Subgroups

Notation: When it’s obvious that the group operation is addition (for example
when G = Z) we may write a + b instead of a * b. Otherwise, we’ll write ab

instead of a * b.

We will also write:

a™ = (a)(a)(a) ...(a) ntimes

1

a - =inverseof a
a =@ H@Y..(al) ntimes
a® =e.

Notice that a™ - a™ = a™*™; m,n € Z.

x. a’a*=(a"H(e D@ (@) (a)(a)
= (@) (@) (a)(@)
= (@ E @@ (@)
= (a"'e)(@)(a)(a)
= (@™ (@ (@)(a)
= (a"'a)(@)(a)
= e(a)(a)

= a?.

Def. If G is a group, then the order of G, written |G|, is the number of

elementsin G.



Def. If a subset H of a group G is closed under the binary operation of G and if H
is a group with that binary operation, then H is a subgroup of G. We will write
H < G or G = H in that case.

H<GorG > HwillmeanH < GbutH # G

Ex. (Z,+) < (R, +),infact (Z,+) < (R, +),

since Z S R and Z and R are both groups under +.

Ex. (Q%,+) isnotasubgroup of (R, +) even though Q* € R.

This is because Q% is a group under - not + (under +, Q*doesn’t

contain inverses for all of its elements).

Def. If G is a group, then the subgroup consisting of G itself is called the
improper subgroup of G. All the other subgroups are proper subgroups.

The subgroup {e} is called the trivial subgroup of G. All other subgroups are

called nontrivial.

Ex. Let G = R™ with vector addition as the binary operation. This is a group
under +. Let H be the set of vectors in R™ having 0 as the entry in the first
component. Show H is a subgroup of G.

0) H is closed under +:
<0,a,as,..,a, > +<0,by, b3, ..., b, >
=< O,az +b2,.--,an+bn > € H.

1) + is associative on H because vector addition is associative.



2) <0,0,..,0>=¢€ H.

3) fa=<0,a4,ay,..,a, >€H
Then —a =< 0,—a4,—a,,...,—a, >€H
anda + (—a) = e.
H < G so H is a proper subgroup of .

Ex. (QT, -)isa proper subgroup of (R™, -). We saw earlier that both
(Q*, -) and (R*, -) are groups under multiplication and Q7 & R*.

Ex. The roots of the equation x*=1 (called the 4" roots of unity) form an
abelian subgroup of C* under multiplication.
The roots of x* = 1 are H = {1,i,—1, —i}, where i? = —1.
Let’s check that (H, -) is a group.
0) Ifa,b € H thenclearly ab € H.

1) Multiplication of complex numbers is associative and commutative.

2) 1 is the identity element.

3)
element inverse product
1 1 1-1=1
i -0 i-(-)=—i*=1
1 1 (1)(-1)=1

i i - =-i2=1

It’s actually the case that the nt" roots of unity, n € Z™, form an abelian

subgroup of order n of (C*, -). This group is sometimes called U,,.



Ex. Another (abelian) group, V, of order 4 is called the Klein 4-Group

V= {e, a,b, C}, and the multiplication is given by:

e a b C
e e a b Cc
a a e c b
b b c e a
c c b a e
V is a group.

0) The table shows that V is closed under multiplication.

1) One can check that the multiplication is associative by checking all the
possible elementsina - (b -c) = (a-b) - c.

2) e is the identity element shown by the table.

3) By the tablewecanseea ™! =a, b =bandc™! =c.

V' can be thought of as reflections of the vertices of a square along the x-axis,

y-axis, and the origin.

2 1 a = reflection over x-axis

b = reflection over y-axis

C = reflection about the origin.

a:le 4and2 o 3
b:le 2and3 < 4
c:1 e 3and 2 & 4.



Multiplication is just the composition of these functions:

a: 1e4 b: 1e2

263 261

3o 2 3o 4

41 4o 3
b-a:1-4-3 whichis 1 —= 3 thesameasc.

2—->3-4 24

3-2-1 3—-1

4->1-2 4 — 2

Ex. Let’s put the tables of (Z4, +) and (V, *) next to each other:

Ly %4
+ 0 1 2 3 e a b c
0O 0 1 2 3 e e a b c
1 1 2 3 0 a a e c b
2 | 2 3 0 1 b b c e a
3 3 0 1 2 c c b a e

What subgroups of (Z4, +) exist other than Z, and {0}?
Notice that H = {0,2} is a subgroup of Z,

000+40=0, 04+42=2, 24+40=2, 24+42=4mod2 =0.
So, H is closed under +.

1) + is associative.

2) 0 is the identity element .

3) 2isitsown inversesoifa € H, thena™! € H.



Notice that:
{0,1},{0,3}, {1,2},{1,3}, {2,3},{0,1, 2},{0, 2, 3}, {1, 2,3}

are not subgroups of Z, because in each case the sets are not closed
under addition.

For example:
{03}, 3+3=6modd4=2¢ {0,3}
{1,2} 1+2=3¢{1,2}etc.

What subgroups of V' exist other than VV and {e}?

H, ={e,a}, H, ={e, b}, H; = {e, c} are also subgroups.

The multiplication table for V shows that foreachset H;, i = 1, 2, 3

0) H; is closed under -

1) - is associative.

2) e is the identity element.

3) H; contains all of its inverses.

We can diagram Z, and its subgroups and I/ and its subgroups by:
Ly V
{0,2} {e.a}  {e,b}  {ec}

| N/

{0} {e}



Theorem: A nonempty subset H of a group G is a subgroup of G if and only if

1. H is closed under the binary operation of G.
2. Foralla € H,a ! € H.

Proof: If H < G then 1, 2 hold by the definition of a group.

If 1, 2 hold we just need to know that the multiplication is associative in H and
thate € H.

Foranya,b,c € H,a, b,c arealsoin G so, (ab)c = a(bc).

Since H is nonempty, closed under multiplication, and foralla € H,a™! € H,
thenaa™! = e € H.

Hence H < G.

Ex. Let F be the group of real valued functions whose domain is R under
addition. The subset H consisting of differentiable (or continuous) functions

is a subgroup of F.

1. The sum of differentiable functions is differentiable.
2. —f(x), the inverse of f(x), is differentiable.



Ex. Let G = GL(n, R) of invertible n X n matrices (which means
if A € GL(n,R), det (A) # 0) with matrix multiplication.
Let H = subset of G where A € H if det(A) = 1. Show H < G.

1. A,B € H then det(AB) = (detA)(detB) = (1)(1) =1

so H is closed under matrix multiplication.

2. IfA € Hthendet(A™) = = =1 =1.50 A" € H.

Ex. LletG =7Z,+. LetH =5Z = {x = 5n|n € Z}.

Show that H is a subgroup of G = Z.

l.a,beEH=>a=5n, b=5m nme Z.
a+b=5n+5m=5n+m), n+ mez
So H is closed under +.

2. a€EH>a=5nn€Z —a=5(—n),—n€Zso—a € H.

Thus H contains all of its inverses.



Cyclic Subgroups

What's the smallest subgroup H of Z4,, + that contains 37?

For H to be a subgroup of Zq it needs to contain O, the identity element of Z1,.
It also needs to be closed under addition so,

3+3=6€H

3+6=9€H

and9+3=0€H.

Notice the inverse of 6 is 6 (i.e. 6 + 6 = 0 mod 12)
and the inverse of 9is 3 (i.e. 9 + 3 = 0 mod 12),

So {0, 3, 6,9} is the smallest subgroup of Z, that contains 3.

In general, if a subgroup H < G contains an element a then it must contain
{a™,n € Z}.

Theorem: Let G beagroupandleta € G.Then H = {a™| n € Z}isa
subgroup of G and is the smallest subgroup of G that contains a.

Proof:

1.Sincea” *a® = a" S forr,s € Z, H is closed under multiplication.

2. Ifa”" € Hthena " € Handa” -a™" = e. So H contains inverses.

Hence H is a subgroup of G.
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Notice that any subgroup of G that contains a must also contain all powers
of a and thus must contain H. Thus H is the smallest subgroup of G

containing a.

Def. Let G be agroup and @ € G. Then the subgroup H = {a™| n € Z} of G is

called the cyclic subgroup of G generated by a, and denoted by < a >.

Def. An element a of a group (G generates (G and is a generator for G if

< a>= G.Agroup ( is cyclic if there is some a in G that generates G.

Ex. Z is a cyclic group under + and 1 and —1 are both generators of Z.

Ex. Zg4,+ is cyclic and both 1 and 3 are generators,ie. < 1 > =< 3 >=7,.

If a =1then
al =1
al=1+1=2

a>=1+1+1=3
a*=14+1+1+1=4(mod4) =0

If a =3 then

al =3

a’ = (3+3) (mod 4) =2
a>=0B+3+3)(mod4) =1
a*=(B+3+3+3)(mod4) =0.
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Ex. V = Klein 4-group is not cyclic because

a’=e, b2 =¢e, c2 =eso<a>,<b >, < c>generate subgroups of
of order 2 and |V| = 4.

Ex. Z, isacyclic group and 1 and n — 1 are generators. There could be other
generators depending on what 1 is. For example, if n = 8, then
1,3,5,and 7 are generators (any number relatively prime to 1, i.e. a number

with no common factors with 1 will be a generator).

Ex.fa =3,find< a>inZ, +.

al =3 a®=0

a’?=3+3=6 al=-3

a>*=3+3+3=9 a?=-3+(-3)=-6
a®=3+3+--+3=3n a*=-3+(-3)+-+(-3)=-3n.

So<a>=<3>=3Z={n|n=3m, meZ}.



Ex. Find all elements in the cyclic subgroup H of GL(2, R) (with matrix

multiplication) generated by A = [

o 1l

a=lp

AZ—[(l) 1 [3) ﬂz[(l) i
A3=[(1) 1 [3) ﬂz[(l) i
=y 1]

fAEGLERR), A=[,1 ]
Then A™1 = deltA _aai _Ziﬂ >0
-l

TS TR | B
el T

and A° = [(1) (1)

soH = {A € GL(2,R) |A=[

1 n

0 1],716 Z}.
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