Cosets and Lagrange’s Theorem

Def. Let H be a subgroup of G. The subset aH = {ah| h € H}, wherea € G
is called the left coset of H containing a.

The subset Ha = {ha| h € H}, where a € G is called the right coset of H

containing Q.

Ex. Find the left cosets and right cosets of the subgroup 47 of Z.

47 ={...,—12,-8,—4,0,4,8,12, ... }.
The left coset containing m € Z is set
m+4Z={., m—-12,m-8m—-4mm+4,m+ 8m+ 12,...}
m=0: 0+4Z ={...,—12,-8,—4,0,4,8,12, ...}
1+4Z ={..1-12,1-8,1-4,1,1+ 4,1+8,1+12,..}
={..,—11,-7,-3,1,5,9,13, ...}

2+47 ={...,—10,—6,—2,2,6,10,14, ...}
3+4Z ={...,—9,-5,-1,3,7,11,15, ... }
4447 ={...,—12,-8,—4,0,4,8,12, ...}
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So the left cosets start repeating. Thus there are 4 distinct left cosets:

47, 1+ 47Z, 2+ 47, and 3 + 4Z.

Notice that cosets are either identical to another coset or disjoint (they have no
common elements) and the union of the disjoint cosets is exactly the group Z. This
is a feature of all cosets of a subgroup. This is called a partition of a group into the
cosets of a subgroup. The cosets aH and bH will either be the same

(e.g. 0 + 4Z and 4 + 4Z) or disjoint (e.g. (0 + 4Z) N (1 + 4Z) = ¢) and the
union of all disjoint cosets is the original set (.



Notice that Z, + is an abelian group. Thus the left coset m + 47 and the right
coset 47 + m are the same sets. So all of the left cosets are the same as the right
cosets. If G is not abelian aH need not be the same as Ha (although it might be).

Ex. Find the partition of Z into cosets of the subgroup H = {0,3}.

Left (or right since Zg is abelian) cosets of H will be of the form:
m + H wherem € Zg.

m=0: 04+ H ={0,3} = H (theset H is always a coset associated
with the identity element in G)

1+H={1,4)
2+H=1{25)
3+H={30={0,3}=H
A+H={41}=1+H
S5+H={42}=2+H
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So 0+ H, 1+ H, 2+ H arethe three distinct and disjoint cosets of H and
notice that:

Ze ={0+H}U{1+ H}Uu {2+ H} ={03}u{1,4} U {25}

Notice that all of the cosets of H have the same number of elements as H. This
is always the case.



Ex. Let G = S5 and H be the subgroup {pg, >} where:

m=(1 7 3 m=(1 3 o)
= 5 1) =3 5
r2=(3 1 o) = 1 3

Find the partitions of S5 into left cosets and right cosets.

Left cosets: H = {pg, U2}
p1H = {p1po, P12} = {p1, 111}

o= 2 D0 3 D= 3 Don

p2H = {p2p0, p21i2} = {p2, 3}

swepm=(y 2 DG 2 D= 2 P=n

Notice uqsH = {p1, 11} since

(290 290 2 Yen
t2H = {po, 42} since

= 20 2 D=0 2 Dn
and usH = { py, Uz} since

i 2 D62 D=0 7 D=n

So S3 = {po, P1, P2, M1, U2, U3} = {po, U2} U {p1, 111} U {p2, u3}.



The right cosets are:
H ={po, 2}, Hpy = {pop1,t2p1} = {p1, 13}, Hps = {pop2 t2p2} = {p2, 11}
and S3 = {po, P1, P2, U1, Uz, U3} = {Po, U2} U {p1, 43} U {p2, pi1 }-

Notice that the right cosets apart from H are different from the left cosets.
However, the number of left cosets is the same as the number of right cosets (which
will always be the case) and the number of elements in any coset is the same as the
number of elements in H.

Lagrange’s Theorem: Let H be a subgroup of a finite group G. Then the order of H
is a divisor of the order of G.

This follows from the fact that the cosets (left or right) form a partition of G (i.e. G
is the union of disjoint cosets) and each coset has the same number of elements as

H.

All cosets have the same number of elements as H because:
¢:H > gH; g €Gby
¢(h) = ghis 1-1 and onto.

It’s 1-1 because if: ¢(hy) = ¢p(hy)
ghi = gh
g 'ghy =g 'gh,
h1 == hz.

It's onto because given any element gh € gH, ¢(h) = gh.



Corollary: If |G| = p, a prime number, then G is cyclic.

Proof: Assume |G| = p, a prime number.
Let a € G with a # e.

Then the cyclic subgroup generated by a, < a > has at least 2
elements, a and e. By Lagrange’s Theorem the order of < a >
must divide |G| = p. That means |[< a >| = p and G is cyclic.

Theorem: The order of an element of a finite group divides the order of the group

Proof: The order of an element a € @ is the order of the cyclic
subgroup generated by a.

Thus by Lagrange’s Theorem the order of @ must divide the order of (.

Def. H < G.The number of left (or right) cosets of H in G is the index

of H in G, written (G: H).

Ex. Let G = S3and H = {py, 42 }. The number of cosets of H in G was 3
G
(which equals %) So the index of H in G is 3.

The index of H in G may be finite or infinite. However, If G is finite then:

G:m =2
H) = T



Ex. Let G = Z and H = 47.. As we saw earlier, H has 4 cosets in Z so

(G:H) = 4.

Ex. Let G = Rand H = Z, then (G: H) is infinite since mv2 + Z are

distinct cosets when m € Z and mv2 € R.



