Ex. E = ngo_ooo(i,i + 1), Eisdensein X = R, and d the standard metric.

Ex. E = {rational numbers}; E isdense in X = R, and d the standard metric.

Ex. Consider the following subsets of the metric space X = R, with d the
standard metric.

A = {071)2;3; }1 B = {011;2}1 C = {xl |x| S 2};

D={x|-1<x<1}, E={x|x=0o0r x=-2}, F={1, y e }

N |-
WL

NN

) )

Then we have the following table:

Limit Points Isolated Points Bounded Closed Open

A ) {0,1,2, ...} N Y N
B 0 {0,1,2} Y Y N
C [—2,2] 1) Y Y N
D [—1,1] 1) Y N N
E [0, ) (-2} N Y N
F (0} 12,25, Y N N
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Ex. Consider the following subsets of the metric space X = R? with d the
standard metric. :

A ={(x,y)| x*+y*>1}

B ={(x,y)| x* +y* =1},

C={(,yl x| <1, [yl > 1} U {(0,0)}

Limit Points Isolated Points Bounded Closed Open

A x*P+y?=>1 1) N N Y
B x2+y2>1 1) N Y N
C |x|]<land|y|]=1 {(0,0)} N N N



