Binary Operations

Binary operations are important, in part, because they are used in the definitions
of groups, rings, and fields.

Def: A binary operation * on a set S is a function mapping S X S into S. For

Ex.

Ex.

each (a,b) €S xS, *(a,b) €S.

Addition and multiplication are both binary operations on
Z,R,C,R*,or Z* (R* = {x € R| x > 0}, similarly for Z*).

+: RXR->R
(a,b) >a+b ie. +(a,b)=a+beR
RXR—-R
(a,b) > a-b ie -(a,b)=a-be€eR

Division is not a binary operation on Z, Z™*, or R.
1. It’s not a binary operation on Z because
= LXL -1
a
(a,b) -~
b

b # 0 thus = is not defined for all points in Z X Z.

2. It’s not a binary operation on Z* because
+: It X It > 7Y
(a,b) =7
is not defined for points where b doesn’t divide a
(eg.a=2, b=3, g ¢ Z7F).



3. It’s not a binary operation on R because
— RXR->R
(a,b) = % is not defined when b = 0.

Notice that = is a binary operation on

R*=R—-{0}, R, Q* =Q — {0}, and Q™.

Def: Let * be a binary operation on S and let H be a subset of S. The
subset H is closed under * if foralla,b € H, a*b € H.

Ex. + is a binary operation on R but + is not a binary operation on
R* = R — {0} because
+: R*XR* - R"
(a,b) > a+b
+(1,-1) =0 ¢ R".

Ex. + and - are binary operations on Z.

Ex. Let H ={2n—1 |n€ Z+}={1,3,5,7,9,...} cZt

Determine whether

a) His closed under +
b) His closed under .



a) +:HxH->H
(a,b) »a+b
Isittrueifa = 2n —1and b = 2m — 1 that
a+b=02n—-1)+(2m—-1) € H? NO!
Cn—-1)+(2m-1)=2n+m) -2 ¢ H.

Thus H is not closed under +.

b) -:HXH->H
(a,b) »a-b
fa=2n—1andb = 2m — 1 then
a-b=02n-1)2m—-1)=4nm—-2n—-2m+1€H
since an even number plus 1 is an odd number and this number is positive.
Soa-*b € H and H is closed under - .

Ex. Let F be the set of all real valued functions, f, having R as a domain.
Define 5 operations: +, —, -, =, and o
+:FXF->F
f9-f+g ief+g=[fx)+gx)
—FXF->F
(f,9)->f-9
FXF->F

(f,9)->f g ief-g=fx)gk)
“FXF->F

(f,9) =%
ooF XF->F
(f.g) > fog iefog=f(gk).



Notice +, —, *, and o are binary operations but = is not because

if g is a function which has a point g(x) = 0 then + (f,g) = %

would not be defined for all x € R.
Ex. Define * on Z* by a * b = a® — b?. Show * is not a binary operation.

Notice a * b is not necessarily in AR
For exampleifa = 2,b = 3
2%¥x3=22-32=4—-9=—-5¢7Z%. = x isnota binary operation.

However * is a binary operation on Z .

Def: A binary operation on a set S is commutativeifa *b = b * a

foralla,b € S.

Ex. +:Z X Z — Zby +(a,b) = a + b is commutative because
+(a,b) =a+b
+(b,a) =b+aanda+ b = b + a forintegers

However
x: ZX7Z — Zby* (a,b) = a* — b? is not commutative because if,
for example,a = 2,b = 3
x(2,3) = 22-3%2=-5
+(32)=32-22=5

Soaxb # b *a.



Ex. Let M,,(R) = n X n matrices with real entries.

Matrix multiplication and matrix addition are binary operations on M,,(R).
+: My (R) X My (R) = M (R)
(A,B) > A+ B (add corresponding entries)

" Mn(]R) X Mn(]R) - Mn(]R)
(A,B) > A-B  (matrix multiplication)
However, + is a commutative binary operation.

But A - B is not a commutative binary operation.

Def. A binary operation on a set S is associative if:

(axb)xc=ax(bxc) foralla,b,c€S.

Ex. =+, * are both commutative and associative binary operations on

Z, R, C,Z*,R*,and F (the set a real valued function on R).

Ex. Define * on Z* by (a * b) = 2%*P_ Determine if * is a binary operation.

If so, is it commutative? Associative?

AR Y/AREY/AL
(a,b) — ax*b=2%" isdefinedforalla,b € Z*

and 24P € Z* soit’s a binary operation.



Notice @ * b = 20D
b *q = 2b+a — 2a+b

So * is commutative.

However ((a * b) * ¢) = 2%%P x ¢ = 22D +c)
(a* (bxc)) = 20+®r0) = 2(a+@*%)
leta =3, b=1, ¢ = 2 then
(3x1)*2 = 2(2G3*V+2) _ 718
3x(1%2) = 2(3+(21*2)) _ 911 . 918

So * is not associative.

Ex. Compositions of functions is associative since:
(fogom)) =f(g(r®))
and ((f © ) © () = (f ° 9 (h(x)) = f(g(h(X)))

So composition is an associative binary operation on the set of real valued
functions.

However, composition is not commutative.
For example, let f(x) = x? and g(x) = x + 1.
Then, (fog)(x) = f(x+1) =(x+1)?=x?+2x+1
(g X)) =g(x*) =x*+1.

So(foeg)#g-of.



Def. Z, ={0,1,2,...,n — 1} where addition is defined as
a+,b = (a + b) modulo n.

That is, take the remainder when you divide a + b by n.

Ex. Z4 = {0, 1, 2,3}

+ 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

24,43 = 1 because 5 divided by 4 has a remainder of 1.

Modulo 1 addition is a commutative and associative binary operation on Z,, .

Given a finite set we can define * through a table.

Ex. Let S = {a, b, c}

* a b C
a b a b
b c c b
c c b a
ie.a*b=a, a*xc=b, b*xa=rc, etc.

* is commutative if the table is symmetric about the major diagonal. For this
example, * is not commutative (a * b = a, b *xa = c).

Calculate (a * b) * ¢ and a * (b * c) for this example:
(a*b)*c=ax*xc=b

ax(b*c)=ax*(b)=a = * isnotassociative.



